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Denoising via truncated sparse decomposition∗
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This paper proposes a denoising algorithm called truncated sparse decomposition (TSD) algorithm, which combines

the advantage of the sparse decomposition with that of the minimum energy model truncation operation. Experimental

results on two real chaotic signals show that the TSD algorithm outperforms the recently reported denoising algorithms—

non-negative sparse coding and singular value decomposition based method.
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1. Introduction

In the past decade, the study of denoising al-
gorithms has been an important issue in acous-
tics signal processing. Various denoising algo-
rithms such as kernel principal component analysis,[1]

Wavelet Shrinkage (WS),[2,3] Non-Negative Sparse
Coding (NNSC),[4] and Singular Value Decomposition
(SVD)[5,6] have been proposed and utilized in many
applications. An important objective of them is to
extract the ideal signal from the additive white Gaus-
sian noise (AWGN) corrupted signal. The NNSC[4]

and SVD[5,6] are the most recently reported of these
algorithms. The idea behind NNSC is to represent the
input data approximately by a weighted linear com-
bination of a small number of basis vectors, which
contain high-level patterns in the input data, while
the idea behind SVD is that by selecting the proper
singular values representing signal and discarding the
ones representing noise, the additive noise of an signal
can be eliminated effectively. However, it is difficult to
make the performance of NNSC or SVD be improved
further. To overcome this limit, we propose the Trun-
cated Sparse Decomposition (TSD) algorithm in this
paper. Its basic idea is applying Sparse Decomposition
(SD) to project the input data onto two sparse spaces
and then choose the proper diagonal values represent-
ing the signal and discard the ones representing the

noise. Experimental results on two real chaotic sig-
nals show that the TSD is more efficient for AWGN
suppressing than NNSC and SVD.

2. The TSD algorithm

The pioneering work on SVD can be traced to
Ref. [7] in which a method for representing the ob-
served data by using the product of three matrices is
presented. The SVD and NNSC enlighten us to de-
velop the TSD.

SD Let A be an m× n observed data corrupted
by AWGN. The X is an m × k matrix (m > k) and
Y is an n× k matrix, which both impose sparsity re-
quirements and the D is a positive diagonal matrix.
The linear representation of the observed data is then
given as follows:

A = XDY T. (1)

Let {u, σ, v} be the largest singular triple of A

and ε the tolerance for reconstruction error. We de-
fine the vector w =

[
uT, vT

]T by w̃ in non-increasing
order

[w̃ (1)] ≥ [w̃ (2)] ≥ · · · ≥ [w̃ (m + n)] . (2)

This procedure helps us to determine two permutation
matrices Pu and Pv being in non-increasing orders in
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absolute values, respectively. For a given ξ > 0, let
k = kξ ≤ m + n be the smallest integer satisfying

w̃2 (1) + w̃2 (2) + · · ·+ w̃ (k) ≥ 2 (1− ξ) (3)

and let i = iξ and j = jξ = kξ − iξ be the
numbers of u-components and v-components in the
subset {w̃ (1) , . . . , w̃ (k)} respectively. Then xu and
yv denotes the sparse vectors only involving the
i u-components ũ (1) , . . . , ũ (i) and j v-components
ṽ (1) , . . . , ṽ (j) in the same component positions, re-
spectively and zeros elsewhere,

xu = P T
u


 ũ (1 : i)

0


 ,

yv = P T
v


 ṽ (1 : j)

0


 . (4)

According to the definition and demonstration in
Ref. [8], the sparsest decomposition for A equals a
penalized optimization problem

F (α, β, p) = min
ξ

{
α ∗ iξ + β ∗ jξ −

(
h (ξ)
‖A‖2

)p}
, (5)

where

jξ = d (xu, yv) =
xT

u Ayv

‖xu‖ ‖yv‖
depends on the parameter ξ and iξ, jξ are the num-
bers of non-zeros in xu and yv, respectively, α and β

are penalty constants. An efficient numerical method
for finding the numerical solution of Eq. (5) is also
available in Ref. [8]. From Ref. [8], we find that SD
technique is not only fit for handling sparse observed
matrices, but also providing similar approximation ac-
curacy to the SVD.

Based on the above analysis, it is self-evident that:
Given an observed data A = Ã + N , where N is the
AWGN, independent of the Ã, then it is easy to obtain
that

A = Ã + N

= XSDSY T
S + XNDNY T

N

= [XS,XN]


 DS 0

0 DN


 [YS,YN]T , (6)

where S denotes signal subspace and N denotes noise
subspace.

The main steps in the TSD-based denoising algo-
rithm can be summarized as follows:

(A) The SD operation to the observed data A;

(B) Determination of the optimal value of t for
the best separating of the signal and noise;

(C) Reconstruction of the observed data At =
XDtY

T.
Given that r is the rank of A, r ≤ min (m,n),

then in SVD, A = USV T, t (1 ≤ t ≤ r) denotes
the truncated rank of S by setting the trailing n − t

singular values to 0.
Minimum energy model truncate operation

Similar to the SVD-based denoising method first pro-
posed in Ref. [9], the TSD-based denoising algorithm
also depends on the accurate estimation of the value
t. In recent years, variational and partial differential
equation (PDE) methods have also been widely used
in many applications.[10,11] There are several methods
for solving a PDE and the principle behind them is
to minimize energy functionality. We assume a varia-
tional approach to signal processing formulated as

arg
{

min
a

E (a)
}

, (7)

where [aij ] ∈ A, i = 1, . . . , m, j = 1, . . . , n.
In order to restore the signal through the way of

TSD, we establish a minimum energy model in matrix
space as follows:

E (a) = α

∫

Ω

‖∇a‖didj + (1− α)
∫

Ω

‖a− a0‖didj, (8)

where ‖·‖ denotes the `2 norm, a0 denotes noisy data
and a denotes restored data here. Our objective is to
find the optimal aopt = at which makes the following
formula into existence:

E (aopt) = min {E (ai)} , i = 1, 2, . . . , r. (9)

The model established above consists of two items,
which can be denoted as follows:




E1 (a) =
∫
Ω

‖∇a‖didj,

E2 (a) =
∫
Ω

‖a− a0‖didj.
(10)

The first item E1 (a) in the model presents the
smoothness of data, called the smoothness energy and
the second item E2 (a) presents the disparity between
the restored data and the noisy data, called the dis-
parity energy.[9] Here we use the following calculation
method:

‖∇a‖ =
√

a2
ij + a2

i+1j+1,

‖a− a0‖ =
√

(a− a0)
2
. (11)

This model established above avoids the overloaded
computation for calculating PDE, because it is de-
signed to find the optimal at in the finite steps.
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3. Experiments

To evaluate the proposed algorithm, the signal-
to-noise ratio (SNR) is adopted as a measure of noise
in this paper. Its definition is given as follows:

SNR = 10 lgσ2
x/σ2

e , (12)

where σx and σe are the standard deviations of the
signal and noise, respectively.

Two chaotic signals ‘logistic map’ and ‘coupled
map lattices (CMLs)’[12−15] are given as follows: (i)
logistic map

a (l) = ja (l − 1) (1− a (l − 1)) , 0 ≤ j ≤ 4, (13)

where j is the parameter of logistic map set as j = 3.9,
which guarantees the chaotic motion of the map; (ii)
CMLs combines a closed loop structure with length R

and an open loop structure with length L−R,

ap (t) =





(1− ε) f (ap (l − 1) , µ) + εf (ap−1 (l − 1) , µ) , 1 ≤ p ≤ R,

(1− 0.5ε) f (ap (l − 1) , µ) + 0.5εf (ap−1 (l − 1) , µ) , R < p ≤ L,
(14)

where a0 (l) ≡ aR (l), the subscript p = 1, 2, . . . , L

which denotes the lattice site index, l is the discrete
time index, ε is the coupling constant and µ is the
parameter of the nonlinear function f (ap, µ). In this
study, we adopt the tent map to represent the nonlin-
ear function as follows:

f (ap, µ) =





2µap, 0<ap ≤ 0.5,

2µ (1−ap) , 0.5<ap < 1.
(15)

The parameters of CMLs are set as L = 188, R =
28, µ = 0.66, n = 3000 and ε = 0.8. The original logis-
tic map and the original high dimensional CMLs are
shown in Fig. 1.

Fig. 1. The original logistic map (above) and the original

CMLs (below).

These signals with varying AWGN are used to test
the performance of TSD. The results are depicted in
Figs. 2 and 3 respectively.

Fig. 2. Denoising results of noisy logistic map, in which

curves a, b, c and d are for TSD, SVD, WS and NNSC,

respectively.

Fig. 3. Denoising results of noisy CMLs, in which curves

a, b, c and d are for TSD, SVD, NNSC and WS, respec-

tively.

The results indicate that the TSD is more efficient
than NNSC[4] and SVD-based denoising algorithm.[9]

The WS has the worst average performance in both
experiments, thus it might be not suitable for denois-
ing noisy chaotic signals.

Based on these results, we believe that the ad-
vantage of the TSD results from two aspects: First,
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the SD is a good decomposition technique, which can
decompose the input data by a more suitable and gen-
eralized criterion. Second, the used minimum energy
model truncate operation helps us to recover ideal
manifolds’ structure, which also improves the denois-
ing performance.

4. Conclusion

The TSD algorithm has been proposed in this pa-
per, which is a combination of SD and the minimum
energy model truncation operation. The principle is

to apply the SD to project the observed data onto two
sparse spaces, in which ideal manifolds’ structure can
be explored by the minimum energy model truncate
operation and then the ideal data can be extracted.
Experiments confirm the high performance of TSD in
the case of real chaotic signals.
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