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Perturbation to Mei symmetry and Mei adiabatic
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Based on the concept of discrete adiabatic invariant, this paper studies the perturbation to Mei symmetry and

Mei adiabatic invariants of the discrete generalized Birkhoffian system. The discrete Mei exact invariant induced from

the Mei symmetry of the system without perturbation is given. The criterion of the perturbation to Mei symmetry

is established and the discrete Mei adiabatic invariant induced from the perturbation to Mei symmetry is obtained.

Meanwhile, an example is discussed to illustrate the application of the results.
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1. Introduction

We know that even a small change, which we can
call a perturbation, may influence the original sym-
metries and exact invariants of mechanical systems.
Perturbation to symmetries and adiabatic invariants
plays a very important role in mechanical systems.
An adiabatic invariant is a certain physical quantity
which changes more slowly than a slowly-varying pa-
rameter of the system.[1] So the study on perturbation
to symmetries and adiabatic invariants of the Birkhof-
fian system has great significance.

The Birkhoffian dynamics are more general than
the Hamiltonian mechanics and are extensively ap-
plied to the fields of modern physics. In 1927, Birkhoff
made primary studies on Birkhoffian dynamics.[2]

Then the researches on Birkhoffian dynamics, such as
the symmetry theory of Birkhoffian system, become
more and more active.[3−14] Since 2000, some studies
have been carried out to discuss the perturbation to
symmetries and adiabatic invariants for the continu-
ous Birkhoffian system.[15−21] However, the perturba-
tion to symmetry of the discrete Birkhoffian system
has never been studied so far.

In 2002, Guo et al.[22−26] presented a difference
discrete variational principle and introduced the con-
cept of Euler–Lagrange cohomology. Using the dif-
ference discrete variational approach, we study the
perturbation to Mei symmetry and Mei adiabatic in-

variants of the discrete generalized Birkhoffian system,
give the discrete Mei exact invariant induced from the
Mei symmetry without perturbation and obtain the
discrete Mei adiabatic invariant induced from the per-
turbation to Mei symmetry.

2. Mei symmetry and exact in-

variants of discrete generalized

Birkhoffian system

The generalized Birkhoffian equation can be writ-
ten as

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
− ∂Rµ

∂t
= −Λµ,

( µ, ν = 1, . . . , 2n), (1)

where B = B(t, a) is called a Birkhoffian, Rµ =
Rµ(t,a) are called Birkhoffian functions, aµ are vari-
ables, Λµ are additional items.

In discrete mechanics, time interval (t1, t2) is dis-
cretized into a point sequence (tk), k = 0, 1, . . . , N ,
the discrete versions of aµ, Λµ(t,a), B(t, a), Rµ(t, a)
are aµ,k = aµ(tk), Λk

µ = Λµ(tk,ak), Bk
D = BD(tk,ak)

and Rk
µ = Rµ(tk,ak), respectively.

The discrete equations of motion of the system
are[27]

∂Rk
ν

∂aµ,k
∆aν,k −∆Rk−1

µ − ∂Bk
D

∂aµ,k
+ Λk

µ = 0, (2)
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∆Bk−1
D − ∂Bk

D

∂tk
+

∂Rk
µ

∂tk
∆aµ,k − Λk

µ∆aµ,k = 0. (3)

Choose the infinitesimal transformations of dis-
crete time and discrete coordinates as

t∗k = tk + δttk = tk + εξ0
0,k(tk,ak),

aµ,k∗(t∗k) = aµ,k(tk) + δta
µ,k(tk)

= aµ,k(tk) + εξ0
µ,k(tk,ak), (4)

where ε is an infinitesimal parameter, while ξ0
0,k, ξ0

µ,k

are discrete infinitesimal generators.
We introduce the recursive operators of discrete

system for any discrete variable or function as

R±f(zk) = f(zk±1), (5)

the vector field of generators is

X
(0)
0,D = ξ0

0,k

∂

∂tk
+ ξ0

µ,k

∂

∂au,k
. (6)

According to Mei symmetry theory, the criteria of
Mei symmetry for the discrete generalized Birkhoffian
system can be written as

∂X
(0)
0,D(Rk

ν)
∂aµ,k

∆aν,k −∆R−X
(0)
0,D(Rk

µ)

−∂X
(0)
0,D(Bk

D)
∂aµ,k

+ X
(0)
0,D(Λk

µ) = 0, (7)

∆R−X
(0)
0,D(Bk

D)− ∂X
(0)
0,D(Bk

D)
∂tk

+
∂X

(0)
0,D(Rk

µ)
∂tk

∆aµ,k −X
(0)
0,D(Λk

µ)∆aµ,k = 0. (8)

For the discrete generalized Birkhoffian system
Eqs. (2) and (3), if the discrete infinitesimal gener-
ators ξ0

0,k, ξ0
µ,k satisfy Eqs. (7) and (8), the symmetry

is Mei symmetry of the system.
Proposition 1[27] If a discrete gauge function

G0
Mk(tk,ak) exists such that the infinitesimal genera-

tors ξ0
0,k, ξ0

µ,k of Mei symmetry satisfy the following
structure equation:

X
(0)
0,D{X(0)

0,D(Rk
µ)}∆aµ,k −X

(0)
0,D{X(0)

0,D(Bk
D)}

−X
(0)
0,D(Bk

D)∆ξ0
0,k + X

(0)
0,D(Rk

µ)∆ξ0
µ,k + X

(0)
0,D(Λk

µ)

× (ξ0
µ,k − ξ0

0,k∆aµ,k) + ∆G0
Mk = 0, (9)

the Mei symmetry of discrete generalized Birkhoffian
system can induce the discrete Mei exact invariant as

IM0,D = R−X
(0)
0,D(Rk

µ)ξ0
µ,k −R−X

(0)
D (Bk

D)ξ0
0,k + G0

Mk

= const. (10)

3. Perturbation to Mei symmetry

and adiabatic invariants of sys-

tem

According to the concept of adiabatic invariant,
for the discrete generalized Birkhoffian system we have
the following definition and proposition:

Definition If Iz,D(tk,ak, ε) is a physical quan-
tity of a discrete generalized Birkhoffian system in-
cluding ε whose highest power is z and its first order
difference with respect to discrete time tk is directly
proportional to εz+1, then Iz,D is called a zth order
adiabatic invariant of the discrete generalized Birkhof-
fian systems.

Suppose the discrete generalized Birkhoffian sys-
tem Eqs. (2) and (3) are perturbed by small quantities
εWs,k, then the equations of motion for the systems
become

∂Rk
ν

∂aµ,k
∆aν,k −∆Rk−1

µ − ∂Bk
D

∂aµ,k

+Λk
µ + εWs,k = 0, (11)

∆Bk−1
D − ∂Bk

D

∂tk
+

∂Rk
µ

∂tk
∆aµ,k

−∆aµ,k(Λk
µ + εWs,k) = 0. (12)

Because of the action of εWs,k, the original sym-
metries and invariants of the system may vary. As-
sume that the variation is a small perturbation based
on the symmetrical transformations of the system
without perturbation and that ξ0,k, ξµ,k express the
generators of infinitesimal transformations after being
perturbed, then

ξ0,k = ξ0
0,k + εξ1

0,k + ε2ξ2
0,k + · · · ,

ξµ,k = ξ0
µ,k + εξ1

µ,k + ε2ξ2
µ,k + · · · . (13)

The infinitesimal transformations become

t∗k = tk + δttk = tk + εξ0,k(tk,ak),

aµ,k∗(t∗k) = aµ,k(tk) + δta
µ,k(tk)

= aµ,k(tk) + εξµ,k(tk,ak). (14)

According to the Mei symmetry theory, the deter-
mining equations of Mei symmetry of the discrete gen-
eralized Birkhoffian system perturbed by small quan-
tity εWs,k become

∂X
(0)
D (Rk

ν)
∂aµ,k

∆aν,k

−∆R−X
(0)
D (Rk

µ)− ∂X
(0)
D (Bk

D)
∂aµ,k

+ X
(0)
D (Λk

µ)
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+ εX
(0)
D (Ws,k) = 0, (15)

∆R−X
(0)
D (Bk

D)− ∂X
(0)
D (Bk

D)
∂tk

+
∂X

(0)
D (Rk

µ)
∂tk

∆aµ,k −∆aµ,k[X(0)
D (Λk

µ)

+ εX
(0)
D (Ws,k)] = 0, (16)

where

X
(0)
D = ξ0,k

∂

∂tk
+ ξµ,k

∂

∂au,k
. (17)

Substituting Eq. (13) into Eq. (17), we have

X
(0)
D = εmX

(0)
m,D, m = 0, 1, . . . , z, (18)

X
(0)
m,D = ξm

0,k

∂

∂tk
+ ξm

µ,k

∂

∂au,k
. (19)

Substituting Eq. (13) into Eqs. (15) and (16),
noticing Eqs. (17)–(19) and making the coefficients of
εm equal, we obtain

∂X
(0)
m,D(Rk

ν)
∂aµ,k

∆aν,k −∆R−X
(0)
m,D(Rk

µ)

− ∂X
(0)
m,D(Bk

D)
∂aµ,k

+ X
(0)
m,D(Λk

µ)

+X
(0)
m−1,D(Ws,k) = 0, (20)

∆R−X
(0)
m,D(Bk

D)− ∂X
(0)
m,D(Bk

D)
∂tk

+
∂X

(0)
m,D(Rk

µ)
∂tk

∆aµ,k −∆aµ,k[X(0)
m,D(Λk

µ)

+X
(0)
m−1,D(Ws,k)] = 0. (21)

When m = 0, εWs,k vanishes, we appoint that ξm−1
0,k =

ξm−1
µ,k = 0 holds, then Eqs. (20) and (21) turn into

Eqs. (7) and (8) respectively.
For the discrete generalized Birkhoffian system,

when it is perturbed by small quantities εWs,k, if
the discrete infinitesimal generators ξm

0,k, ξm
µ,k satisfy

Eqs. (20) and (21), the change of the symmetry is
called the perturbation to Mei symmetry of the sys-
tem.

Proposition 2 For the discrete generalized
Birkhoffian system perturbed by small quantity
εWs,k, if the infinitesimal generators ξm

0,k, ξm
µ,k satisfy

Eqs. (20) and (21), and there exists a discrete gauge
function Gm

Mk(tk,ak) satisfying the following structure
equation:

X
(0)
0,D{X(0)

m,D(Rk
µ)}∆aµ,k −X

(0)
0,D{X(0)

m,D(Bk
D)}

−X
(0)
m,D(Bk

D)∆ξ0
0,k + X

(0)
m,D(Rk

µ)∆ξ0
µ,k

+X
(0)
m,D(Λk

µ)(ξ0
µ,k − ξ0

0,k∆aµ,k)

+εX
(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k) + ∆Gm

Mk = 0, (22)

then the perturbation to Mei symmetry of the system
can induce a zth order discrete adiabatic invariant as

IMz,D = εm{R−X
(0)
m,D(Rk

µ)ξ0
µ,k

−R−X
(0)
m,D(Bk

D)ξ0
0,k + Gm

Mk},
m = 0, 1, . . . , z. (23)

Proof By using the Leibniz law

∆(fkgk) = ∆fk · gk + fk+1 ·∆gk, (24)

the expansion of Eq. (22) gives

X
(0)
0,D{X(0)

m,D(Rk
µ)}∆aµ,k −X

(0)
0,D{X(0)

m,D(Bk
D)}

−X
(0)
m,D(Bk

D)∆ξ0
0,k + X

(0)
m,D(Rk

µ)∆ξ0
µ,k

+X
(0)
m,D(Λk

µ)(ξ0
µ,k − ξ0

0,k∆aµ,k)

+ εX
(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k) + ∆Gm

Mk

=
∂X

(0)
m,D(Rk

ν)
∂aµ,k

∆aν,kξ0
µ,k +

∂X
(0)
m,D(Rk

µ)
∂tk

∆aµ,kξ0
0,k

−∂X
(0)
m,D(Bk

D)
∂aµ,k

ξ0
µ,k −

∂X
(0)
m,D(Bk

D)
∂tk

ξ0
0,k

−∆[R−X
(0)
m,D(Bk

D)ξ0
0,k] + ∆[R−X

(0)
m,D(Bk

D)]ξ0
0,k

+∆[R−X
(0)
m,D(Rk

µ)ξ0
µ,k]−∆[R−X

(0)
m,D(Rk

µ)]ξ0
µ,k

+X
(0)
m,D(Λk

µ)(ξ0
µ,k − ξ0

0,k∆aµ,k)

+εX
(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k) + ∆Gm

Mk

=
{

∂X
(0)
m,D(Rk

ν)
∂aµ,k

∆aν,k −∆R−X
(0)
m,D(Rk

µ)

− ∂X
(0)
m,D(Bk

D)
∂aµ,k

+ X
(0)
m,D(Λk

µ)
}

ξ0
µ,k

+
{

∆R−X
(0)
m,D(Bk

D)− ∂X
(0)
m,D(Bk

D)
∂tk

+
∂X

(0)
m,D(Rk

µ)
∂tk

∆aµ,k −X
(0)
m,D(Λk

µ)∆aµ,k

}
ξ0
0,k

+∆{R−X
(0)
m,D(Rk

µ)ξ0
µ,k −R−X

(0)
m,D(Bk

D)ξ0
0,k + Gm

Mk}
+εX

(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k) = 0. (25)

Using Eqs. (20) and (21), we have

∆{εm{R−X
(0)
m,D(Rk

µ)ξ0
µ,k

−R−X
(0)
m,D(Bk

D)ξ0
0,k + Gm

Mk}} = ∆IMz,D

= εm{−X
(0)
m−1,D(Ws,k)ξ0

0,k∆aµ,k + X
(0)
m−1,D(Ws,k)ξ0

µ,k

−εX
(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k)}

= εm{X(0)
m−1,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k)

−εX
(0)
m,D(Ws,k)(ξ0

µ,k − ξ0
0,k∆aµ,k)}
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= −εz+1X
(0)
z,D(ξ0

µ,k − ξ0
0,k∆aµ,k). (26)

It shows that ∆Iz,D is in direct proportion to εz+1.

4. An example

The discrete Birkhoffian system is

Rk
1 = a3,k, Rk

2 = a4,k, Rk
3 = Rk

4 = 0,

Bk
D = a2,k +

1
2
{(a3,k)2 + (a4,k)2}, (27)

the additional items are Λk
1 = a1,k + tk, Λk

2 = 0,
Λk

3 = a3,k, Λk
4 = 0, and the system is perturbed by

the following small quantities:

εW k
1 = 0, εW k

2 = εa2,k,

εW k
3 = 0, εW k

4 = εa4,k. (28)

Let us study the perturbation to Mei symmetry
and Mei adiabatic invariants of the discrete general-
ized Birkhoffian system. The equations of motion for
the system without perturbation are

−∆a3,k−1 + a1,k + tk = 0, −∆a4,k−1 − 1 = 0,

∆a1,k = 0, ∆a2,k − a4,k = 0,

∆Bk−1
D − a3,k∆a3,k = 0. (29)

First, we seek the Mei exact invariants. Choose in-
finitesimal generators as

ξ0
0,k = −a4,k, ξ0

1,k = a4,k − 1,

ξ0
2,k = a4,k, ξ0

3,k = 0, ξ0
4,k = −1. (30)

It is easy to verify that they satisfy Eqs. (7) and (8),
so the infinitesimal generators Eq. (30) are Mei sym-
metrical for the system Eq. (27). Also, they satisfy
Eq. (9).

From Eq. (9), we obtain the gauge function

G0
Mk = a4,k + a2,k − tk. (31)

According to Proposition 1, Mei symmetry of the sys-
tem Eq. (27) can lead to an exact invariant

IM0,D = (a4,k)2 + a4,k + a2,k − tk = const. (32)

Then we seek the first order Mei adiabatic invari-
ants. Choose infinitesimal generators as

ξ1
0,k = −a4,k, ξ1

1,k = a4,k − 1,

ξ1
2,k = ξ1

3,k = ξ1
4,k = 0. (33)

First of all, the infinitesimal generators Eq. (33)
should satisfy the perturbed criteria of Mei symmetry,
Eqs. (20) and (21), then it should also satisfy Eq. (22).
From Eq. (22), we obtain

G1
Mk = a2,k − tk. (34)

According to Proposition 2, we can obtain the first
order Mei adiabatic invariant induced from the per-
turbation to Mei symmetry of the system as

IM1,D = (ε + 1)[(a4,k)2 + a2,k − tk)] + a4,k. (35)

Further we can obtain more discrete high-order adia-
batic invariants.

5. Conclusion

In this paper, we study the perturbation to Mei
symmetry and Mei adiabatic invariants for the dis-
crete generalized Birkhoffian system. By the pertur-
bation to Mei symmetry, we obtain the condition of
existence of the discrete Mei adiabatic invariant. The
discrete Mei adiabatic invariants shown in this paper
are a new type of adiabatic invariant for the system.
Using the difference discrete variational approach, we
disperse the original continuous system and retain the
structure and nature of the original system as much
as possible. Many geometric properties of continuous
mechanical systems are also the corresponding exis-
tence in discrete systems. When z = 0, the Mei
adiabatic invariants obtained will turn into the cor-
responding exact invariants naturally.
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