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inside a cavity driven by quantized fields∗
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Interferences in the quantum fluctuations of the output fields are demonstrated in four-wave mixing processes

inside a cavity, which is driven by two quantized fields at the signal and the idler frequencies. These interferences

depend on the phase fluctuations of the input fields and induce mode splitting in the transmission spectra.
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1. Introduction

Quantum interference and quantum coherence
effects have been well studied in recent years and
are central to determining the optical properties of
quantum systems.[1,2] In coherently prepared atomic
systems, electromagnetically induced transparency
(EIT) plays a leading role,[3,4] which has been
utilized in a variety of applications, such as en-
hanced nonlinear optics,[5,6] laser cooling,[7] quan-
tum memory,[8,9] quantum computation and quantum
communication.[10,11] Physically, the EIT is based on
the destructive quantum interferences of the two ad-
jacent atomic transitions in a typical Λ configuration
atomic system. It has been recently realized that
quantum interferences occur not only in multilevel
systems driven by coherent fields, but also in non-
resonant systems, such as an optical parametric am-
plifier (OPA).[12−14] It is well known that paramet-
ric interactions generate fields which have important
quantum properties.[15] In the case of the classical
parametric interactions in a cavity, a variety of in-
terference effects have been observed when the cavity
is driven by a field at the signal frequency.[12] The
interferences arise from the signal field at the input
and that generated by the pump field. In a recent
letter,[13] the interferences which are initiated due to
input quantized fields at the signal frequency, espe-
cially interferences in the quantum fluctuations of the
output of an OPA, are reported.

In this study, we investigate the quantum interfer-

ence phenomena in four-wave mixing processes inside
a cavity,[16,17] which is driven by two quantized fields
at the signal and the idler frequencies respectively. By
utilizing the input–output formulation of the optical
cavities,[18] we demonstrate the interferences in the
quantum fluctuations of the two output fields. These
interference effects depend on the phase fluctuations
of the input fields and lead to mode splitting in the
transmission spectra. In contrast to the results ob-
tained in Ref. [13], we find here a novel cross mode
modulation phenomenon, i.e., the spectrum profile for
one field can be controlled by varying the parameters
of the other field. Under certain conditions, the EIT-
like two-peak shape of the spectrum profile can be ob-
tained. The quadrature phase fluctuation spectra for
two-mode fields are also utilized to demonstrate the
interferences at the output,[19] which displays some
different features comparing to Ref. [13]. These cross
mode modulation phenomena arise not only from the
input field and the produced field, but also from the
two input fields themselves. These interference effects
can help us to deeply understand the physics of quan-
tum interference and quantum coherence in optical
systems.

2. Model and method

We consider the four-wave mixing processes in a
two-mode cavity with 100% reflecting left mirror and
partially reflecting right mirror, as sketched in Fig. 1.
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Fig. 1. Schematic diagram of four-wave mixing in a cav-

ity.

Two classical pump fields with frequencies ν1 and ν2

interact with a third-order nonlinear optical material,
generating the quantized signal and idler fields with
frequencies ω1 and ω2. The cavity resonance frequen-
cies are ωa and ωb. We assume that the cavity is also
driven by two quantum fields âin and b̂in with respect
to the two cavity fields. We focus on the new features
arising from the quantum nature of the input fields âin

and b̂in.[13] In the interaction picture and a frame ro-
tating with the frequencies of the signal and the idler
fields, the Hamiltonian describing the four-wave mix-
ing processes is (let ~ = 1)

HI = ∆1â
†â + ∆2b̂

†b̂ + Gâb̂ + G∗â†b̂†, (1)

where â and b̂ are the annihilation operators for the
signal and the idler fields, respectively. The detunings
are ∆1 = ω1−ωa and ∆2 = ω2−ωb. The coupling pa-
rameter G = χ(3)E1E2, where χ(3) is the third-order
susceptibility, E1 and E2 are the amplitudes of the
pump fields. For simplicity, we assume G to be real in
the following discussion. Physically, four-wave mixing
in a cavity can be achieved through two-, three- or
four-level atoms[16,20,21] dispersively interacting with
two nondegenerate cavity modes pumped by two clas-
sical fields with amplitudes of E1 and E2. Under cer-
tain conditions, one can obtain the interaction Hamil-
tonian of the Eq. (1) form, with the coupling strength
G depending on the relevant frequency detuning and
pump field intensity.[20,21] To be more specific, we con-
sider four wave mixing with two-level atoms in a two-
mode optical cavity.[20] The atomic ground state |g〉

and the excited state |e〉, with transition frequency
ω0, are coupled through the cavity modes of frequen-
cies ωa and ωb, with coupling strengths ga and gb,
and detunings δa = ω0 − ωa and δb = ω0 − ωb. The
dipole-allowed transition |g〉 ↔ |e〉 is also pumped
by two driving classical fields of frequencies ν1 and
ν2, with coupling constants Ω1 and Ω2,and detun-
ings δ1 = ω0 − ν1 and δ2 = ω0 − ν2. In the in-
teraction picture, the Hamiltonian is given by HI =
gaei δatâσeg+gbei δbtb̂σeg+(Ω1ei δ1t+Ω2ei δ2t)σeg+H.c.,
with σeg = |e〉〈g|. Following the derivation given in
Ref. [20], one can get the Hamiltonian (âb̂ + H.c.),
with the coupling constant G = gagbΩ2

1 /(δ2 − 4Ω2
1 ),

where δa = −δb = δ > 0.
We consider the input–output theory and suppose

that each cavity mode interacts independently with
the respective input field.[22] Then in the Markov ap-
proximation, we obtain the following coupled equa-
tions for the quantized fields inside the cavity:

dâ

dt
= − i∆1â− iGb̂† − κaâ +

√
2κaâin, (2a)

db̂

dt
= − i∆2b̂− iGâ† − κbb̂ +

√
2κbb̂in, (2b)

where κa and κb are the cavity decay rates of mode a

and mode b. The output fields are given by

âout + âin =
√

2κaâ, (3a)

b̂out + b̂in =
√

2κbb̂. (3b)

Equations (2) and (3) can be solved by performing the
Fourier transformation from the time domain to the
frequency domain. Then we get the following results

âout(ω) = A1âin(ω)−B1b̂
†
in(−ω), (4a)

b̂out(ω) = A2b̂in(ω)−B2â
†
in(−ω), (4b)

where

A1 =
2κa(− iω − i∆2 + κb)

(− iω − i∆2 + κb)(− iω + i∆1 + κa)−G2
− 1, (5a)

B1 =
2
√

κaκb iG
(− iω − i∆2 + κb)(− iω + i∆1 + κa)−G2

, (5b)

A2 =
2κb(− iω − i∆1 + κa)

(− iω − i∆1 + κa)(− iω + i∆2 + κb)−G2
− 1, (5c)

B2 =
2
√

κaκb iG
(− iω − i∆1 + κa)(− iω + i∆2 + κb)−G2

. (5d)
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To get more insight into the four-wave mixing pro-
cesses, we can define the spectral matrix for the output
fields as

〈âi(t)âj(t + τ)〉 =
1
2π

∫
Sout

ij (ω)e− i ωτdω, (6a)

〈âi(ω′)âj(ω)〉 = 2πδ(ω′ − ω)Sout
ij (ω), (6b)

where (i, j = 1, 2, 3, 4); â = (â†out, âout, b̂
†
out, b̂out). The

elements Sout
12 (ω) and Sout

34 (ω) determine the intensity
fluctuations in the output fields, while Sout

24 (ω) deter-
mines the phase dependent properties (i.e., squeezing)
of the output fields.

We assume that the input fields are two-mode
squeezed fields. This gives the following expectation
values:

〈â†in(ω′)âin(ω)〉 = 2πδ(ω′ − ω)α, (7a)

〈b̂†in(ω′)b̂in(ω)〉 = 2πδ(ω′ − ω)α, (7b)

〈âin(ω′)b̂in(ω)〉 = −2πδ(ω′ − ω)βei θ, (7c)

where α = sinh2 ζ, β = sinh ζ cosh ζ and the squeezing
parameter ξ = ζei θ. From Eqs. (4)–(7), we can calcu-
late the spectra Sout

a ≡ Sout
12 (ω) and Sout

b ≡ Sout
34 (ω),

which are given by

Sout
a (ω) = β|A1 + ei θB1|2 + (α− β)|A1|2

+(α− β + 1)|B1|2, (8a)

Sout
b (ω) = β|A2 + ei θB2|2 + (α− β)|A2|2

+(α− β + 1)|B2|2. (8b)

Equation (8) gives one of our central results in this
work. Define the quadrature operator X = 1√

2
(â +

b̂ + â† + b̂†), then one can calculate the quadrature
phase fluctuation spectrum at the output,

V (Xout) = Sout
12 + Sout

34 + Sout
24 + Sout∗

24

+
1
2
(|A1|2 − |B1|2 + A1B2

−A2B1 + A∗1B
∗
2 −A∗2B

∗
1), (9)

which gives another central result of this study. We
will use these results to show a variety of quantum in-
terference and quantum coherence phenomena. A sim-
ilar form of Eq. (8) has been obtained by Agarwal[13]

in the case of the degenerate parametric amplifier. In
this work we will show some different quantum in-
terference effects. An obvious difference between the
results of this work and that of Ref. [13] is that the

spectrum for one output field depends on the param-
eters of both input fields in this work, whereas in
Ref. [13] the output spectrum is solely determined by
one input field. We note from Eq. (4) that mean field
〈âout(ω)〉 6= 0 (or 〈b̂out(ω)〉 6= 0), even the initial quan-
tum field is such that 〈âin(ω)〉 = 0 (or 〈b̂in(ω)〉 = 0).
Other different results are the spectra Sout

24 (ω) and
Sout

42 (ω), which can be calculated from the above equa-
tions,

Sout
24 (ω) = −β(A1A2ei θ + B1B2e− i θ)

−A1B2η −A2B1α, (10a)

Sout
42 (ω) = −β(A1A2ei θ + B1B2e− i θ)

−A2B1η −A1B2α, (10b)

where η = cosh2 ζ. The phase fluctuations in the
squeezed input fields at the signal and the idler fre-
quencies allow the two terms in Eq. (4) to beat, thus
leading to interferences. These interferences are func-
tions of ω, two detunings ∆1, ∆2, the coupling pa-
rameter G and the squeezing parameter ξ of the input
fields. In the following discussions, we will show a
variety of the interference effects.

We first investigate the detuning dependence of
the fluctuation spectrum for the signal field at ω = 0.
In the following discussions we assume that the cavity
decay rates for the signal and the idler fields are the
same κa = κb = κ and choose all the parameters in
unit of κ. Figure 2 shows the behaviour of Sout

a (0)
versus the signal detuning ∆1 at different values of θ

and idler detuning ∆2. All the output spectra are nor-
malized to the output spectra for G = 0. In Fig. 2(a),
we let θ = −π/2 and plot the signal output spectrum
as a function of detuning ∆1 under five different val-
ues of idler detuning ∆2, i.e., ∆2/κ = −5,−3, 0, 3, 5.
We observe mode splitting when ∆1 = ∆2 = 0. The
origin of mode splitting in the output spectra of four-
wave mixing is the destructive interference. Another
obvious phenomenon is that the idler detuning greatly
influences the spectrum of the signal field. At different
idler detunings, the spectrum profiles of the signal out-
put field are different even at the same θ. Therefore,
one can control the spectrum profile for one field by
varying the detuning of the other field. In Figs. 2(b)–
2(c), we consider the spectrum versus the detunings
in the situations θ = −3π/4 and 0. Quantum inter-
ferences in the fluctuations of the output can also be
clearly seen.
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Next we consider the behaviour of Sout
a (ω) as

a function of angular frequency ω at different values

Fig. 2. The fluctuation spectra of the signal field in the

output vs the detuning ∆1 at different values of θ. (a)

θ = −π/2; (b) θ = 3π/4; (c) θ = 0. The common param-

eters of the graphs are G/κ = 0.5, ζ = 3 and ω = 0.

of θ and detuning ∆. Here, for simplicity we as-
sume ∆1 = ∆2 = ∆. In Figs. 3(a)–3(c), we let
θ = 0, π/4, π/2 and plot the spectrum versus fre-
quency. The spectrum profile is the EIT-like two-peak
shape, which is the manifestation of quantum interfer-
ences. The two-well defined resonances correspond to
the two eigenvalues of the matrix M ,

M =


− iω + i∆1 + κa iG

− iG − iω − i∆2 + κb



−1

(11)

i.e., ω ' ±√∆2 −G2 if ∆ À G. As the parame-
ter θ varies from 0 to π/2, the amplitude of the peak

decreases. However, the window of the spectrum be-
comes wide. We have illustrated the behaviour of the
spectrum for the output field of mode a (signal), the
similar illustration for mode b (idler) at the output
can be obtained.

Fig. 3. The fluctuation spectra of the signal field in the out-

put vs the frequency ω at different values of θ. (a) θ = 0; (b)

θ = π/4; (c) θ = π/2. The common parameters of the graphs

are G/κ = 0.5, ζ = 3 and detunings ∆/κ = 3, 5.

To further demonstrate the quantum interference
effect, in Fig. 4 we illustrate the quadrature phase
fluctuation spectrum at the output. It is noted that
this issue has not been addressed in Ref. [13]. Fig-
ure 4(a) shows the quadrature fluctuation spectrum
as a function of angular frequency at θ = −3π/4.
We investigate the effect of the coupling parameter
G on the quantum interferences in the output fields.
When G = 1.5, this corresponds to the situation op-
erated above the threshold of parametric oscillation.
From the numerical illustration, it can be seen that
the quadrature spectrum oscillates rapidly. The other
two values of G correspond to the situations below the
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threshold of parametric oscillation. In Fig. 4(b) we
display the effect of changing the amount of squeezing
in the input quantized fields on the quantum interfer-

ences in the output fields. This quantum statistics of
the output fields clearly shows the quantum interfer-
ence effects in the four-wave mixing processes.

Fig. 4. Quadrature phase fluctuation spectra at the output. (a) The quadrature spectrum as a function of

angular frequency at θ = −3π/4. Other parameters are ζ = 3,∆ = 0. (b) The quadrature spectrum as a

function of the detuning at θ = −π/2. Other parameters are ω = 0, G/κ = 0.5.

3. Summary

In summary, we have investigated the quantum
interference phenomena in four-wave mixing processes
inside a cavity. We demonstrate interferences in the
quantum fluctuations of the output of two-mode fields
when the cavity is driven by two quantized fields at
the signal and the idler frequencies. These interfer-
ences depend on the phase fluctuations of the input
fields and lead to mode splitting in the transmission

spectra. The quadrature phase fluctuation spectra for

two-mode fields are also utilized to demonstrate the in-

terferences at the output. The novelty of this work is

that we find the cross mode modulation phenomenon,

i.e., the spectrum profile for one field can be controlled

by varying the parameters of the other field and the

interference arises not only from the input field and

the produced field, but also from the two input fields

themselves.
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