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This paper investigates the ground-state properties of the mixture composed of the strongly interacting Tonks–

Girardeau gas and spin polarized Fermi gas confined in one-dimensional harmonic traps, where the interaction between

the Bose atoms and Fermi atoms is tunable. With a generalized Bose–Fermi transformation the mixture is mapped

into a two-component Fermi gas. The homogeneous Fermi gas is exactly solvable by the Bethe-ansatz method and the

ground state energy density can be obtained. Combining the ground-state energy function of the homogeneous system

with local density approximation it obtains the ground-state density distributions of inhomogeneous mixture. It is

shown that with the increase in boson–fermion interaction, the system exhibits composite-fermionization crossover.
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1. Introduction

With the rapid experimental progress of the ma-
nipulation of quantum gases, we can realize the
low-dimensional gas with strong anisotropic mag-
netic trap or two-dimensional optical lattice.[1−3]

Theoretically this system corresponds to an effec-
tive one-dimensional (1D) model. In addition multi-
components of atomic gas has also been investigated
extensively and it turns out that they display rich ex-
otic phenomena such as phase separation, novel quan-
tum states and phase transitions, etc.,[4−15] which
have been observed in the experiments.[16−22] It is the
competition among the inter-species and intra-species
interactions which induce richer phase structure in
comparison with the single-component systems. Both
the effective 1D intra- and inter-component interac-
tions can be tuned via the magnetic Feshbach reso-
nance or confinement induced resonance.[19,20]

For the strong quantum fluctuation in 1D
the mean-field theory generally does not work
well when the interaction between atoms becomes
strong and we must turn to the non-perturbation
methods. For example, Bethe ansatz,[23−28]

Bosonization method,[7] exact diagonalization,[29−31]

Bose–Fermi mapping (BFM) method,[32] multi-
configuration Hartree theory[33] have exerted to in-
vestigate both the single component Bose gases and

multi-component of quantum gases. In order to
exactly study the large-size system we have de-
veloped density functional theory based on Bethe
ansatz and applied it to two-components of Bose
mixture and Bose–Fermi mixture.[34,35] The inves-
tigation shows that with the increase in repulsion
strength the total density distribution continuously
evolves from Gaussian-like distribution of bosons to
Fermi-like and when the inter-component interaction
is strong enough Bose–Fermi mixture displays phase
separation.[12−15,21,22,34,35] It turns out that this the-
ory can describe the binary Bose mixture very well in
the full interacting regime from the weakly interact-
ing regime to the strong interacting Tonks–Girardeau
(TG) regime.

In this paper, we use the density-functional the-
ory based on the Bethe ansatz to investigate the
ground-state properties of the mixture composed of
TG gases[36,37] and polarized Fermi gases trapped in
harmonic potential with tunable inters-species inter-
action ranging from weak interaction to strong in-
teraction. The present work will focus on the case
that the Bose atoms and Fermi atoms are isotopes
of the same species of atoms, where its correspond-
ing model can be mapped into the Yang–Gaudin
model with generalized Bose–Fermi transformation
and the ground-state energy function can be obtained
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from the Bethe-ansatz solution of the Yang–Gaudin
model.[38,39] Combining the ground state energy func-
tion with local density approximation (LDA),[23,40−44]

we can obtain a set of coupled nonlinear Schrödinger
equations (NLSEs) governing the system. By numer-
ically solving NLSEs the ground state properties will
be obtained. In this paper we shall investigate both
the total density distributions and those of each com-
ponent for different boson fraction. We also obtain
the exact density profiles with Bose–Fermi mapping
method in the limit of no inter-component interaction
and in the limit of strong inter-component interaction.
It turns out that the results from both methods match
well.

The present paper is organized as follows. Section
2 will give the model for Tonks–Fermi mixture and the
method. Section 3 is devoted to the density profiles
of the mixture with tunable inter-species repulsion. A
summary is given in the last section.

2. Model and method

We consider a 1D Bose–Fermi mixture composed
of Nb hard core Bose atoms and Nf polarized Fermi
atoms confined in the external potential Vext(x),
where the Bose atoms and Fermi atoms are isotopes of
the same species of atoms such that the atomic mass
mb ≈ mf = m. The many-body Hamiltonian in sec-
ond quantized form should take the form as

H =
∫

dx
∑

i=b,f

{
Ψ̂ †i (x)

[
− ~

2

2m

∂2

∂x2
+ Vext(x)

]
Ψ̂i(x)

+
gbb

2
Ψ̂ †b(x)Ψ̂ †b(x)Ψ̂b(x)Ψ̂b(x)

}

+ gbf

∫
dxΨ̂ †b(x)Ψ̂ †f (x)Ψ̂f(x)Ψ̂b(x). (1)

Here the effective 1D boson–boson and boson–fermion
interaction constants gbb and gbf can be controlled ex-
perimentally by tuning the corresponding scattering
lengths[19,20] and transverse confinement. The field
operators Ψ †b(f)(x), Ψb(f)(x) create and annihilate a
Bose (Fermi) atom at position x respectively. For the
Tonks components of hard core interaction the boson–
boson interaction will be infinitely strong (gbb = ∞).
In this situation the original Hamiltonian (1) will be
formulated as

H TGF

=
∫

dx
∑

i=b,f

{
Ψ̂ †i (x)

[
− ~

2

2m

∂2

∂x2
+ Vext(x)

]
Ψ̂i(x)

+ gΨ̂ †b(x)Ψ̂ †f (x)Ψ̂f(x)Ψ̂b(x)
}

, (2)

with the hard-core constraints Ψ̂ †b(x)Ψ̂ †b(x) =

Ψ̂b(x)Ψ̂b(x) = 0 and
{

Ψ̂b(x), Ψ̂ †b(x)
}

= 1. For the
simplicity of expression the original inter-component
interaction gbf is replaced with g.

For the mixture of TG gases and spin-polarized
Fermi gases, it is convenient to introduce the general-
ized Bose–Fermi transformations[45,46]





Ψ̂b(x) = exp
[
iπ

∫ x

−∞ ΨF†
↑ (z) ΨF

↑ (z) (z) dz
]
ΨF
↑ (x) ,

Ψ̂f(x) = exp
[
iπ

∫∞
−∞ ΨF†

↑ (z) ΨF
↑ (z) (z) dz

]
ΨF
↓ (x) ,

(3)
where the field operators ΨF†

i (x) and ΨF
i (x) create

and annihilate an i-component (i =↑, ↓) fermion at
location x respectively. With the above transforma-
tions, the mixture of TG gases and Fermi gases (2)
is mapped into two-component fermionic gas and the
corresponding Hamiltonian is formulated as

H F =
∫

dx
∑

i=↑,↓

{
Ψ̂F†

i

[
− ~2

2mi

∂2

∂x2
+ Vext(x)

]
Ψ̂F

i

+ gΨ̂F†
↑ (x)Ψ̂F†

↓ (x)Ψ̂F
↓ (x)Ψ̂F

↑ (x)
}

. (4)

This Fermi system has the exact same energy spec-
trum as the original mixture because they relate to
each other by a unitary transformation (3). For the
same reason the ground-state density distribution for
the mixture of TG gases and Fermi gases can be ob-
tained by consultation for the corresponding fermionic
model. As Vext(x) = 0 the above Hamiltonian (4) is
the exact solvable Yang–Gaudin model,[38,39] which
can be diagonalized by Bethe ansatz method. The
corresponding first quantized Hamiltonian is

H =
N∑

j=1

[
− ∂2

∂x2
j

+ Vext(xj)

]
+ 2c

∑

j<l

δ(xj − xl), (5)

where c = mg/~2 and N = Nb + Nf = N↑ + N↓ is the
total particle number.

The ground state energy and wave function can
be evaluated with quasi-momentum {kj} determined
by the Bethe-ansatz equations




kjL = 2πIj − 2
Nb∑

α=1

tan−1 kj − Λα

c/2
,

N∑

j=1

tan−1 Λα − kj

c/2
= πJα +

Nb∑

β=1

tan−1 Λα − Λβ

c
,

(6)
with the quantum number Ij and Jα. Here {Λα} is
rapidity and L is the length of system. In the thermo-
dynamic limit (N, L →∞ but N/L is finite) equation
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(6) reduces to two coupled integral equations




ρ (k) =
1
π

∫ B

−B

dΛ
c′σ (Λ)

c′2 + (k − Λ)2
+

1
2π

,

σ (Λ) = − 1
π

∫ B

−B

dΛ′
cσ (Λ′)

c2 + (Λ− Λ′)2

+
1
π

∫ Q

−Q

dk
c′ρ (k)

c′2 + (Λ− k)2

(7)

with c′ = c/2, where Q and B are determined by
the total particle density ρ = N/L =

∫ Q

−Q
ρ(k)dk and

boson density ρα = Nb/L =
∫ B

−B
σ(λ)dλ with α be-

ing the boson fraction Nb/N . By solving the inte-
gral equations we can evaluate the energy density of
ground state by

εGS =
L

N

~2

2m

∫ Q

−Q

k2ρ (k) dk.

By numerically solving coupled integral equations, the
ground state energy density can be obtained and pa-
rameterized as

εGS (ρ, α) =
π2~2ρ2

8m

[(
1/3 + (2α− 1)2

)
+ f (χ, α)

]
,

(8)
with

f (χ, α) = [e (χ)− 1/3] {1 + α (χ) (2α− 1)2

+β (χ) (2α− 1)4

− [1 + α (χ) + β (χ)] (2α− 1)6},

where χ = 2γ/π and e (χ), α (χ) and β (χ) are given
in Refs. [34] and [43].

In order to investigate the inhomogeneous sys-
tem we use the density functional theory based on the
above exact energy density evaluated by Bethe ansatz.
With the LDA the energy functional of the inhomoge-
neous system in the external trap can be formulated
as

E (ρ) =
∫

dx

[
~2

2m

∣∣∣∣
d
dx

√
ρ

∣∣∣∣
2

+ Vext(x)ρ + ρε (ρ)

]
,

(9)
where ε(ρ) is local energy at point x with density
ρ(x) = ρb(x)+ρf(x) in the external trap. The ground
state is determined by minimizing the energy func-
tional Eq. (9) and

√
ρ

i
= Φi satisfies the following

coupled NLSEs:




(
− ~

2

2m

d2

dx2
+ Vext

)
Φb + F̃b (ρ) Φb = µbΦb,

(
− ~

2

2m

d2

dx2
+ Vext

)
Φf + F̃f (ρ)Φf = µfΦf ,

(10)

with the normalization condition
∫

dx|Φi(x)|2 = Ni,
where F̃i (ρ, α) = ∂ρεGS/∂ρi and the Lagrange mul-
tiplier µb(f) is introduced to conserve Nb(f). By nu-
merically solving coupled NLSEs, we can obtain the
ground-state density distributions. In the present
work we shall consider the TG–Fermi mixture trapped
in a weak harmonic trap Vext(x) = 1

2mω2x2.

3. Composite ferminization

In Fig. 1 we display the total ground state density
distributions from the weakly Bose–Fermi interacting
regime to the strongly Bose–Fermi interacting regime
for different boson fractions. Here the length x is in
unit of l =

√
~/mω and U = g/l~ω denotes the di-

mensionless interacting constant. In the case of U = 0,
TG gas does not interact with Fermi atom so the fer-
minized TG gas displays the same distribution as spin-
less Fermi atoms, which can be obtained exactly by
the BFM method, while the distribution of polarized
Fermi atoms is easy to evaluate. The total distribution
is plotted in Fig. 1 (short dotted lines). It is shown
that the TG–Fermi mixture with weak Bose–Fermi
interaction can be approximatively described by the
mixture without inter-component interaction. The
weak interaction will not sharply change the density
distribution of ground state of TG–Fermi mixture. For
the balance case (Fig. 1(a)), i.e., there are equal Bose
atom number and Fermi atom number in the harmonic
trap (here Nb = Nf = 20), the total density profile ex-
hibits the similar structure of single peak in the full
interacting regime. In the weak inter-components in-
teracting regime atoms will prefer to distribute in the
centre of the trap. While with the increase in inter-
action more and more atoms are repelled to the loca-
tion far away from the centre such that the half-width
of the density profile becomes wider. In the strong
inter-component interacting regime the total density
profiles of TG–Fermi mixture match well with polar-
ized fermi gases or single component TG gases with
total atom number N = 40 (short dash-dot lines).
This means that the ferminized TG gases ferminize
again with the increase in the Bose–Fermi interaction,
i.e., composite-ferminization happens.[47] For the im-
balance case (Fig. 1(b)), i.e., the Bose atom number
is not equal to the Fermi atom number (here Nb = 35
and Nf = 5), the total density distribution behaves in
different way in different interacting regime. For the
weak Bose–Fermi interaction the distribution displays
tongue-shape profiles, in which there are two saddles
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at x ∼ ±3. Comparing with the balance case, we find
that there are more atoms far away from the centre of
the trap for the strong Bose–Bose interaction in the
TG gases. But when the inter-component interaction
becomes strong, the density profiles for imbalance case
are same with those for balance case. The mixture also
exhibits the behaviour of composite-ferminization.

Fig. 1. Total ground state density distribution for the

mixture composed of TG gases and Fermi gases with to-

tal atom number Ntotal = 40: (a) N1 = N2 = 20; (b)

N1 = 35, N2 = 5. Unit of ρ1(x): 1/l; Unit of x: l.

The ground state density distributions for each
component are displayed in Fig. 2 (balance case) and
Fig. 3 (imbalance case) for the total atom number
N = 40. It is shown that for the equal mixture of
TG gases and polarized Fermi gases (Nb = Nf = 20)
the Bose atoms exhibit exactly the same density pro-
files of those of the Fermi atoms in the full interact-
ing regime. This again proves that the equivalence
of properties is independent of the statistics between
the strongly interacting Bose gases and the free Fermi
gases. With the increase in Bose–Fermi interaction
both Bose atoms and Fermi atoms are repelled far
away from the centre of the trap. We also display
the exact density profiles for the case of U = 0 (short
dashed lines) and U = ∞ (short dash-dot lines) ob-
tained by the Bose–Fermi method. In the former
case the TG gases of Nb = 20 show the same den-
sity distribution with Fermi gases of Nf = 20. While
in the latter case both TG gases and Fermi gases

(Nb = Nf = 20) show the same density distribution
as those of the polarized Fermi gases of N = 40, i.e.,
ρb(x) = ρf(x) = 1

2ρN=40
PF (x). It is shown that the re-

sults obtained by BFM match well with the numerical
results.

Fig. 2. Ground state density distribution for the mixture

composed of TG gases and Fermi gases with N1 = N2 =

20 for different Bose–Fermi interactions. From the top to

the bottom (solid lines and dashed lines): U = 0.1, 10,

100, 500. Short dash lines: U = 0;. Short dash-dot lines:

U = ∞. Unit of ρi(x): 1/l. Unit of x: l.

In Fig. 3 we show the ground state density pro-
files of each component for the imbalance case. Here
we study the system with different boson fractions
but there are the same total atom numbers in the
harmonic trap (N = 40 and Nb > Nf). In this sit-
uation Bose atoms display different density profiles
from Fermi atoms. The Fermi gases always behave as
a single peak located at the centre of harmonic trap
and with the increase in interaction they distribute in
a wider regime. However, the TG gases exhibit rich
structure with the increase in inter-component inter-
action and boson fraction. Similar to the balance case,
in the weakly interacting regime, TG gases show fer-
minized density distribution. As the inter-component
interaction is strong enough the Bose atoms pop-
ulate as the maximum probability at the position
away from the trap centre, which is more obvious
for the larger boson fraction. But when the Bose–
Fermi interaction approaches infinity both TG gases
and Fermi gases display the same structure of single
peak as spinless Fermi gases of N = Nb +Nf (ρb(x) =
(Nb/N)ρN

PF(x) and ρf(x) = (Nf/N)ρN
PF(x)). This

means that composite-ferminization happens. We also
obtain the exact profiles for the case of U = 0 and
U = ∞ with BFM method. It turns out that they
match well with the numerical result for the weak
interaction and for the much strong interaction, re-
spectively. According to the symmetry of Hamilto-
nian Eq. (4), as Nb < Nf the TG gases will exhibit
the same behaviour as the above Fermi gases and the
Fermi gases will exhibit the behaviour as the above
Bose atoms.
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Fig. 3. Ground state density distributions for the mixture composed of TG gases and Fermi gases with total

atom number Ntotal = 40: (a) and (b) Nb = 25, Nf = 15; (c) and (d) Nb = 35, Nf = 5. Unit of ρi(x): 1/l.

Unit of x: l.

4. Summary

In summary, we have investigated the ground-
state density distribution of TG–Fermi mixture
trapped in 1D harmonic traps by combining the
LDA and the exact ground state energy density of
homogeneous system obtained by the Bethe-ansatz
method. It is shown that the weak Bose–Fermi in-
teraction will not sharply change the density pro-
files and with the increase in interaction the profiles
of ferminized TG gases and Fermi gases ferminized
again. In the strongly interacting limit their distribu-
tions exhibit the same profiles as those of polarized
Fermi gases or TG gases with the total atom num-
ber N = Nb + Nf , i.e., ρb(x) = (Nb/N)ρN

PF(x) and
ρf(x) = (Nf/N)ρN

PF(x). In both noninteracting limit

and infinite strong interacting limit we have obtained
the exact density profiles with BFM method. All of
them match well with the numerical results. While
in the middle interacting regime only the numerical
method is available. It is shown that with the change
of boson fraction each component behaves in different
ways. For the balance case TG gases display the same
density profiles as Fermi gases in the full interacting
regime. But for the imbalance case each component
exhibits a different behaviour. The components with
less atom number always display the structure of sin-
gle peak located at the centre of trap, while the com-
ponents with more atom number will populate as the
maximum probability at the position away from the
centre of trap.
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