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Perturbation to Mei symmetry and Mei adiabatic

invariants for discrete generalized Birkhoffian system
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Based on the concept of discrete adiabatic invariant, this paper studies the perturbation to Mei symmetry and

Mei adiabatic invariants of the discrete generalized Birkhoffian system. The discrete Mei exact invariant induced from

the Mei symmetry of the system without perturbation is given. The criterion of the perturbation to Mei symmetry

is established and the discrete Mei adiabatic invariant induced from the perturbation to Mei symmetry is obtained.

Meanwhile, an example is discussed to illustrate the application of the results.
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1. Introduction

We know that even a small change, which we can
call a perturbation, may influence the original sym-
metries and exact invariants of mechanical systems.
Perturbation to symmetries and adiabatic invariants
plays a very important role in mechanical systems.
An adiabatic invariant is a certain physical quantity
which changes more slowly than a slowly-varying pa-
rameter of the system.!!) So the study on perturbation
to symmetries and adiabatic invariants of the Birkhof-
fian system has great significance.

The Birkhoffian dynamics are more general than
the Hamiltonian mechanics and are extensively ap-
plied to the fields of modern physics. In 1927, Birkhoff
made primary studies on Birkhoffian dynamics.[?
Then the researches on Birkhoffian dynamics, such as
the symmetry theory of Birkhoffian system, become

3-14] Since 2000, some studies

more and more active.!
have been carried out to discuss the perturbation to
symmetries and adiabatic invariants for the continu-
ous Birkhoffian system.!'>=2! However, the perturba-
tion to symmetry of the discrete Birkhoffian system
has never been studied so far.

In 2002, Guo et al.?272% presented a difference
discrete variational principle and introduced the con-
cept of Euler-Lagrange cohomology. Using the dif-
ference discrete variational approach, we study the
perturbation to Mei symmetry and Mei adiabatic in-
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variants of the discrete generalized Birkhoffian system,
give the discrete Mei exact invariant induced from the
Mei symmetry without perturbation and obtain the
discrete Mei adiabatic invariant induced from the per-
turbation to Mei symmetry.

2. Mei symmetry and exact in-
variants of discrete generalized

Birkhoffian system

The generalized Birkhoffian equation can be writ-
OR, OR, dy_aiB_aRM _ 4
dat  da” T
(p,v=1,...,2n), (1)

where B = B(t,a) is called a Birkhoffian, R, =
R, (t,a) are called Birkhoffian functions, a* are vari-

ten as

ables, A4, are additional items.

In discrete mechanics, time interval (¢1,t2) is dis-
cretized into a point sequence (t;), k = 0,1,..., N,
the discrete versions of a*, 4,(t,a), B(t,a), R,(t,a)
are a"* = a’(ty,), AZ = A,(ty,a"), BE = Bp(ty,a")
and Rl’j = R, (ty, a¥), respectively.

The discrete equations of motion of the system

are[m
aR]; v,k k—1 3B§) k
Dk Aad”" — AR, — Dk +4,;, =0, (2)

*Project supported by the Fundamental Research Funds for the Central Universities of China (Grant No. 09CX04018A).

fCorresponding author. E-mail: fangjh@upc.edu.cn

(© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

054501-1



Chin. Phys. B Vol. 20, No. 5 (2011) 054501

dBf, aR/kt k k k
—EAa"® — AT Aa”" = 0.
oty + oL, a pAa 0. (3)

ABE —

Choose the infinitesimal transformations of dis-
crete time and discrete coordinates as

tz = tk + 5ttk = tk + agg,k(tkv a’k)a
at M (1) = @ () + Seat " ()
= alhk(tk) + Eé—g,k(tk’ ak>7 (4)

where ¢ is an infinitesimal parameter, while §8yk, 52’ &
are discrete infinitesimal generators.

We introduce the recursive operators of discrete
system for any discrete variable or function as

Ry f(zx) = f(2ht1), (5)
the vector field of generators is
© _c0 9 0 O
Xop = fo,kaTk + &k Dok (6)

According to Mei symmetry theory, the criteria of
Mei symmetry for the discrete generalized Birkhoffian
system can be written as

OXyh(RY)
S Aa* — AR_X) (R))
0X;p(Bh)
g XA =0, )

For the
Egs. (2) and (3), if the discrete infinitesimal gener-

discrete generalized Birkhoffian system

ators ﬁg’k, fg,k satisfy Egs. (7) and (8), the symmetry
is Mei symmetry of the system.

(27]

Proposition 1 If a discrete gauge function

G (t, a¥) exists such that the infinitesimal genera-
tors 587 &> 527 . of Mei symmetry satisfy the following
structure equation:

0 0 . " 0 0 c
XSOAXEL (RE Aak — X)X (B}
— XD (BE)AEY, + XD (REVAES , + X (4E)
X ( ﬁ,k - fg,kAa“’k) + AGYy, =0, 9)

the Mei symmetry of discrete generalized Birkhoffian
system can induce the discrete Mei exact invariant as

0 0
= RfXé,%(Rﬁ) B,k - Rle(a )(Bll%)fg,k + Gk
= const. (10)

Ivio,p

3. Perturbation to Mei symmetry
and adiabatic invariants of sys-

tem

According to the concept of adiabatic invariant,
for the discrete generalized Birkhoffian system we have
the following definition and proposition:

Definition If I, p(t;,a”, ) is a physical quan-
tity of a discrete generalized Birkhoffian system in-
cluding € whose highest power is z and its first order
difference with respect to discrete time tj is directly
proportional to 2!, then I, p is called a zth order
adiabatic invariant of the discrete generalized Birkhof-
fian systems.

Suppose the discrete generalized Birkhoffian sys-
tem Eqgs. (2) and (3) are perturbed by small quantities
eWs. i, then the equations of motion for the systems

become
8R’1§ v,k k—1 aBl]%
8a”’kAa AR - Oatk
+AF 4+ W, =0, (11)
OBE  ORE
ABE-1 _ D K AatF
D Oty + Oty “
— Aa" P (A + W, ) = 0. (12)

Because of the action of eWj 4, the original sym-
metries and invariants of the system may vary. As-
sume that the variation is a small perturbation based
on the symmetrical transformations of the system
without perturbation and that &o, &, express the
generators of infinitesimal transformations after being
perturbed, then

Sok = §g,k + €§é,k + €2§g,k +ey
Euk = 62,k + Efi,k + 52§Z,k +oee (13)

The infinitesimal transformations become

th =ty + 0ity, = by, + e&o x(tr, a”),
a M (tr) = aF(tr) + S:at " (L)
= a”’k(tk) —+ 5€,u,k(tka ak). (14)

According to the Mei symmetry theory, the deter-
mining equations of Mei symmetry of the discrete gen-
eralized Birkhoffian system perturbed by small quan-
tity eWs i, become

aXI(DO) (Rllj) Aau,k
Oam-k
©pry OXY)(BE) ©)/ 1k
- ARXS)(RE) - SR 4 X (%)
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+ €X](30)(W€,k) = Oa (15)
0)/ pk
XN (B
AR,X](DO)(BI%)—a D ( D)
Oty
ox O (Rk) o
7%:5,@ 12 AaE — Aat XD (Ak)
+ XY (Won)] =0, (16)
where
0
€0k +§“kaau,k' (17)

Substituting Eq. (13) into Eq. (17), we have

Xy =emxO, m=0,1,...,2, (18)
0 m 0
Xrn D — 50 kay 8t gu,km' (19)
Substituting Eq. (13) into Egs. (15) and (16),
noticing Egs. (17)—(19) and making the coefficients of
e™ equal, we obtain

OX ' (RE)
m, 4 v,k (0) k
WAG — AR_Xm,D(R/L)
(0) k
Oar-k
+X7(r?)—l,D(W5»k) =0, (20)
OXo(Bb)
aR_xUy(5h) - L D)
8X7(T?;)D(RZ>A mk A gk X(O) YL
T ot, at — Aa| m,D( p)
X8 p(Wag)] = 0. (21)

When m = 0, eW, j, vanishes, we appoint that E(T)”k_ =
fuk = 0 holds, then Egs. (20) and (21
Egs. (7) and (8) respectively.

) turn into

For the discrete generalized Birkhoffian system,
when it is perturbed by small quantities eWjy, if
the discrete infinitesimal generators £, &', satisfy
Egs. (20) and (21
called the perturbation to Mei symmetry of the sys-

), the change of the symmetry is

tem.

Proposition 2 For the discrete generalized
Birkhoffian system perturbed by small quantity
eWs i, if the infinitesimal generators §0oes E;Tk satisfy
Egs. (20) and (21
function Gy, (¢,

), and there exists a discrete gauge
a”) satisfying the following structure
equation:

XX (RE At — x O {x 0 (BE)}
_X’r(T?)D(BD)AgOk +X(OD(Rk)A§
+X O (AR (ED  — €9 Aath)

+6X( )

b (We ) (€ 5 — €0 xAa"") + AGT, = 0, (22)

then the perturbation to Mei symmetry of the system
can induce a zth order discrete adiabatic invariant as

hip = 5m{R—X7(r(L),)D(Rk) ik
- R*va?,)D(BD)go,k + Gk}
m=20,1,...,z. (23)

Proof By using the Leibniz law

A(frgr) = Afr - gk + frt1 - Agr, (24)

the expansion of Eq. (22) gives

(0) {X(O) ( k)}Aa“’k (0) {X(O) (BD)}
_Xr(r?)D(BD)Afok +X(O) (Rk)Afﬂ,k

(O) (Ak)( fo pAat k)
+EX1S@,)D(WSJ€)<§M,IC - fmkAau’k) + AGyy,
_ OXup(B) ) vngo OB o
Oam-k pok Oty 0.k
OX\h(BE) o OXL(BE)

- JarF wk oty 0,k
~A[R_X\Vo(BE)E ) + AIR_X ) (BE)IEY
+AR_XVL(RE)ED ] — AR X (RE)ES

XD (AE) (€ ), — €0 p i)
+eX£n,D<Wg,k><su,k — €0 4 AaF) + AGTY,
- {8X§22,(kR5) Aa"* — AR_X, ' (R)

_ 8Xr(r(b),)D(Bll%) (/lk)}

Oark pok
+{ARX§,?>D(B{§,) - aX%(Bg)
’ k

Btk B At X'r(r?)D(Ak)Aa# k}§o k

+A{R7X7(7?,)D(Rk)§o —R_ Xfr?)D(BD)go k + Gkt
XD (Wak) (€ — 60 a) = 0. (25)
Using Egs. (20) and (21), we have

Afe™{R_X 0 (RE)E,
_R_Xr(n,D(BD)go,k + GMk}} = Alv:p
- gm{iXT(r?)—lvD(Wg k)§8 A X(O)—l D(Ws,k)fg,k

—eX O (W) (€0, — €9 AakF)}
=X o sk>< — &9 pAakk)
—stn?DWs 1) fo PAath)}
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= —e X0 (€0 1 — €0 pAah). (26)
It shows that AI, p is in direct proportion to e**1.
4. An example

The discrete Birkhoffian system is
Rf =a®*, RE=d"%, RE=R;=0,
B = a4 (@24 @), (@)

the additional items are A} = a'* + t;, A5 = 0,
Ak = a®F A% = 0, and the system is perturbed by
the following small quantities:
eWk =o,
eW¥ =0,

sWQk = eaQ’k,

Wk = ea®®. (28)

Let us study the perturbation to Mei symmetry
and Mei adiabatic invariants of the discrete general-
ized Birkhoffian system. The equations of motion for
the system without perturbation are

A 4l =0, —Ad—1=0,
AatF =0, Ad®F —a*F =0,

ABEY — a*FAaPF = 0. (29)

First, we seek the Mei exact invariants. Choose in-
finitesimal generators as

4.k 4k _q
b)

0 0 )
fo,k:—a 751,k:a -

0 4,k 0o _ 0 _
fQ,k =a’, fg,k =0, 54,k =-L

It is easy to verify that they satisfy Egs. (7) and (8),

(30)

so the infinitesimal generators Eq. (30) are Mei sym-
metrical for the system Eq. (27). Also, they satisfy
Eq. (9).

From Eq. (9), we obtain the gauge function

QY = a** + a®F — 1. (31)

According to Proposition 1, Mei symmetry of the sys-
tem Eq. (27) can lead to an exact invariant

Ivop = (a*F)? + a** +a®* — #;, = const.  (32)

Then we seek the first order Mei adiabatic invari-

ants. Choose infinitesimal generators as

4.k 4k _ 1

1 1 :
Sop=—a"", &r=a""—

1 1 1
Sk =8&xr=8,=0.

3

(33)

First of all, the infinitesimal generators Eq. (33)
should satisfy the perturbed criteria of Mei symmetry,
Egs. (20) and (21), then it should also satisfy Eq. (22).
From Eq. (22), we obtain
Gine = a®F — ty.. (34)
According to Proposition 2, we can obtain the first
order Mei adiabatic invariant induced from the per-
turbation to Mei symmetry of the system as
hap = (e +D[(@**)? +a®* — )] +a*F. (35)
Further we can obtain more discrete high-order adia-
batic invariants.

5. Conclusion

In this paper, we study the perturbation to Mei
symmetry and Mei adiabatic invariants for the dis-
crete generalized Birkhoffian system. By the pertur-
bation to Mei symmetry, we obtain the condition of
existence of the discrete Mei adiabatic invariant. The
discrete Mei adiabatic invariants shown in this paper
are a new type of adiabatic invariant for the system.
Using the difference discrete variational approach, we
disperse the original continuous system and retain the
structure and nature of the original system as much
as possible. Many geometric properties of continuous
mechanical systems are also the corresponding exis-
When z = 0, the Mei
adiabatic invariants obtained will turn into the cor-

tence in discrete systems.

responding exact invariants naturally.

References

[1] Zhao Y'Y and Mei F X 1999 Symmetries and Invariants of
Mechanical Systems (Beijing: Science Press) (in Chinese)

[2] Birkhoff G D 1927 Dynamical Systems (Providence RI:
AMS College Publications)

[3] Santilli R M 1978 Foundations of Theoretical Mechanics

(New York: Springer)
[4] Mei F X 1993 Sci. China Ser. A 36 1456

[5] Chen X W, Luo S K and Mei F X 2000 Acta Mech. Sol.
Sin. 21 251 (in Chinese)

6] Guo HY, Luo S K and Mei F X 2001 Rep. Math. Phys.
47 33

054501-4



Chin. Phys. B Vol. 20, No. 5 (2011) 054501

Fu J L, Chen L Q, Luo Y and Luo S K 2003 Chin. Phys.
12 351

Luo S K and Cai J L 2003 Chin. Phys. 12 357

Zhang Y 2004 Commun. Theor. Phys. 42 669

Gu S L and Zhang H B 2004 Chin. Phys. 13 979

Xu X J, Mei F X and Qin M C 2004 Chin. Phys. 13 1999
Xu Z X 2005 Acta Phys. Sin. 54 4971 (in Chinese)

Qiao Y F, Zhao S H and Li R J 2006 Chin. Phys. 15 2777
Zhang P Y and Fang J H 2006 Acta Phys. Sin. 55 3813
(in Chinese)

Chen X W, Zhang R C and Mei F X 2000 Acta Mech.
Sin. 16 282

Zhang Y 2002 Acta Phys. Sin. 51 1666 (in Chinese)

Fu J L, Chen L Q and Xie F P 2003 Acta Phys. Sin. 52
2664 (in Chinese)

Fu J L and Chen L Q 2004 Phys. Lett. A 324 95

[19]
[20]
[21]
[22]
[23]
[24]

(25]
[26]

27]

054501-5

Luo S K and Guo Y X 2007 Commun. Theor. Phys. 47
25

Ding N and Fang J H 2008 Commun. Theor. Phys. 49
1410

Ding N, Fang J H and Chen X X 2008 Chin. Phys. B 17
1967

Guo HY, LiY Q, Wu K and Wang S K 2002 Commun.
Theor. Phys. 37 1

Guo HY, LiY Q, Wu K and Wang S K 2002 Commun.
Theor. Phys. 37 129

Guo HY, Li Y Q, Wu K and Wang S K 2002 Commun.
Theor. Phys. 37 257

Guo H Y and Wu K 2003 J. Math. Phys. 44 5978

Luo X D, Guo HY, Li Y Q and Wu K 2004 Commun.
Theor. Phys. 42 443

Zhang K J, Fang J H and Li Y 2010 Chin. Phys. B 19
124601



