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Bandgap characteristics of 2D plasma photonic crystal
with oblique incidence：：：TM case∗
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A novel periodic boundary condition (PBC), that is the constant transverse wavenumber (CTW) method, is

introduced to solve the time delay in the transverse plane with oblique incidence. Based on the novel PBC, the

FDTD/PBC algorithm is proposed to study periodic structure consisting of plasma and vacuum. Then the reflection

coefficient for the plasma slab from the FDTD/PBC algorithm is compared with the analytic results to show the validity

of our technique. Finally, the reflection coefficients for the plasma photonic crystals are calculated using the FDTD/PBC

algorithm to study the variation of bandgap characteristics with the incident angle and the plasma parameters. Thus

it has provided the guiding sense for the actual manufacturing plasma photonic crystal.
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1. Introduction

Generally, periodic structures are periodic in one
or more dimensions and are used in applications, such
as the design of antenna radomes, sub-reflectors for
dual frequency reflector antenna systems and optic
and infrared filters due to their own unique char-
acteristics. For instance, the early frequency selec-
tive surfaces (FSS) which are a type of the periodic
structures and the recently arising electromagnetic
bandgap (EBG) or photonic bandgap (PBG) which
possesses the excellent characteristic of controlling the
electromagnetic or optic waves and has been the focus
of many research fields. It has become more impor-
tant for studying the periodic structures in practical
application and theory.

To analyse the electromagnetic characteristics of
this periodic structure, numerical methods that can
readily handle a complex, inhomogeneous medium
are required. So far the finite-difference time-domain
(FDTD)[1] algorithm generally has been applied to
solve this problem in that the FDTD grid needs only

to be applied to a single-unit cell of the structure with
the periodic boundary condition (PBC), making the
analysis of a large structure much simpler and more
computationally efficient than the modeling of the en-
tire structure.

The method for implementing the PBC in the
time domain is important. For a normally incident
wave,[2] implementing the PBC is straightforward be-
cause there is no time delay between periodic cells.
However, when a plane-wave source is obliquely inci-
dent, there is a time delay caused by cell-to-cell phase
variation in frequency domain between corresponding
points in different unit cells which causes the time-
domain implementation to become more difficult. In
order to solve this problem, several techniques have
been proposed. The types of these techniques are the
sin–cosine technique[3] and the split–field technique.[4]

In the sin–cosine technique, the structure is excited
once by a sine signal and once by a cosine signal.
The PBC for the oblique incidence can be well im-
plemented by an appropriate combination of these
two excitations in an appropriate way. This method
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is a single frequency technique and loses the wide-
band capability of the FDTD because of the sine and
cosine excitations. In the split–field technique, ex-
tra terms are added to eliminate the time delay in
the transverse plane. However, because of these ex-
tra terms, one needs to split the fields and uses a
multi-part algorithm to implement FDTD, which adds
to the complexity of the problem. Recently, spec-
tral FDTD (SFDTD) method complements the con-
ventional single-angle incident wave, with a constant
transverse wavenumber (CTW) wave. The advantage
of the method is that it is straightforward as in how
to change an existing FDTD code to an SFDTD code
and a wide-band frequency approach as compared to
that of sin–cosine which is single frequency.

Fig. 1. Cross section view of a plane wave obliquely in-

cident on a periodic structure consisting of plasma and

vacuum, where Tx is the periodicity, θ is the incident an-

gle, the background is vacuum and the scattered object is

plasma, ABC is the absorbing boundary condition, PBC

is the periodic boundary condition, TF/SF is the total-

field/scattered field.

In this paper, we focus on studying the bandgap
characteristics of the periodic structures consisting
of plasma and vacuum, i.e. plasma photonic crys-
tal (PPC), as shown in Fig. 1. First of all, we sim-
ply present the SFDTD method as in Refs. [5] and
[6] and then introduce the FDTD technique which
was developed to deal with the plasma in the pub-
lished paper.[7−9] Afterwards we combine the SFDTD
method with the published FDTD techniques to pro-
pose FDTD/PBC algorithm to study the character-
istics of PPCs and then verify its validation by com-
paring it with the analytic results for the plasma slab.
Finally, the reflection coefficients for the plasma pho-
tonic crystals[10−15] using the FDTD/PBC algorithm
are calculated to study the bandgap characteristics
as the incident angle and the plasma parameters are
changed and some useful and interesting conclusions
can be obtained.

2. FDTD/PBC algorithm

2.1. Spectral FDTD implementation

All periodic boundary conditions are developed
based on the Floquet theory.[16] For a periodic struc-
ture with periodicity Tx along the x direction in Fig. 1,
electromagnetic fields at the two boundaries x = 0 and
x = Tx satisfy the following equations in the frequency
domain

E(x = 0, y, z, ω) = E(x = Tx, y, z, ω)e jkxTx ,

H(x = 0, y, z, ω) = H(x = Tx, y, z, ω)e jkxTx .
(1)

The exponential term represents a propagation phase
delay in Eq. (1), which is determined by the propaga-
tion constant kx and the periodicity Tx.

For a given incident angle in conventional ideas,
the propagation constant kx is known, which is de-
termined by the frequency and incident angle kx =
k0 sin θ = 2πf

√
µ0ε0 sin θ. It is difficult to implement

the PBC in time domain because of the time delay.
However, now we assume the transverse wave num-
ber kx is constant, i.e. independent of the angular
frequency ω. According to the inverse Fourier trans-
form, equation (1) can be written as

E(x = 0, y, z, t) = E(x = Tx, y, z, t)e jkxTx ,

H(x = 0, y, z, t) = H(x = Tx, y, z, t)e jkxTx .
(2)

For Eq. (2), the time delay does not exist and it can
be easily implemented similarly to the PBC with the
normal incidence.

As an example of the TMz mode, the incidence of
the approaching wave on a periodic structure, the tan-
gential component of incident electromagnetic wave
can be expressed as follows:

Einc
z = E0,

H inc
x = −E0

η
cos θ = −E0

η

√
1− (kx/k0)

2
,

(3)

where η is impedance in vacuum.
It is well known that one important issue related

to the proposed algorithm is the excitation of plane
waves in the computational domain. Unlike the tra-
ditional total-field/scattered field technique, only the
Ez component is added on the excitation plane for the
TMz case because according to Eq. (3), the Hx compo-
nent depends on the incident angle. As a consequence
of the one-field excitation technique, the plane wave
is excited to propagate along both the upper and the
lower regions. Thus, the entire computational domain
becomes the total field region and there is no scattered
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field region. The scattered field can be calculated by
the difference of total field and the incident field.

Similar strategy applies to TEz case. The incident
field adopts a modulated Gaussian waveform and the
phase delay along the x direction should be inserted

Einc
z (x, t) = exp

[
− (t− t0)2

2σ2
t

]

× exp( j2πf0t) exp(−jkxx), (4)

where the parameter

σt =
3

π × ωBW
,

ωBW is the frequency bandwidth, the time delay t0 =
3σt − 5σt, the centre frequency

f0 = kxc0/2π + ωBW/2,

c0 is the free space wave speed.

2.2.Derivation of FDTD formula for

plasma

In TMz case, Maxwell equations and constitutive
relation for cold plasma are given by





∂Ez

∂y
= −µ0

∂Hx

∂t
,

∂Ez

∂x
= µ0

∂Hy

∂t
,

∂Hy

∂x
− ∂Hx

∂y
= ε0

∂Ez

∂t
+ Jz,

dJz

dt
= ε0ω

2
pEz − vJz.

(5)

We may put Jz and Ez on the same node, then we
have

Hx|n+1/2
i,j+1/2 = Hx|n−1/2

i,j+1/2 −
∆t

µ0

Ez|ni,j+1 − Ez|ni,j
∆y

, (6)

Hy|n+1/2
i+1/2,j = Hy|n−1/2

i+1/2,j +
∆t

µ0

Ez|ni+1,j − Ez|ni,j
∆x

, (7)

Ez|n+1
i,j = Ez|ni,j +

∆t

ε0


 Hy|n+1/2

i+1/2,j − Hy|n+1/2
i−1/2,j

∆x
−

Hx|n+1/2
i,j+1/2 − Hx|n+1/2

i,j−1/2

∆y


− ∆t

ε0
Jz|n+1/2

i,j . (8)

According to Refs. [7]–[9], using the CDLT–
FDTD algorithm, we can easily obtain

Jz|n+1/2
i,j = e−v∆t Jz|n−1/2

i,j + ε0ω
2
p∆te−v∆t/2 Ez|ni,j .

(9)

2.3.Numerical results

In order to validate the accuracy of the above
FDTD algorithm, the novel FDTD is applied to cal-

culate the TMz reflection coefficients for the plasma
slab of 9 mm in thickness. This structure is cho-
sen because the plasma slab can be considered as
a periodic structure with arbitrary periodicity and
the analytical results[17] are available. In the cal-
culation, the FDTD grids have a spatial cell of
δ = 0.25 mm and a time step of dt = δ/2c. The
frequency bandwidth BW is 20 GHz in the source.

Fig. 2. Power reflection coefficients of the plasma slab, (a) the kx-frequency plane and (b) the results of analytic

and FDTD.
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The plasma parameters are ωp = 50 GHz, ν =
20 GHz. Reflection coefficients in the kx-frequency
plane are calculated at 200 different kx values rang-
ing from 0 to 448 (radian/m), as shown in Fig. 2(a).
In order to clarify the physical meaning, the curves
of the reflection coefficient versus frequency at given
incident angles can be extracted from the reflection
coefficient data on kx-frequency. For given incident
angle θ and frequency f , the transverse wavenumber
kx can be calculated from kx = ω

√
µε cos θ. Assum-

ing that kx1 and kx2 (kx1 ≤ kx < kx2) are sampled
transverse wavenumbers closest to kx, the reflection
coefficient Γ (kx, f) can be calculated by the following
equation

Γ (f, kx) = {Γ (f, kx1) · (kx2 − kx)

+ Γ (f, kx2) · (kx − kx1)}/(kx2 − kx1).(10)

The reflection coefficient for the incident angle of 30◦

extracted and plotted in Fig. 2(b). From Fig. 2(b), the
results obtained by the FDTD/PBC method are com-
pared with the analytical reflection coefficients, show-
ing that the technique is correct and efficient.

3. Study of bandgap of 2D PPC

in oblique incidence

To investigate the bandgap characteristics of
PPC with the FDTD/PBC algorithm, we consider
an FDTD computational geometric model shown in
Fig. 3, where ε0 is the permittivity of vacuum. In the
model, six identical plasma scatterers of rectangular
configuration are set in free space to constitute plasma
photonic crystal. Electromagnetic wave illuminates

the photonic crystal from top to bottom. The scatter-
ers are composed of six rows of 4-mm-length (d = 4)
squares with the period Tx = 11.5 mm, other param-
eters related to FDTD simulation are defined as in
Subsection 2.3.

Fig. 3. Simulation configuration of the periodic structure

by FDTD method. In this figure, Tx is the periodicity,

θ is the incident angle, ε0 is the permittivity of vacuum,

UPML is the uninitial perfectly matched layer and PBC

is the periodic boundary condition.

3.1. Effects of incident angle

In the calculation, we set v = 0 GHz, ωp =
250 GHz for the plasma. The reflection coefficient of
the 2D-PPC in the kx-frequency plane computed us-
ing the FDTD/PBC algorithm is shown in Fig. 4(a).
Figure 4(b) shows the change of reflection coefficients
with incident angles for TMz mode.

Fig. 4. Power reflection coefficient of the 2D-PPC, (a) kx-frequency plane and (b) incident angles θ = 0◦, 30◦, and

45◦.
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Similar to the example of validation, the power
reflection coefficient of the 2D-PPC in kx-frequency
plane are first calculated by the FDTD/PBC algo-
rithm and then the power reflection coefficients of
the 2D-PPC at given incident angles are extracted.
In Fig. 4(b), considering the frequency, at which the
reflection coefficient equals unity, as the photonic
bandgap, for the incident angle θ = 0, the 2D-PPC
can lead to two bandgaps with 20 GHz: the first one
lies approximately between 0 and 8.9 GHz and the
second one is approximately between 13.2 GHz and
17.4 GHz. When the incident angle θ = 30◦, there
are still two bandgaps with 20 GHz. However, both
of the cutoff frequency are broadened into high fre-
quency region, the upper cutoff frequencies of the first
one becomes 9.9 GHz and the lower and upper cutoff
frequencies of the second one become 15.4 GHz and
19.6 GHz respectively. In addition, the centre fre-
quencies of the two bandgaps are also broadened into
high frequency region obviously. As for θ = 45◦, the
similar trend exists and the upper cutoff frequency of
the first one further increases to 11.8 GHz, yet the
cutoff frequency of the second one increases beyond
20 GHz. According to the band structures above, it
is found that the incident angle in PPC can enlarge
the centre and cutoff frequencies of the gaps whatever
are the first one and the second one. Therefore, the
influence of incident angle must be taken into account
while designing PPC devices. Physically, according
to the electromagnetic theory, as the incident angle
varies, the wave impedance must be changed. Then,
the reflection coefficient must be changed, i.e. changes
the bandwidth.

3.2. Effects of plasma frequency

Figure 5 shows the variation of reflection coef-
ficients with plasma frequency for TMz mode with
θ = 30◦ and 45◦. In the calculation, we set v = 0 GHz
for the plasma.

From Fig. 5(a), for incident angle θ = 30◦, the
bandwidths of the first and second forbidden bands
are both broadened with increasing plasma frequency.
For ωp = 150 GHz, the first bandgap lies between
0 GHz and 6.8 GHz, when the plasma frequency in-
creases to 200 GHz and 250 GHz, the upper cutoff fre-
quency corresponding to the first bandgap enlarges to
8.4 GHz and 9.9 GHz. As for the second one, it is not
obvious at ωp = 150 GHz, while enlarging the plasma
frequency to 200 GHz and 250 GHz, there exists obvi-
ous bandgap. The lower cutoff frequency almost does

not vary with the difference of the plasma frequen-
cies, which are both about 15.8 GHz for ωp = 200,
250 GHz, yet the upper cutoff frequencies broaden
into high frequency, which is about 17.5 GHz and
20.1 GHz for ωp = 200, 250 GHz respectively. From
Fig. 5(b), at incident angle θ = 45◦, similar trend ex-
ists. Physically, the relative permittivity of the plasma
is εr = 1− ω2

p/ω2. As ωp varies, the corresponding εr

must change. So the change of the bandwidth is rea-
sonable.

Fig. 5. Power reflection coefficients of the 2D-PPC with

ωp = 150, 200 and 250 GHz at different incident angles,

(a) θ = 30◦ and (b) θ = 45◦.

3.3. Effects of plasma collision frequency

Figure 6 shows the change of reflection coeffi-
cients with plasma collision frequency for TMz mode
at θ = 30◦ and 45◦. In the calculation, we set
ωp = 150 GHz for the plasma.

From Fig. 6, the curve of reflection coefficients
tends to be flat with increasing plasma collision fre-
quency, that is, the fluctuation range of the magnitude
becomes smaller and the peak tends to zero. As a re-
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sult, the photonic bandgap vanishes gradually. Physi-
cally, it could be explained on the basis that the larger
the plasma frequency increases, the more the electro-
magnetic wave energy is absorbed to transfer its own

Fig. 6. Power reflection coefficients of the 2D-PPC with

ν = 0, 10 and 20 GHz at different incident angles, (a)

θ = 30◦ and (b) θ = 45◦.

quantity of heat. The total of the electromagnetic
wave energy are invariable, consequently the magni-
tude of reflection coefficients must become smaller. In
conclusion, increasing the plasma frequency is impos-
sible to broaden the bandwidth.

4. Conclusions

In this paper, an FDTD/PBC implementation is
proposed by which EM wave transmission characteris-
tic can be analysed for oblique incidence on 2D-PPCs.
Then its validation is verified by comparing the reflec-
tion coefficient of the plasma slab using the algorithm
with the analytic results. Finally, the reflection co-
efficients for the plasma photonic crystals using the
FDTD/PBC algorithm are calculated to study the
variation of bandgap characteristics with the incident
angle and the plasma parameters. It is found that
the incident angle may influence the bandgap, there-
fore, the influence of the incident angle must be taken
into account while designing the PPC devices. For
the effect of plasma frequency, we found that increas-
ing the plasma frequency can broaden the bandwidth.
Finally, for the effect of plasma collision frequency, we
find that increasing the plasma collision frequency is
impossible to broaden the bandwidth, on the contrary,
it makes the photonic bandgap vanish gradually.

We only studied the characteristics of the 2D pe-
riodic structure, but in fact the FDTD/PBC algo-
rithm can also be applied to analyse the 3D periodic
structure and it is our next step of work. In addi-
tion, we can design more complex geometries using
the FDTD/PBC algorithm to acquire excellent elec-
tromagnetic characteristics.
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