
Chin. Phys. B Vol. 20, No. 5 (2011) 050501

Steady-state probability density function in wave

turbulence under large volume limit∗

Yeontaek Choia) and Sang Gyu Job)†

a)Division of Fusion and Convergence of Mathematical Sciences, National Institute for

Mathematical Sciences, Daejeon 305-340, Republic of Korea

b)Department of Physics, Kyungpook National University, Daegu 702-701, Republic of Korea

(Received 19 August 2010; revised manuscript received 4 January 2011)

We investigate the possibility for two-mode probability density function (PDF) to have a non-zero flux steady

state solution. We take the large volume limit so that the space of modes becomes continuous. It is shown that in this
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1. Introduction

The theory of wave turbulence (WT)[1] deals with
an ensemble of weakly and nonlinearly interacting
dispersive waves. The ensemble is described by a
probability density function(PDF) P in the space of
states of a system under investigation.[2−5] The space
of states is usually parametrized by the amplitude
squares {si} and phases {ξi} of all the possible modes
which diagonalize the free Hamiltonian. In order to
incorporate the weakness of nonlinear interaction, we
use a smallness parameter ε, which the interaction
hamiltonian is taken to be proportional to.

The main essence of WT is the behaviour of the
PDF during time evolution. The time evolution of
P has been derived using a perturbative method on
the assumption that the time is in a range given by
2π/ω ¿ T ¿ 2π/ e2ω,[2−6] where ω is a typical linear
frequency. It is given as a continuity equation with
flux F determined by the interaction Hamiltonian as
follows:

∂P

∂t
+ ∇ ·F = 0. (1)

Here, the symbol ∇ is the divergence in the parameter
space. It turns out that the leading term of the flux is
of the order ε2 and is independent of the phase. This

rationalizes the random phase assumption up to ε2 or-
der. In other words, if P(T = 0) is independent of
the phase, then P(T > 0) is also phase-independent
for all T ’s.

The flux F , interpreted as the probability cur-
rent density, plays an important role for the time evo-
lution of P. There is no doubt that it will play a
central role in studying the non-equilibrium phenom-
ena. However, from the viewpoint of the importance
of its role, nothing much has been discussed on the
flux.

A steady-state PDF can be obtained by solving
the divergence free condition

∇ ·F = 0. (2)

Two types of solutions occur for this equation. One
is a zero flux solution where F itself vanishes and
the other is a nonzero flux solution where F does not
vanish. In the latter case, non-vanishing flow in the
parameter space describes the pattern of the dynami-
cal change of parameters.

In this paper, we consider two-mode PDF
P (2)(sa, sb) obtained from P by integrating all
modes other than a and b. An M -mode PDF
P (M)(s1, s2, . . . , sM ) is defined as

P (M)(s1, s2, . . . , sM )
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=


 ∏

sl 6=s1,s2,...,sM

∫

R+
dsl


 P{s}.

In our recent work,[7] it has been shown that a two-
mode steady-state solution may have a non-vanishing
flux if some conditions for the coefficients in the non-
linear Hamiltonian are satisfied. The shape of the
flux is circular in the parameter space as suggested in
Ref. [5]. However, if we take the infinite volume limit
of the real space, some coefficients may be neglected
and the conditions can never be achieved. We give
a complete argument why, in this limit, nonzero flux
steady solution PDF does not exist. Furthermore, an
M -mode steady-state PDF is shown to be the product
of one-mode steady-state PDFs.

In the following two sections, we review the
derivation of the time evolution equation of the full-
mode PDF and some properties of one- and two-mode
PDFs. In Section 4, we search for a non-zero flux
steady-state PDF in the case that the volume becomes
infinite. Here, we see that a steady-state solution is
just the product of two one-mode steady-state PDFs
and the corresponding flux vanishes. In Section 5, we
extend the number of modes and show that the same
result occurs. Finally, in Section 6, we give some con-
cluding remarks.

2. Master equation

The physical system we are going to deal with in
this paper is a stochastic ensemble of dispersive waves
interacting with each other nonlinearly and weakly.
The dynamics of a dispersive wave are described by a
complex field, c(x, t) which represents wave actions in
a d-dimensional periodic box with sides L. The time
evolution of the wave is given by

iċl =
∂H

∂c̄l
, (3)

where cl represents the l-th Fourier mode of c(x, t) as

cl(t) =
1
V

∫
c(x, t) e−ikl·xddx. (4)

Here V = Ld is the volume of the system and Hamil-
tonian H carries the unit of energy density.[1] The
Hamiltonian is the sum of the free term (H2) and
perturbative terms (H3,H4, . . . ), i.e.

H = H2 + H3 + H4 + · · · . (5)

Each term Hj can be represented by the interaction
coefficients T and j amplitudes cl as

Hj =
∑

q1,q2,q3,...,qn,p1,p2,...,pm

(
T q1q2...qn

p1,p2...pm
c̄q1 c̄q2 . . . c̄qn

cp1cp2 . . . cpm
+ c.c.

)
, n + m = j,

where q1, q2, q3, . . . qn and p1,p2, . . .pm are wave vec-
tors in a d-dimensional Fourier space lattice. The
coefficients T q1q2...qn

p1,p2...pm
represent the wave–wave inter-

actions where n waves collide to create m waves or
m → n. They carry delta functions due to the mo-
mentum conservation.

Here, we consider terms up to H3 and neglect
H4 and the higher terms. The free Hamiltonian H2

is diagonalized as follows:

H2 =
∑

n

ωn|cn|2. (6)

The triple coupling Hamiltonian H3 can be written as

H3 = ε
∑

l,m,n

V l
mnc̄lcmcnδl

m+n + c.c., (7)

where ε ¿ 1 is a small parameter of nonlinearity.

Then Eq. (3) becomes

iȧl = ε
∑
m,n

(
V l

mnaman e iωl
mntδl

m+n

+ 2V̄ m
ln ānam e−iωm

lntδm
l+n

)
, (8)

where aj = cj e iωjt, ωl
mn ≡ ωkl

− ωkm
− ωkm

and
ωl = ωkl

(dispersion relation).
Note here that under the limit V →∞, which we

will take later on, summation over the modes becomes
integral over the momentum space by[1,8]

∑
n

→ V

(2π)d

∫
ddk.

Therefore, both H2 and H3 behave as V −1. In H3,
the triple-summation is reduced to double-summation
owing to the delta function and V 2 from this double-
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summation and V −3 from triple cs combine to give
V −1 dependence.

Now, we write the complex mode al as al = Alψl

where Al is a real positive amplitude and ψl is a phase
factor which takes values on S1, a unit circle centred
at zero in the complex plane. We define the PDF
P{s, ξ} as the probability density function for the
wave intensities A2

l to be sl and for the phase factors
ψl to be ξl for all ls. With this PDF, the expectation
of f becomes

〈f{A2, ψ}〉

=

(∏

l

∫ ∞

0

dsl

∮

S1

|dξl|
2π

)
P{s, ξ}f{s, ξ} (9)

for any function f depending on als.
This PDF P{s, ξ} has been shown in Ref. [2] to

satisfy

Ṗ +
∑

j

∂Fj

∂sj
= 0 , (10)

where Fj is the sj-th component of the flux of prob-
ability,

− Fj

4πε2sj

=
∑
m,n

{[|V j
mn|2δ(ωj

mn)δj
m+n

+ 2|V n
jm|2δ(ωn

jm)δn
j+m

]
snsm

∂P

∂sj

+ 2P[|V n
jm|2δ(ωn

jm)δn
j+m

− |V j
mn|2δ(ωj

mn)δj
m+n]sm

+ 2
[|V n

jm|2δ(ωn
jm)δn

j+m

− 2|V j
mn|2δ(ωj

mn)δj
m+n

]
snsm

∂P

∂sm

}
. (11)

Our Ṗ turns out to be independent of ξ in the ε2 or-
der approximation. This indicates that if P(T = 0) is
independent of ξ, then P(T ) is independent of ξ for
all T s. Note here that Fj(sj = 0) = 0 as it should be.

Before finishing this section, we define M -mode
amplitude PDF as

P
(M)
j1,j2,...,jM

=


 ∏

l 6=j1,j2,...,jM

∫

R+
dsl


 P{s}. (12)

In the following sections, we consider the cases where
M = 1 and M = 2.

3. One-mode and two-mode am-

plitude PDF

When M = 2, the corresponding PDF is the two-
mode amplitude PDF P (2)(sa, sb) which is obtained
from P{s} by integrating over all the modes except
the two modes ka and kb as

P (2)(sa, sb) =


 ∏

l 6=a,b

∫
dsl


 P{s}. (13)

The time evolution of P (2)(sa, sb) can be obtained by
integrating Eq. (10) and we have

Ṗ (2)(sa, sb) +
∂Fa

∂sa
+

∂Fb

∂sb
= 0, (14)

where

− Fa

4πε2sa
= (Aa + Basb)P (2) + (Ca + Dasb)

∂P (2)

∂sa

+ Easb
∂P (2)

∂sb
, (15)

− Fb

4πε2sb
= (Ab + Bbsa)P (2) + (Cb + Dbsa)

∂P (2)

∂sb

+ Ebsa
∂P (2)

∂sa
, (16)

with

Aa = 2
∑
m,n

′′
vn
a,m(nm − nn) + 2

∑
m

′′
vb
a,mnm

+ 2
∑
m,n

′′
va

m,nnn − 2
∑
m,n

′′
va

m,bnm,

Ba = 2
(∑

m

′′
vm
a,b +

∑
m

′′
va

m,b −
∑
m

′′
vb
a,m

)
,

Ca =
∑
m,n

′′
va

m,nnmnn + 2
∑
m,n

′′
vn
a,mnmnn,

Da = 2
(∑

m

′′
va
b,mnm +

∑
m

′′
vb
a,mnm +

∑
m

′′
vm
a,bnm

)
,

Ea = 2
(∑

m

′′
vm
a,bnm − 2

∑
m

′′
va
b,mnm

)
, (17)

and Ab, Bb, Cb, Db and Eb can be obtained by ex-
changing a and b. In this expression two modes a and
b are excluded in the summation

∑′′ and we use the
abbreviation vj

m,n = |V j
mn|2δ(ωj

mn)δj
m+n for simplic-

ity.
If we further integrate Ṗ (2)(sa, sb) with respect to

sb, we obtain the one-mode PDF P (1)(sa) as

P (1)(sa) =
∫

dsbP (2)(sa, sb). (18)
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The time evolution of P (1)(sa) can be obtained by in-
tegrating Eq. (14) with respect to sb as follows:

Ṗ (1)(sa) +
∂Fa

∂sa
= 0, (19)

where

− Fa

4πε2sa
= γaP

(1) + ηa
∂P (1)

∂sa
, (20)

with

γa = Aa + Banb − Ea, (21)

and

ηa = Ca + Danb. (22)

Using Eqs. (17), (21) and (22), we can express γa and
ηa as

γa = 2
∑
m,n

′
vn
a,m(nm − nn) + 2

∑
m,n

′
va

m,nnn,

ηa =
∑
m,n

′
va

m,nnmnn + 2
∑
m,n

′
vn
a,mnmnn. (23)

In the summation
∑′

, mode a is excluded. It is easy
to show that

P (1)(sa) =
1
na

e−sa/na (24)

is a steady-state solution. Here na = ηa/γa and this
solution defines zero flux, Fa = 0. If γa is nega-
tive, then na becomes negative and the correspond-
ing steady-state solution cannot be normalized. Note
that η is always positive. This comes from Eq. (23).
In fact, na is the expectation value of sa and therefore
it should be positive. This indicates that if a theory
predicts any negative γa mode, there may not be any
steady-state solution. Therefore, we consider a system
which does not allow any negative γa.

We now return to the case where M = 2. In the
large volume limit, the summation

∑′′
becomes in-

tegral over momentum space. In this limit, double-
summation terms dominate over single-summation
terms and we neglect single-summation terms. This
can be understood from the usual procedure

∑

ka

→ V

(2π)d

∫
ddk

in the limit V → ∞. The contribution from double-
summation terms is roughly V times bigger than that
from single-summation terms. The latter comes from

measure-zero sets and these can be neglected. In this
approximation, we have Aj = γj , Bj = Dj = Ej = 0
and Cj = ηj , j = a, b. Each component of the flux of
probability becomes

− Fj

4πε2sj
= γjP

(2) + ηj
∂P (2)

∂sj
, j = a,b. (25)

For a steady-state PDF, the flux should be diver-
gence free, i.e.,

∂Fj

∂sj
= 0. (26)

A special case is when the flux is zero. In this case
Eq. (25) becomes

γjP
(2) + ηj

∂P (2)

∂sj
= 0. (27)

The unique solution for this equation is

P (2) =
1

nanb
e−(sa/na) e−(sb/nb). (28)

This solution is the product of two one-mode steady-
state solutions, P (1)(sa) and P (1)(sb).

In the next section, we search for steady-state so-
lutions of more interesting cases where the flux is non-
zero.

4. Search for non-zero flux

steady-state solutions

A steady-state solution for PDF can be obtained
by solving

∇ · F =
∂Fa

∂sa
+

∂Fb

∂sb
= 0. (29)

Substituting Eq. (25) into this equation, we have

∂

∂sa

[
sa

(
γaP

(2) + ηa
∂P (2)

∂sa

)]

+
∂

∂sb

[
sb

(
γbP (2) + ηb

∂P (2)

∂sb

)]
= 0, (30)

which becomes

γa

(
P (2) + na

∂P (2)

∂sa
+ sa

∂P (2)

∂sa
+ nasa

∂2P (2)

∂s2
a

)

+ γb

(
P (2) + nb

∂P (2)

∂sb
+ sb

∂P (2)

∂sb
+ nbsb

∂2P (2)

∂s2
b

)

= 0. (31)

To use the separation of variables method, we put
P (2)(sa, sb) = q(sa)r(sb) and obtain

γa[qr + naq̇r + saq̇r + nasaq̈r]
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+ γb[qr + nbqr′ + sbqr′ + nbsbqr′′] = 0, (32)

where˙= ∂/∂sa and ′ = ∂/∂sb. Dividing this equation
by qr, we have

γa

(
1 +

naq̇

q
+

saq̇

q
+

nasaq̈

q

)

+ γb

(
1 +

nbr′

r
+

sbr′

r
+

nbsbr′′

r

)
= 0. (33)

Since the first and the second parentheses are func-
tions of sa and sb respectively, they should be con-
stants

1 +
naq̇

q
+

saq̇

q
+

nasaq̈

q
+ λa = 0,

1 +
nbr′

r
+

sbr′

r
+

nbsbr′′

r
+ λb = 0, (34)

where λa and λb are constants satisfying

λaγa + λbγb = 0. (35)

Introducing new variables x = sa/na and y = sb/nb

and substituting q = e−xQ(x) and r = e−yR(y), we
obtain

x
d2Q

dx2
+ (1− x)

dQ

dx
+ λaQ = 0,

y
d2R

dy2
+ (1− y)

dR

dy
+ λbR = 0. (36)

These are Laguerre’s differential equations. We now
analyse the Laguerre equation,

x
d2Lλ(x)

dx2
+ (1− x)

dLλ(x)
dx

+ λLλ(x) = 0. (37)

The series solution of this equation is given by

Lλ(x) =
∞∑

m=0

Cmxm, (38)

where

Cm = (−1)m λ!
(λ−m)!m!m!

. (39)

This series terminates when λ is a non-negative inte-
ger n. It is the Laguerre polynomial Ln(x) which can
be expressed as

Ln(x) =
ex

n!
dn

dxn

(
xn e−x

)
. (40)

The beginning Laguerre polynomials are

L0(x) = 1,

L1(x) = −x + 1,

L2(x) =
1
2
x2 − 2x + 1. (41)

If the constants λa and λb are non-integral and
positive, the solutions for Q and R behave for large x

and y as Q ∼ x−λa−1 ex and R ∼ y−λb−1 ey. If the
constants λa and λb are negative, the solutions for Q

and R behave for large x and y as Q ∼ xλa ex and
R ∼ yλb ey. For both cases, P (2) cannot be properly
normalized. In order to have non-zero flux normal-
izable solutions, we need to require λa and λb to be
non-negative integers. We assume γa and γb to be to
be positive and therefore, the only possibility for λa

and λb is λa = λb = 0.
With these vanishing λs, Q and R become

Q = L0(x),

R = L0(y).

The corresponding PDF is

P (2) =
1

nanb
e−(sa/na) e−(sb/nb).

This is just the multiplication of two one-mode PDF’s
P

(1)
a (sa) and P

(1)
b (sb). Using Eq. (25), we have Fa =

Fb = 0, and therefore, this solution corresponds to
the zero flux solution. A non-zero flux steady-state
solution does not exist.

5. Multi-mode case

We now consider multi-mode amplitude PDF

P (M)(sa1 , sa2 , . . . , saM
)

=


 ∏

l 6=a1,a2,...,aM

∫
dsl


 P{s}. (42)

Once M -modes {a1, a2, . . . , aM} are selected, we de-
note modes ai by i for simplicity.

The time evolution of P (M)(s1, s2, . . . , sM ) is gov-
erned by

Ṗ (M)(s1, s2, . . . , sM ) +
M∑

i=1

∂Fi

∂si
= 0. (43)

Here,

− F
(M)
i

4πε2si
= γiP

(M) + ηi
∂P (M)

∂si
, (44)

where

γi = 2
∑
m,n

vn
i,m(nm − nn) + 2

∑
m,n

vi
m,nnn,
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ηi =
∑
m,n

vi
m,nnmnn + 2

∑
m,n

vn
i,mnmnn. (45)

Note that we take the large volume limit and the sum-
mation

∑
should be understood as integral. Obvi-

ously, the contribution of single summation terms is
negligible and those terms are excluded.

To find a non-zero steady-state solution for M -
mode PDF, we need to solve

M∑

i=1

∂Fi

∂si
= 0. (46)

Substituting Eq. (44) to this equation, we have

M∑

i=1

∂

∂si

[
si

(
γiP

(M) + ηi
∂P (M)

∂si

)]
= 0. (47)

After a little algebra we obtain

M∑

i=1

γi

(
P (M) + ηi

∂P (M)

∂si
+ si

∂P (M)

∂si

+ ηisi
∂2P (M)

∂s2
i

)
= 0. (48)

Here we have used the fact ηi = niγi.
As we did in the two-mode case, we put

P (M)(s1, s2, . . . , sM ) =
M∏

i=1

qi(si), (49)

and we obtain

M∑

i=1

q1q2 . . . qi−1γi

×
(

qi + ni
∂qi

∂si
+ si

∂qi

∂si
+ nisi

∂2qi

∂s2
i

)
qi+1 . . . qM = 0.

(50)

Dividing this equation by q1q2 · · · qM , we obtain

M∑

i=1

γi

(
1 +

ni

qi

∂qi

∂si
+

si

qi

∂qi

∂si
+

nisi

qi

∂2qi

∂s2
i

)
= 0. (51)

We notice that the i-th summand is a function of si

only and therefore it should be a constant. We let

1 +
ni

qi

∂qi

∂si
+

si

qi

∂qi

∂si
+

nisi

qi

∂2qi

∂s2
i

= −λi (52)

with

M∑

i=1

γiλi = 0. (53)

Introducing new variables xi = si/ni and substi-
tuting qi = e−xiQi(xi), we have

xi
d2Qi

dx2
i

+ (1− xi)
dQi

dxi
+ λiQi = 0 (54)

for all is. Again we obtain Laguerre’s equations. In
order to have a normalizable PDF P (M), we need to
require λi to be a non-negative integer for each i.

On the assumption that γi are positive for all is,
we therefore conclude that λi are zero for all is. This
means that

Qi = L0(xi) = 1 (55)

and

P (M)(s1, s2, . . . , sM )

=
1

nanb · · ·nM
e−(sa/na) e−(sb/nb) . . . e−(sM /nM ).

(56)

Therefore, we can conclude that non-zero flux steady-
state solution P (M) does not exist for any finite num-
ber M .

6. Conclusions and discussion

We have investigated the possibility of a non-zero
flux steady-state PDF. If we take the large volume
limit, the space of modes become continuous. In this
limit, among those coefficients in Eqs. (15) and (16)
the coefficients B, D and E can be neglected. We
further assume that the coefficients Ai = γi are all
positive in order to have a normalizable PDF.

Then, all the multi-mode steady-state PDF P (M)

turns out to be a product of one-mode zero flux PDF
P (1)’s:

P (M)(s1, s2, . . . , sM ) = P (1)(s1)P (1)(s2) . . . P (1)(sM ).

This also means that the corresponding fluxes Fi van-
ish for all is. Therefore, there cannot be any non-zero
flux steady-state PDF P (M) for any finite integer M .

In our previous work,[7] we showed a possible
non-zero flux solution P̃ (2)(sa, sb) = P (1)(sa)P (1)(sb),
which becomes a steady-state solution only if

(
Aa +

Ca

na

)
+

(
Ab +

Cb

nb

)
= 0. (57)

Each component of the flux Fi is shown to be propor-
tional to α(= Aa − Ca/na).

If we now take the large volume limit, we have

lim
V→∞

Aa = γa,
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lim
V→∞

Ca = ηa. (58)

Therefore, in this limit, Eq. (58) holds and our
P̃ (2)(sa, sb) describes a steady-state solution. How-
ever, the flux, proportional to α which converges to
zero under the large volume limit, vanishes. The so-
lution becomes a zero-flux steady-state solution.

One final comment we want to add here is about
the sign of γ. In this paper, we assumed it to be posi-
tive. However, in principle it would be either negative
or zero. In either case, the corresponding one-mode
PDF becomes non-normalizable and should be aban-
doned. Therefore, the analysis of a system which al-
lows negative or zero γs should be done with caution.

References

[1] Zakharov V E, L’vov V S and Falkovich G 1992 Kol-

mogorov Spectra of Turbulence (Heidelberg: Springer)

[2] Choi Y, Lvov Yu, Nazarenko S V and Pokorni B 2005

Phys. Lett. A 339 361

[3] Choi Y, Lvov Yu and Nazarenko S V 2005 Physica D 201

121

[4] Choi Y, Lvov Yu and Nazarenko S V 2004 Phys. Lett. A

332 230

[5] Choi Y, Lvov Yu and Nazarenko S V 2004 Recent Research

Developments in Fluid Dynamics 5 225

[6] Lvov Yu and Nazarenko S 2004 Phys. Rev. E 69 066608

[7] Choi Y, Jo S, Kim H and Nazarenko S V 2009 J. Phys.

Soc. Jpn. 78 084403

[8] Reichl L E 1980 A Modern Course in Statistical Physics

(London: Edward Arnold)

050501-7


