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Carbon nanotube bundles are promising thermal interfacial materials due to their excellent thermal and mechanical

characteristics. In this study, the phonon dispersion relations and density of states of the single-wall carbon nanotube

bundles are calculated by using the force constant model. The calculation results show that the inter-tube interaction

leads to a significant frequency raise of the low frequency modes. To verify the applied calculation method, the specific

heat of a single single-wall carbon nanotube is calculated first based on the obtained phonon dispersion relations and the

results coincide well with the experimental data. Moreover, the specific heat of the bundles is calculated and exhibits

a slight reduction at low temperatures in comparison with that of the single tube. The thermal conductivity of the

bundles at low temperatures is calculated by using the ballistic transport model. The calculation results indicate that

the inter-tube interaction, i.e. van der Waals interaction, hinders heat transfer and cannot be neglected at extremely

low temperatures. For (5, 5) bundles, the relative difference of the thermal conductivity caused by ignoring inter-tube

effect reaches the maximum value of 26% around 17 K, which indicates the significant inter-tube interaction effect on

the thermal conductivity at low temperatures.
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1. Introduction

Since the discovery of the carbon nanotubes
(CNTs) in 1991 by Iijima,[1] the scientific commu-
nity has displayed a growing interest in this allotropic
form of carbon because of their remarkable thermal,
electrical and mechanical properties.[2] The properties
of single-wall and multi-wall CNTs, which are deter-
mined by how many graphene planes are coaxially
assembled, have been reported extensively in recent
years. Experimentally, Kim et al.[3] first carried out a
measurement of the thermal conductivity of a multi-
wall CNT (MWCNT) by using a microfabricated sus-
pended device and the observed value is more than
3000 W ·m−1 ·K−1. Fujii et al.[4] measured the ther-
mal conductivity of a single MWCNT by using a novel
sample-attached T-type nanosensor and the maximum
value exceeds 2000 W ·m−1 ·K−1. Pop et al.[5] ex-
tracted the thermal conductivity of a single-wall CNT
(SWCNT), more than 3000 W ·m−1 ·K−1, from its
high-bias (I–V ) electrical characteristics by the Joule
self-heating. Theoretically, Berber et al.[6] reported an

ultrahigh thermal conductivity, 6600 W ·m−1 ·K−1,
of an isolated (10, 10) SWCNT at room tempera-
ture, calculated by molecular dynamics simulations.
The thermal conductivity of an SWCNT changed with
the tube lengths was studied by Maruyama et al.[7]

Mingo and Broido[8] proposed quantum-mechanical
ballistic thermal conductance of SWCNT to answer
how high for the ballistic lattice thermal conductance
and how long for a sample that remains the ballistic
phonon transport. Recently, Lindsay et al.[9] stud-
ied the phonon thermal transport and intrinsic lat-
tice thermal conductivity in SWCNTs beyond the re-
laxation approximation and phonon-phonon scatter-
ing selection rules. Moreover, CNTs are also a good
additive for enhancing the base fluids. Choi et al.[10]

have found that dispersion of a very small amount of
nanotubes into synthetic poly (α-olefin) oil produced
a remarkable change in the effective thermal conduc-
tivity of the base fluid with the thermal conductivity
ratio exceeding 2.5 at 1 vol % nanotubes.

Differing from MWCNTs, SWCNTs usually self-
assemble into a two-dimensional hexagonal close-
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packed lattice forming bundles, typical of van der
Waals interactions. Based on some researchers’ ex-
cellent works[11−14] on the synthesis of massive ar-
rays of monodispersed CNTs, the CNT bundles have
emerged as a promising next-generation thermal in-
terface solution in a variety of thermal management
applications. For example, integrated circuits are sub-
jected to tight thermal budgets to maintain accept-
able reliability standards. Several groups have mea-
sured the thermal properties of the bundles. Hone
et al.[15] reported that the thermal conductivity of
the SWCNT bundles in the parallel direction exceeds
200 W ·m−1 ·K−1. Xu and Fisher[16] have measured
the effective thermal conductivity of the CNTs sample
by using a 3-omega method and the measured value
was 74 to 83 W ·m−1 ·K−1, one order higher than that
of the best thermal greases or phase change materi-
als. Although the thermal properties are better than
those of conventional thermal interfacial material, we
can find that the effective thermal conductivity of the
bundles greatly decreases in comparison with the cor-
responding single tube. Hence, it is of special interest
to study the underlying mechanisms.

It is well known that graphite represents the ref-
erence state of any type of CNT. The graphene planes
hold together with a strong C–C bond. Differing
from the isolated tube, besides the C–C bond inter-
actions, the bundles are held together with van der
Waals force, which is a non-bonded interaction and
can be either an attraction or repulsion. In this pa-
per, to study the thermal properties of the SWCNT
bundles and the attribution of inter-tube interactions
on the heat transport, the van der Waals force is taken
into account by using the general Lennard–Jones “6–
12” potential. A force constant model is developed
to calculate the phonon dispersion relations (PDR)
and density of states (DOS) of the SWCNT bundles,
which are on the basis of generating an SWCNT bun-
dle. Based on the calculated PDR, the specific heat
and the low-temperature thermal conductivity of the
SWCNT bundles are calculated. The results show
that both the specific heat and thermal conductiv-
ity decrease at low temperatures in comparison with
those of single tube, which illustrates the effect of the
inter-tube van der Waals interaction on the thermal
properties of bundles.

2. Phonon dispersion relations

and density of states

In this study, the (5, 5) SWCNT bundle is selected
as a representation to be studied. As shown in Fig. 1,
the core SWCNT has six nearest neighbours,[17,18]

with the inter-tube spacing 0.32 nm. The nanotubes
of the bundles are remarkably uniform in diameter and
tens to hundreds of micrometers in length.[19] The vec-
tor (5, 5) denotes the chirality of the bundles, which
is determined by the corresponding isolated SWCNTs.
From the structural point of view, CNTs can be taken
as single sheets of graphite, rolled into a cylindri-
cal shape with axial symmetry. The “rolling up” of
the graphene sheet is described by the chiral vector
which can be expressed as Ch = na1 +ma2 ≡ (n,m),
where integers n and m represent the chiral indices
and |a1| = |a2| = 2.49 Å is the lattice constant of
graphite. Special cases are ‘zigzag’ (n, 0) and ‘arm-
chair’ (n, n), i.e., (5, 5) nanotubes.

Fig. 1. The calculation generated structure of the (5, 5)

SWCNT bundle.

An approach is developed to calculate the phonon
dispersion relations with a force constant model,[20] in
which the inter-atomic forces are represented by spring
constants. Although the model is simple, the experi-
mental results can be reproduced as closely as possible
by increasing the number of force constants.

In general, the equation of lattice motion for the
displacement of the κth atom in the ith unit cell is
given by

Mκ
d2uiκ

dt2
= −

∑

jν

Kiκ,jνujν , (1)

where iκ, jν denotes the κth atom in the ith unit cell
and the νth atom in the jth unit cell, respectively and
Mκ is the mass of the κth atom. It is supposed that
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each atom is displaced from its equilibrium position
by an amount u. The Kiκ,jν represents the 3×3 force
constant tensor between the κth and the νth atoms. It
is the second-order derivatives of the potential energy,
i.e.

Kiκ,jν =
∂2E

∂uiκ∂ujν
. (2)

According to periodic solutions of Eq. (1), the set
of simultaneous equations is given by

ω2 (k) · uκ (k) =
∑

ν

Dκν (k)uν (k) , (3)

where ω is the phonon angular frequency, k is the wave
vector of the vibrational wave, Dκν(k) is a 3N×3N

dynamical matrix, which denotes the interaction be-
tween the κth and the νth atoms and N is the number
of atoms in an unit cell. The matrix Dκν (k) is

Dκν (k)

=
1√

MκMν

∑

Ri−Rj

Kiκ,jν · exp [ik (Ri −Rj)] . (4)

The condition for the set of linear homogeneous
Eq. (3) to possess a nontrivial solution is

det
[
ω2 (k) δκν −Dκν (k)

]
= 0. (5)

Equation (5) determines the relation of phonon
angular frequency and wave vector k, which is called
the phonon dispersion relation. To solve Eq. (5), the
eigenvalues of the dynamical matrix need to be solved.
For the SWCNT bundles, the force constant matrix of
two atoms is

Kiκ,jν =
∂2 (Ein + Eint)

∂uiκ∂ujν

=
∂2Ein

∂uiκ∂ujν
+

∂2Eint

∂uiκ∂ujν
, (6)

where Ein denotes the potential energy in one tube
and Eint indicates the inter-tube interaction poten-
tial energy. Force constant of the in-tube part
∂2Ein/∂uiκ∂ujν corresponds to that of an individual
single-walled CNT. It can be obtained by Satio’s[21]

approach to calculating the SWCNT phonon disper-
sion relation.

The interaction between tubes is van der Waals
force and the potential energy of two atoms, V (r), is
the function of interatomic distance r and is usually
denoted by the Lennard–Jones (LJ) mode

V (r) = 4ε

[(σ

r

)12

−
(σ

r

)6
]

. (7)

The values chosen for van der Waals parameters
are ε = 0.002964 eV and σ = 3.407 Å.[22] According
to Eq. (7), the inter-tube potential energy Eint can be
determined by taking a sum of all atom pairs in the
adjacent tubes. Substituting the calculated potential
energy into Eq. (6), we can obtain the force constant.

The effect of inter-tube interactions on the
phonons of SWCNT was first discussed by
Venkateswaran et al.[23] Later on, several groups
achieved an estimation of the influence of these in-
teractions on the frequencies of the Raman modes.[24]

So far, all calculations were performed by assuming
that the bundle lattice is composed of identical (same
diameter, same orientation) and infinitely long nan-
otubes. The LJ potential described by Eq. (7) is
applied to account for van der Waals inter-tube inter-
actions. The tubes are supposed to keep circular and
the effect of inter-tube interactions on the tube shape
at equilibrium can be neglected. This assumption
has been justified on tubes of diameter smaller than
3 nm.[25,26]

Figure 2 shows the phonon dispersion curves for a
(5, 5) bundle. The Γ–X is the k-space direction paral-
lel to the nanotube axis, while the dispersion relations
for wave vectors perpendicular to the nanotube axis
are shown in the Γ–M portion. It can be seen that
the axial vibration mode is close to that of a single
SWCNT, while most of the radial phonon dispersion
curves are level line, except for a few curves in ex-
tremely low frequency region. Comparing the PDR of
the isolated (5, 5) tube and that of the corresponding
bundles in Fig. 3, we can find very weak changes of
the mode frequencies in high frequency range, while
significant frequency shifts appear in low frequency
range. Therefore, the enlarged comparison of the ax-
ial direction phonon dispersion relations near the Bril-
louin zone centre is also presented in Fig. 3. The se-
lected low-frequency modes, including the four acous-
tic modes and two lowest optical modes: a longitu-
dinal acoustic mode (LA), doubly degenerated trans-
verse acoustic modes (TA), a twisting mode (TW) and
doubly degenerated radial breathing mode (R), dis-
play a strong dispersion along the direction normal to
the tube axis. A significant effect of the inter-tube in-
teractions is that the k = 0 TW (rigid rotation around
the tube axis) shifts to non-zero frequency and its fre-
quency increases significantly in comparison with that
of single tube. The R modes exhibit a slight change
due to their radial character, while the LA and TA
modes do not change obviously.
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Fig. 2. Phonon dispersion relations curves for (5, 5)

SWCNT bundle.

Fig. 3. Comparison of the low-frequency PDR between

an isolated tube and bundle.

The phonon DOS for bundles and that of the
corresponding isolated tube are compared in Fig. 4.
Coinciding well with the previous PDR analysis, the
profile of the bundle DOS is close to that of an isolated
tube in the high frequency region. In contrast, signif-
icant changes are observed at low frequencies, as em-
phasized on the enlarged graph of Fig. 4. As expected,

Fig. 4. The comparison of vibrational density of state

(VDOS) for isolated tube and bundles. (a) The full fre-

quency band, (b) the low frequency band.

in bundles, the singularity at zero frequency due to
the one dimensional (1D) character of isolated tubes
disappears when inter-tube interactions are accounted
for. On the other hand, the entire phonon spectrum
shifts to higher frequency in the low frequency region
and consequently leads to decreasing number of low-
frequency phonon.

3. Specific heat

The thermal properties of SWCNT bundles,
including specific heat and thermal conductivity,
strongly depend on the phonon dispersion relations
and phonon density of states.

The specific heat, in principle, consists of contri-
butions from both phonons and electrons. However,
for 3D crystalline graphite and 2D graphite layers,
from which CNTs are derived, the dominant contri-
bution to the specific heat comes from the phonons.
Hence, the specific heat of SWCNT bundles is also
expected to be dominated by phonons. In general,
the phonon contribution to the specific heat can be
written as

CV =
1

Mtube

∑

k,p

kBx2 · exp (x)
[exp (x)− 1]2

, x =
~ω
kBT

, (8)

where Mtube is the mass of CNT, ~ is Planck constant,
kB is Boltzmann constant, p is vibrational modes and
T is temperature.

According to the phonon dispersion relations pre-
viously obtained, the specific heat of the SWCNT
bundles is calculated from Eq. (8). To verify the
applied calculation method, specific heat of an iso-
lated tube is calculated first based on the correspond-
ing PDR, as shown in Fig. 5. The profile shows that
the calculated curve agrees well with the experimen-
tal data.[27] It can be found that the specific heat
increases with the increase of temperature and then
tends to a constant. This is due to the fact that
more phonon states are occupied at higher temper-
ature. At extremely low temperature, the dominant
contribution to the specific heat comes from the four
acoustic modes discussed above. When the tempera-
ture increases slightly (∼30 K), the linear relationship
between specific heat and temperature is no longer
maintained since the optical branch begins to con-
tribute to the specific heat. As temperature continues
to rise, more and more optical branches contribute to
specific heat. The exponent of the power-law depen-
dence of the specific heat and the temperature gradu-
ally transits from one to two. Moreover, according to
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the Dulong–Petit law, when the temperature increases
much greater than the Debye temperature, the phonon
heat capacity of solid will tend to a constant and is
independent of temperature and material properties.
Figure 5 also compared the specific heat of bundles
and that of the isolated nanotube. As can be seen,
the specific heat of SWCNT bundles exhibit a slight
reduction at extremely low temperatures in compari-
son with that of the single tube. The reason is that
the low frequency acoustic phonons make a significant
contribution to specific heat at extremely low temper-
ature. As illustrated above, on account of the van der
Waals interaction, the entire phonon spectrum of the
bundles shifts to a higher frequency and the number
of the low frequency phonon decreases, which leads to
a slight reduction to the specific heat of bundles. On
the other hand, the specific heat of the single tube
and the bundles are overlapping approximately above
50 K, which illustrates that the influence of inter-tube
interaction on the specific heat of bundles is mainly
at very low temperatures. Therefore, the effect of van
der Waals interaction on the specific heat of bundles
can be neglected except at extremely low temperature.
The specific heat of bundles is more reflected by the
isolated tube itself.

Fig. 5. The calculated specific heat versus temperature

curves.

4. Thermal conductivity

The thermal conductivity can be extracted
through

λ = G · L/S, (9)

where G is the thermal conductance, L is the length of
the tube and S is the cross section. In this paper, we
investigate the low-temperature thermal conductance
of bundles through a theoretical analysis based on the

Landauer theory of heat transport by Takahiro et al.
The thermal conductance is given as[28]

G =
k2
BT

2π~
∑

p

∫ xmax
p

xmin
p

x2 ex/( ex − 1)2ηdx, (10)

where xγ
p = ~ωγ

p/kBT , γ denotes ‘min’ or ‘max’, ωmin
p

and ωmax
p are the minimum and maximum angular fre-

quencies of the pth phonon dispersion, respectively and
η is the phonon transmissivity, which reflects the ef-
fect of phonon scattering on the thermal conductance.
The focus of this study is on the thermal conductance
of CNT at low temperatures, where the phonon mean
free path is sufficiently large in comparison with the
dimensions of the CNT. Hence, other scatterings, i.e.,
lattice defection scattering, can be ignored and heat
transfer will be solely in the form of ballistic transport,
namely η = 1. The thermal conductance in CNTs
can be determined by substituting ωmin

p and ωmax
p for

all phonon modes p into Eq. (10). The phonon dis-
persion relation can be obtained by diagonalizing the
dynamical matrix constructed with the scaled force-
constant model discussed above. The quantization of
thermal conductance originates from low-energy exci-
tations of long-wavelength acoustic phonons and the
two lowest optical modes at sufficiently low tempera-
tures. Therefore, taking into account the four acoustic
and two lowest optical modes and substituting the val-
ues of ωmin

p for these branches at the Γ point into the
formula of Eq. (10), we can give the thermal conduc-
tance. For the ballistic transport model, the limita-
tion of the tube length should be less than the phonon
mean free path. Single-wall CNTs, which are natural
quantum wires of small size and high stiffness, have a
large phonon mean free path of the order of 1 µm.[29,30]

Therefore, the length of the tube is taken as L = 1 µm.
The cross section is calculated by S = πd∆, where d

is the diameter, and ∆ is the thickness of the SWCNT
determined from experiment, ∼0.335 nm.

Figure 6 presents the low temperature-dependent
thermal conductivity calculated by the ballistic trans-
port model. It can be found that the low-temperature
thermal conductivity of CNTs is linearly dependent on
temperature, which implies the existence of quantized
thermal conductance in CNTs. The quantization of
thermal conductance originates from low-energy ex-
citations of long-wavelength acoustic phonons (four
branches in Fig. 3) at temperatures sufficiently low
such that the two lowest optical modes with an energy
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gap are not excited. Moreover, Figure 6 also displays
the comparison of isolated single-wall tube and bun-
dles with the same chiral vector (5, 5). The thermal
conductivity of the bundles decreases significantly in
comparison with that of the single tube. According to
Bose–Einstein distribution, at low temperatures, the
low-frequency phonon dominates the heat transport
process. As illustrated in Fig. 4, the inter-tube inter-
action in bundles increases the phonon frequency and
consequently reduces the low-frequency phonon num-
ber, which leads to decreasing thermal conductivity
of bundles. To illustrate the effect of inter-tube in-
teraction on the bundles thermal conductivity more
clearly, the relative differences of the thermal con-
ductivity with and without inter-tube interaction are
shown in Fig. 7. It can be found that the relative dif-
ference rises rapidly at extreme low temperatures first
and reaches the maximum value 26% around 17 K,
and then decreases and tends to 17.5% at higher tem-
perature. Therefore, the effect of van der Waals inter-
action on the thermal conductivity at low temperature
cannot be neglected.

Fig. 6. Low temperature-dependent thermal conductiv-

ity of the isolated tube and bundles with the same chiral

vector (5, 5).

Fig. 7. The temperature-dependent relative difference of

thermal conductivity ∆λ for isolated tube and bundles

with the same chiral vector (5, 5).

5. Conclusions

In this paper, the phonon vibration modes are
calculated by the force constant model and the results
show that, due to the inter-tube van der Waals force,
the number of low-energy phonon decreases in com-
parison with that of the corresponding isolated tube.
Based on the obtained PDR and DOS, the thermal
properties of bundles, including specific heat and ther-
mal conductivity, have been studied. The influence of
inter-tube interaction on the specific heat is mainly at
extremely low temperatures and can be neglected in
the high temperature range, where the specific heat of
bundles is predominantly determined by the isolated
tube itself. The inter-tube interaction leads to sig-
nificant decrease of the low-temperature thermal con-
ductivity of bundles and the maximum reduction can
reach 26% around 17 K in comparison with that of
isolated tube. Therefore, the effect of van der Waals
interaction on the thermal conductivity at low tem-
perature cannot be neglected.
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