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This paper studies the parameter identification problem of chaotic systems. Adaptive identification laws are pro-

posed to estimate the parameters of uncertain chaotic systems. It proves that the asymptotical identification is ensured

by a persistently exciting condition. Additionally, the method can be applied to identify the uncertain parameters with

any number. Numerical simulations are given to validate the theoretical analysis.
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1. Introduction

Over the last few decades, chaotic systems have
arisen worldwide concerns. They have been widely
explored in many areas such as secure communica-
tion, information processing and neural network. So
far, a large variety of approaches have been proposed
for chaotic control and synchronization, such as the
OGY method, Pecora and Carrol method, adaptive
method, time delay feedback approach and backstep-
ping method.[1−10]

Recently, a great many results have been reported
about parameter identification for chaotic systems.
Parlitz[11] and Yu et al.[12] estimated the model pa-
rameters from time series. Lü and Zhang,[13] and
Hu et al.[14] identified unknown parameters by back-
stepping method. By using adaptive control, Li and
Han,[15] and Huang et al.[16] proposed a novel method
to track the uncertain parameters.[15−18] In this pa-
per, we study the parameter identification of uncertain
chaotic systems by adaptive scheme. Particularly, we
derive a critical persistent excitation condition. It is a
very important condition in the process of parameter
identification. It guarantees that the parameters will
be estimated successfully under this condition. Addi-
tionally, there is no limitation for the number of un-
certain parameters.

2. Parameters identification

scheme

In this section, we will discuss the parameter iden-
tification of the uncertain chaotic system. A persis-
tently exciting condition will be pointed out, which is
essential for ensuring parameter identification of gen-
eral dynamical systems.

Consider an uncertain chaotic system with state
equation in the form

ẋ = F (x) = f(x) + g(x)α, (1)

where x ∈ Rn, F (x) ∈ Rn and α is an unknown pa-
rameter vector, rewrite Eq. (1) as





ẋi = fi(x) + gi(x)αi, i ∈ D,

ẋj = fj(x), j ∈ {1, 2, . . . , n} −D,
(2)

where xi ∈ R is the component of state vector, D ⊆ N

and the corresponding equation includes uncertain pa-
rameter, fi ∈ R, gT

i ∈ Rq and αi ∈ Rq is an unknown
parameter vector.

Assume that the function F (x) satisfies the uni-
form Lipschitz condition, i.e., there exists a non-
negative function ϕ(x) such that

(x− y)T(F (x)− F (y)) ≤ ϕ(x)‖x− y‖2 (3)

for all x, y ∈ Rn and t ∈ R.
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Note that inequality (3) is very mild. For exam-
ple, all linear and piecewise linear functions satisfy
this condition. In addition, if the solution of system
is bounded for any initial condition, the above con-
dition is satisfied. So, it includes many well-known
chaotic systems, such as the Lorenz system,[19] Chen
system,[20] Lü system,[21] Chua’s circuit,[22] and so on.
However, if the system contains a nonlinear term, it
does not satisfy the Lipschitz condition. The reason
is that the bound of ϕ(x) is related to the initial con-
dition, so we could not find a constant L to replace
ϕ(x).

In order to state our main results, the following
definition and lemma are needed:

Persistently exciting condition[23,24] (PE
condition) A function w : R+ → Rn is persistently
exciting if there exist T, δ1, δ2 > 0 such that

δ1In ≤
∫ t+T

t

w(τ)wT(τ)dτ ≤ δ2In (4)

holds for all t ≥ 0, where In is the identity matrix of
order n.

Lemma 1[23,24] Given a system of the following
form:





ė1 = g(t)e2 + f1(t), e1 ∈ Rp,

ė2 = f2(t),
(5)

such that
(i) limt→∞ ‖e1(t)‖ = 0, limt→∞ ‖f1(t)‖ = 0,

limt→∞ ‖f2(t)‖ = 0,
(ii) g(t), ġ(t) are bounded and gT(t) is persistently

exciting;
then limt→∞ ‖e2(t)‖ = 0.

To estimate the unknown parameters in α, we
consider system (2) as a drive system. A response
system is given by





ẏi = fi(y) + gi(y)α̃i + ui, i ∈ D,

ẏj = fj(y) + uj , j ∈ {1, 2, . . . , n} −D,
(6)

where α̃i ∈ Rq represents the estimate of unknown pa-
rameter vector αi and ui ∈ R is a controller function.

Define synchronization error as

ei(t) = yi(t)− xi(t), i = 1, 2, . . . , n. (7)

The parameter estimation updated algorithm and
adaptive controller are chosen as





˙̃αi = −gi(y)Tei, i ∈ D,

ui = −kiei, k̇i = cie
2
i , i = 1, 2, . . . , n.

(8)

Then the error equation is




ėi = fi(y) + gi(y)α̃i − fi(x)− gi(x)αi − kiei,

i ∈ D

ėj = fj(y)− fj(x)− kjej ,

j ∈ {1, 2, . . . , n} −D.

(9)

In what follows, it will be shown that if (i) f(x) satis-
fies Assumption (3) and ϕ(x) is bounded for any initial
condition and (ii) fi, gi are bounded for i, then the
respond system (6) can synchronize the drive system
(2) with updated laws Eq. (8). Additionally, if gi(y)
is persistently exciting, and ġi(y) is bounded, then
limt→∞(α̃i − αi) = 0 for i ∈ D.

Consider the following Lyapunov functional can-
didate:

V =
1
2

n∑

i=1

(
e2
i +

(ki − k∗i )2

ci

)

+
1
2

∑

i∈D

(α̃i − αi)T(α̃i − αi),

where k∗i is a positive constant to be determined. Cal-
culating the derivative of V along the trajectory of
Eq. (9) and with updated laws Eq. (8), we obtain

V̇ |(9) =
n∑

i=1

ei(fi(y)− fi(x)− kiei)

+
n∑

i=1

(ki − k∗i )e2
i +

∑

i∈D

(gi(y)α̃i − gi(x)αi

− (α̃i − αi)Tgi(y)T)ei

= eT(f(y) + g(y)α− f(x)− g(x)α− k∗e)

= eT(F (y)− F (x)− k∗e) ≤ (ϕ(x)− k∗)‖e‖2
≤ (L− k∗)‖e‖2,

where e = (e1, . . . , en)T, |ϕ(x)| ≤ L. And k∗ =
min1≤i≤n{k∗i }, choose k∗ = L+1, then V̇ |(9) ≤ −‖e‖2,
which means that ‖e‖, ‖α̃i−αi‖ are bounded. For any
t, we have

∫ t

0

‖e‖2dτ ≤ −
∫ t

0

V̇ (τ)dτ = V (0)− V (t)

≤ V (0), (10)

then e(t) ∈ L2.
Since ėi = fi(y) + gi(y)α − fi(x) − gi(x)α +

gT
i (y)(α̃i−αi)− kiei, ėi is also bounded and thus, ac-

cording to Barbalat’s lemma, we have limt→∞ |ei(t)| =
0.

Rewrite the equations for ei(t) and (α̃i − αi) as




ėi = g(t)eα + f1(t),

ėα = −gi(y)Tei,
(11)
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where f1(t) = fi(y) + gi(y)αi − fi(x)− gi(x)αi − kiei,
eα = α̃i − αi and limt→∞ f1(t) = 0. Since g(y) is per-
sistently exciting and ġ is bounded, by lemma 1, we
can conclude that limt→∞(α̃i − αi) = 0.

Note that g(y) satisfies PE condition, because the
respond system is still chaotic when it synchronizes to
the drive system. Therefore, y = 0 is not a stable
equilibrium point. It implies that g(y) is persistently
exciting. If y = 0 is a stable equilibrium point, param-
eter identification can not be identified successfully.
We will give a detailed explanation via numerical re-
sults in the next section.

3. Numerical simulations

In this section, we consider the Lorenz system
as an example to illustrate the effectiveness of our
method, the system is described by





ẋ1 = σ(x2 − x1),

ẋ2 = ρx1 − x1x3 − x2,

ẋ3 = x1x2 − βx3,

(12)

where the parameters σ = 10, β = 8/3, ρ = 28. It is
a 3-dimensional structure corresponding to the long-
term behaviour of a chaotic flow, noted for its butterfly
shape.[19] Suppose that only two parameters σ, ρ are
unknown. Our purpose is to estimate these unknown
parameters.

First, we prove that the system satisfies inequality
(3),

(y − x)T(F (y)− F (x))

= (e1, e2, e3)T(σ(e2 − e1), ρe1 − y3e1

−x1e3 − e2, y2e1 + x1e2 − βe3)

= −σe2
1 − e2

2 − βe2
3 + (σ + ρ)e1e2

− (e3 + x3)e1e2 + (e2 + x2)e1e3

= −σe2
1 − e2

2 − βe2
3 + (σ + ρ)e1e2 − x3e1e2 + x2e1e3

≤
(

σ + ρ + |x2|+ |x3|
2

− σ

)
e2
1

+
(

σ + ρ + |x3|
2

− 1
)

e2
2 +

( |x2|
2
− β

)
e2
3

≤
∥∥∥∥
[(

σ + ρ + |x2|+ |x3|
2

− σ

)
,

(
σ + ρ + |x3|

2
− 1

)
,

( |x2|
2
− β

)]∥∥∥∥‖[e1, e2, e3]T‖,

because x1, x2, x3 are bounded, there exists such a
nonnegative function ϕ(x) that inequality (3) holds.

Set system (12) as a drive system and rewrite it
as





ẋ1 = f1(x) + g1(x)α1,

ẋ2 = f2(x) + g2α2,

ẋ3 = f3(x),

(13)

where

f1(x) = 0, g1(x) = x2 − x1;

f2(x) = −x1x3 − x2, g2(x) = x1;

f3(x) = x1x2 − βx3.

The controlled response system is as follows:




ẏ1 = f1(y) + g1(y)α̃1 + u1,

ẏ2 = f2(y) + g2α̃2 + u2,

ẏ3 = f3(y) + u3,

(14)

where

f1(y) = 0, g1(y) = y2 − y1;

f2(y) = −y1y3 − y2, g2(y) = y1;

f3(y) = y1y2 − βy3,

and adaptive laws are introduced as




˙̃αi = −gi(y)Tei, i = 1, 2,

ui = −kiei, k̇i = cie
2
i , i = 1, 2, 3.

(15)

Then, the respond system (14) can synchro-
nize the drive system (13), as shown in Fig. 1(a).
Meanwhile, Fig. 1(b) shows that the evolutions of
the variables g1 = y2 − y1, g2 = y1. Define
Wi(t) =

∫ t+T0

t
gi(τ)gT

i (τ)dτ . Figure 1(c) shows that
λmin(Wi(t)) > 0, for all i, t and T0 = 1.5, which indi-
cates that gi satisfies the PE condition. As a result,
the parameters adapt themselves to the true value, as
shown in Fig. 1(d).

Next, we will discuss the importance of the PE
condition. If the parameters σ = 5, β = 0, ρ = 1, the
scheme does not work. Because the system is stable at
equilibrium (0, 0, 0) under this parameters, when the
response system is synchronous with the drive sys-
tem, the response system will be stable at equilib-
rium (0, 0, 0). Figure 2(c) shows that λmin(Wi(t)) = 0,
which indicates that gi does not satisfy the PE con-
dition. Therefore, parameter identification can not be
realized in this case. It can be easily seen in the nu-
merical result in Fig. 2.
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Fig. 1. (a) The synchronization errors between drive system and respond system. (b) The evolutions of the

variables g1 = y2 − y1, g2 = y1. (c) The minimum eigenvalue of the matrix Wi(t). (d) Time evolutions of

adaptive parameters.

Fig. 2. (a) The synchronization errors between drive system and respond system. (b) The evolutions of the

variables g1 = y2 − y1, g2 = y1. (c) The minimum eigenvalue of the matrix Wi(t). (d) Time evolutions of

adaptive parameters.

4. Conclusion

In this paper, we have proposed an adaptive feed-
back controlling method to identify the uncertain pa-
rameters of chaotic systems. By using the Lyapunov
direct method, we derive sufficient conditions for the
uncertain chaotic systems to achieve parameter iden-
tification. In comparison with the resulted methods,

we point out an important condition to track the esti-

mated parameters successfully. Meanwhile, there is no

limitation for the number of uncertain parameters. Fi-

nally, the illustrative simulations have been provided

to verify the effectiveness of the proposed scheme. In

the future, we will consider the parameter identifica-

tion with noise.
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