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We investigate the possibility for two-mode probability density function (PDF) to have a non-zero flux steady

state solution. We take the large volume limit so that the space of modes becomes continuous. It is shown that in this
limit all the steady-state two- or higher-mode PDF's are the product of one-mode PDFs. The flux of this steady-state

solution turns out to be zero for any finite mode PDF.

Keywords: wave turbulence, probability flux, multi-mode probability density function, Larguerre

equation
PACS: 05.20.Jj

1. Introduction

The theory of wave turbulence (WT)!! deals with
an ensemble of weakly and nonlinearly interacting
dispersive waves. The ensemble is described by a
probability density function(PDF) £ in the space of
states of a system under investigation.2~® The space
of states is usually parametrized by the amplitude
squares {s;} and phases {&;} of all the possible modes
which diagonalize the free Hamiltonian. In order to
incorporate the weakness of nonlinear interaction, we
use a smallness parameter €, which the interaction
hamiltonian is taken to be proportional to.

The main essence of WT is the behaviour of the
PDF during time evolution. The time evolution of
& has been derived using a perturbative method on
the assumption that the time is in a range given by
21w < T < 21/ e®w,>~% where w is a typical linear
frequency. It is given as a continuity equation with
flux % determined by the interaction Hamiltonian as

follows:

0L
W‘FV'?—O. (1)

Here, the symbol V is the divergence in the parameter
space. It turns out that the leading term of the flux is

of the order €2 and is independent of the phase. This
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rationalizes the random phase assumption up to €2 or-
der. In other words, if Z(T = 0) is independent of
the phase, then Z(T > 0) is also phase-independent
for all T”s.

The flux %, interpreted as the probability cur-
rent density, plays an important role for the time evo-
lution of &. There is no doubt that it will play a
central role in studying the non-equilibrium phenom-
ena. However, from the viewpoint of the importance
of its role, nothing much has been discussed on the
flux.

A steady-state PDF can be obtained by solving

the divergence free condition
V.- =0. (2)

Two types of solutions occur for this equation. One
is a zero flux solution where % itself vanishes and
the other is a nonzero flux solution where . does not
vanish. In the latter case, non-vanishing flow in the
parameter space describes the pattern of the dynami-
cal change of parameters.

PDF
P®)(s,,s,) obtained from £ by integrating all
An M-mode PDF

In this paper, we consider two-mode

modes other than a and b.
PM) (51, 55,...,5p) is defined as

P(M)(Slsta"'st)
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= H / ds; | Z{s}.
SIF81,82,0,8

In our recent work,!”) it has been shown that a two-
mode steady-state solution may have a non-vanishing
flux if some conditions for the coefficients in the non-
linear Hamiltonian are satisfied. The shape of the
flux is circular in the parameter space as suggested in
Ref. [5]. However, if we take the infinite volume limit
of the real space, some coefficients may be neglected
and the conditions can never be achieved. We give
a complete argument why, in this limit, nonzero flux
steady solution PDF does not exist. Furthermore, an
M-mode steady-state PDF is shown to be the product
of one-mode steady-state PDF's.

In the following two sections, we review the
derivation of the time evolution equation of the full-
mode PDF and some properties of one- and two-mode
PDFs.
steady-state PDF in the case that the volume becomes

In Section 4, we search for a non-zero flux

infinite. Here, we see that a steady-state solution is
just the product of two one-mode steady-state PDFs
and the corresponding flux vanishes. In Section 5, we
extend the number of modes and show that the same
result occurs. Finally, in Section 6, we give some con-

cluding remarks.

) § q192---9n
% - (Tm,pz pmcqlcqz

q1,92,93;---,9n;P1,P2,---;Pm

where g1, q2, g3, ... gn and p1, pa, ..
tors in a d-dimensional Fourier space lattice.

. Py AT Wave vec-
The

T2 %29 represent the wave-wave inter-

pl,p2..pm
actions where n waves collide to create m waves or

coefficients

m — n. They carry delta functions due to the mo-
mentum conservation.

Here, we consider terms up to 3 and neglect
¢, and the higher terms. The free Hamiltonian 773

is diagonalized as follows:
= an|cn|2- (6)

The triple coupling Hamiltonian 73 can be written as

H=e SV

l,m,n

WCLCmCnOl, 40 + C.C (7)

where ¢ < 1 is a small parameter of nonlinearity.

2. Master equation

The physical system we are going to deal with in
this paper is a stochastic ensemble of dispersive waves
interacting with each other nonlinearly and weakly.
The dynamics of a dispersive wave are described by a
complex field, ¢(x, t) which represents wave actions in
a d-dimensional periodic box with sides L. The time
evolution of the wave is given by

i =

R — 3

- )

where ¢; represents the [-th Fourier mode of ¢(x,t) as
1 —ik;-x 3d

a(t) = v c(x,t)e " ®d%. (4)

Here V = L% is the volume of the system and Hamil-
tonian 7 carries the unit of energy density.[!! The
Hamiltonian is the sum of the free term (/%) and
perturbative terms (43, 57, ... ), i.e.

H =+ M+ o+ (5)

Each term 7 can be represented by the interaction

coefficients T" and j amplitudes ¢; as

- Cq, Cp,Cpy -+ - Cp,, + c.c.) , n+m=y,

\
Then Eq. (3) becomes

ia, = € g ( QG €'“mn ¢! man

2 anan -mszi) ®)

iw;t l —

where a; = c;e'“", w,,, = Wy — Wk, — Wk, and

w; = wg, (dispersion relation).
Note here that under the limit V' — oo, which we
will take later on, summation over the modes becomes

integral over the momentum space by

1%
zn:q (%)d/ddk.

Therefore, both % and % behave as V1. In /4,

the triple-summation is reduced to double-summation

owing to the delta function and V2 from this double-
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summation and V3 from triple c¢s combine to give
V! dependence.
= Ay

where A; is a real positive amplitude and 1; is a phase

Now, we write the complex mode a; as aq;

factor which takes values on S, a unit circle centred
at zero in the complex plane. We define the PDF
P{s,&} as the probability density function for the
wave intensities A7 to be s; and for the phase factors
Yy to be & for all Is. With this PDF, the expectation

of f becomes

(F{A2, 1)

_ (H [Tasf 'gf;') P(s.}f{s.€} )
1 0 '

for any function f depending on a;s.
This PDF £{s,£} has been shown in Ref. [2] to
satisfy

0F; _
P+ Z 55 = (10)

where %} is the s;-th component of the flux of prob-
ability,
__7
dmels;

- Z{Uvgmﬁa E

m,n

. 0

+ 29”[|Vj%|25( m) 0 4m
- \V#;n\% )5fn+n]
, . P
- 2|v¢zn|26<wf,m>6zn+n]snsm88} o
Our P turns out to be independent of £ in the €2 or-
der approximation. This indicates that if P(T = 0) is
independent of ¢, then P(T) is independent of ¢ for
all T's. Note here that %;(s; = 0) = 0 as it should be.
Before finishing this section, we define M-mode
amplitude PDF as

A=\ I [ as )20 02

l#71,52,--

In the following sections, we consider the cases where
M =1and M = 2.

3. One-mode and two-mode am-
plitude PDF

When M = 2, the corresponding PDF is the two-
mode amplitude PDF P(?)(s,, s,) which is obtained
from Z{s} by integrating over all the modes except
the two modes k, and ki, as

11 /dsl P(s). (13)

l#a,b

P(Q)(sa,sb) =

The time evolution of P(?)(s,, s},) can be obtained by

integrating Eq. (10) and we have

0F, O0F,
+

PO (s, -0 14
(sum) + G+ 52 =0, (14)
where
F, oP®
———2 = (Ay + Busp)P? + (Ca + D,
4dme?s, = (Aat+ Basy) +(Cat Daso) =5 — 0Sa
oP(®)
E, ) 15
+ EBasy 5 (15)
B, oP®
———— = (Ap 4 Bpsa) PP + (Cy + Dypsy) ——
4me? sy, (4p + Bysa) +(Co + Dysa) sy,
opP(?)
Eys, ) 16
+ L Sa D5, (16)
with
" " b
A, = 22 v (M, — 1) + ZZ Vg 1T
, " "
+ 22 Vo M 22 Vo 5N,
" 1 "
B =2 o+ X - k)

1 "
C, = E UppnMm i, + 25 Vgt Mo Mo

m,n m,n
"o "oy "o
D, =2 E Up,mMm + § Va,mMm + E Va,pMm |5
m m

E, (17)

Il
[N}
7 N
(],
g’@
o
3
3
.
] ®
&
3
3
3
~

and Ay, By, Cy, Dy, and Ep, can be obtained by ex-
changing a and b. In this expression two modes a and
b are excluded in the summation " and we use the

2§(wd )67

yuin for simplic-

abbreviation v, , = |V7,|
ity.
If we further integrate P(®) (s, s1,) with respect to

S, we obtain the one-mode PDF P(M(s,) as

P (s,) = / dsy PO (s, 51). (18)
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The time evolution of P(M)(s,) can be obtained by in-
tegrating Eq. (14) with respect to sy, as follows:

. OF.
PM (s, 2 =0 19
(5)+ 5= = 0. (19)
where
F, opP™
——2 =4, PW 4, 20
4de?s, K " 0sy (20)
with
Ya = Aa + Banb - Eav (21)
and
Na = Ca + Dany,. (22)

Using Egs. (17), (21) and (22), we can express 7, and

Na S

! !
Yo = 22 Uy (M — M) + QZ U Moy
m,n m,n
/ /
Na = Z Uy MmN, =+ 22 Vg Mo Mo - (23)
m,n m,n

In the summation 3.’ mode a is excluded. It is easy
to show that

P(l)(sa) - ie—sa/na (24)
Na

is a steady-state solution. Here n, = 1n,./7. and this
solution defines zero flux, F, = 0. If v, is nega-
tive, then n, becomes negative and the correspond-
ing steady-state solution cannot be normalized. Note
that 7 is always positive. This comes from Eq. (23).
In fact, n, is the expectation value of s, and therefore
it should be positive. This indicates that if a theory
predicts any negative v, mode, there may not be any
steady-state solution. Therefore, we consider a system
which does not allow any negative ~,.

We now return to the case where M = 2. In the
large volume limit, the summation Z” becomes in-
tegral over momentum space. In this limit, double-
summation terms dominate over single-summation
terms and we neglect single-summation terms. This

can be understood from the usual procedure

v
Z_> (md/ddk

ka

in the limit V' — oo. The contribution from double-
summation terms is roughly V' times bigger than that

from single-summation terms. The latter comes from

measure-zero sets and these can be neglected. In this
approximation, we have A; = v;, B = D; = E; =0
and C; = 7;, j = a, b. Each component of the flux of

probability becomes

_ = j =a,b. (25
4re?s; 7 0s; J=ab. (25)

For a steady-state PDF, the flux should be diver-
gence free, i.e.,
OF;
— =0. 26
. (26)

A special case is when the flux is zero. In this case
Eq. (25) becomes

opP®@)
P 4 =0. 27
’YJ + n] asj ( )
The unique solution for this equation is
PR — 1 e~ (5a/ma) o= (s1/m0) (28)
TaMp

This solution is the product of two one-mode steady-
state solutions, P(M)(s,) and P (sy,).

In the next section, we search for steady-state so-
lutions of more interesting cases where the flux is non-

Zero.

4. Search for flux

steady-state solutions

non-zero

A steady-state solution for PDF can be obtained
by solving

F, OR
OFa | OFy _ (29)

V 651 8sb

Substituting Eq. (25) into this equation, we have

0 or®
il (2)
asa |:Sa <’yaP + na 8Sa >:|

0 opP®
(2) —
+ Do [sb <7bP + o ﬂ 0, (30)

which becomes
oP(2) oP(2)
0s, T 05, 0s2
oP®) oP®) 92 pQ2)
P2 Z- -
e ( T Osp, Osp dst )
= 0. (31)

+ Nn,8a

92 p@)
Va <P(2) + N, )

+ sp “+ np Sy

To use the separation of variables method, we put
P®@)(s,,s1) = q(sa)r(sp) and obtain

Va [C]T + Nagr + S,qr + nasadr]
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+ Y lgr + nugr’ + spgr’ + npspgr’’] =0, (32)

where = 0/0s, and’ = 9/Jsp. Dividing this equation
by gr, we have

Ya (1 g ey 2l nas&q)
q q q

npr’ spr’ npspr”
+fyb<1+b+b+bb)=0. (33)
r r r

Since the first and the second parentheses are func-

tions of s, and sp respectively, they should be con-

stants
Nag Sad  MaSa(
1+ anr%quaanr)\a:O,
npr’ spr’ npspr”

1+ —=—+ =+ + X =0, (34)
r r
where )\, and A, are constants satisfying

AaYa + by = 0. (35)

Introducing new variables x = s,/n, and y = sp,/np

and substituting ¢ = e *Q(z) and r = e YR(y), we

obtain
d*Q dQ
1- . )\a =Y,
wdx2+( x)dx+ @=0
d’R dR
yTyQ + (1 — y)dig/ + MR =0. (36)

These are Laguerre’s differential equations. We now

analyse the Laguerre equation,

d2L)\(I)
dz?

+(1— x)d%g(x) + ALx(z) =0. (37)

The series solution of this equation is given by
oo
Li(z) =) Cpa™, (38)
m=0

where

Al
(A —m)!m!m!”

Cm = (=1)" (39)
This series terminates when A is a non-negative inte-
ger n. It is the Laguerre polynomial L,,(x) which can

be expressed as

Ly(x) = et d” (m"e_‘”). (40)

n! dan

The beginning Laguerre polynomials are

1
Ly(z) = 5952 -2z + 1. (41)

If the constants A\, and Ay are non-integral and
positive, the solutions for @ and R behave for large x
and y as Q ~ x™* 1e® and R ~ y~ M leY. If the
constants A\, and A\, are negative, the solutions for @

Ao e and

and R behave for large = and y as Q ~ x
R ~ y* e¥. For both cases, P(®) cannot be properly
normalized. In order to have non-zero flux normal-
izable solutions, we need to require A\, and A, to be
non-negative integers. We assume v, and 7 to be to
be positive and therefore, the only possibility for A,
and Ay is Ay = A, = 0.
With these vanishing As, Q and R become

Q = L0($)7
R = Lo(y)-

The corresponding PDF is

po_ 1
nanp

e_(sa/"a) e_(sb/"b)_

This is just the multiplication of two one-mode PDF’s
Pél)(sa) and Pél)(sb). Using Eq. (25), we have F, =
F, = 0, and therefore, this solution corresponds to
the zero flux solution. A non-zero flux steady-state

solution does not exist.

5. Multi-mode case

We now consider multi-mode amplitude PDF

P(M)($a1asa27 c '7SaM)

= 11 / ds; | 2{s}. (42)
l;éal,ag ..... anr

Once M-modes {aj,as,...,ap} are selected, we de-

note modes a; by ¢ for simplicity.

The time evolution of PXM) (s1, s9,...,5,r) is gov-
erned by
M
. OF;
PM) =0 43
(51732a 7SM)+1221 aSi ( )
Here,
F((M) oPM)
—— = 4 PM) 4y, 44
4dme?s; " + 0s; (44)
where
v = QZva(nm nn) + 227}% s
m,n m,n
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_ 7 n
= g Vg Moo + 2 E L P (45)
m,n m,n

Note that we take the large volume limit and the sum-
Obvi-

ously, the contribution of single summation terms is

mation Y should be understood as integral.

negligible and those terms are excluded.
To find a non-zero steady-state solution for M-

mode PDF, we need to solve

Z 082 . (46)

Substituting Eq. (44) to this equation, we have

M
0 aP(M>
35 [o (0 a2V o

i=1 g

After a little algebra we obtain

pOM) opPWM) oPM)
Z’Y ( + 1 s, + 8; s
o2 pAM)
+ 7)281882) = (48)

Here we have used the fact 7; = n;~;.

As we did in the two-mode case, we put

M
P(M)(817827"'7s]\/[):Hqi(si)7 (49)
i=1

and we obtain
M
Z q1q2 - - -
i=1
3(]- aq 52(]-

X i i - i 5% i =0.
(q +n831+ 6sl+ns 831-)(]“ -qm
(50)

qi—17i

Dividing this equation by q1¢q2 - - - gar, we obtain

M
i=1

We notice that the i-th summand is a function of s;

nis; 0%q;
qi 831-

ni 0g;
i 0s;

Si 0q;

4 05, > 0. (51)

only and therefore it should be a constant. We let

n; 0g; | s 0q; | nisi 0%q;
1+ — — = -\ 52
" qi 0s; * qi O0s; qi 35? ( )
with
M
Z%‘N, = 0. (53)
=1

Introducing new variables x; = s;/n; and substi-
tuting ¢; = e~*Q;(x;), we have
d*Q; d@;

Tig (1 _Ii)dixi

+ Q=0 (54)

for all 7s. Again we obtain Laguerre’s equations. In
order to have a normalizable PDF P(M) we need to
require )\; to be a non-negative integer for each 3.

On the assumption that ~; are positive for all is,
we therefore conclude that \; are zero for all ¢s. This

means that
Qi = Lo(z;) =1 (55)
and

P(M)(Sl,SQ,.. .

— ; e~ (sa/ma) o=(su/mb)  —(sm/nm)

NaNp - -~ Npp

7SM)

(56)

Therefore, we can conclude that non-zero flux steady-
state solution P™) does not exist for any finite num-
ber M.

6. Conclusions and discussion

We have investigated the possibility of a non-zero
flux steady-state PDF. If we take the large volume
limit, the space of modes become continuous. In this
5) and (16)
the coefficients B, D and E can be neglected. We

further assume that the coefficients A; = ~; are all

limit, among those coefficients in Eqs. (1

positive in order to have a normalizable PDF.

Then, all the multi-mode steady-state PDF P(M)
turns out to be a product of one-mode zero flux PDF
PM)g:

PO (51,55, s5r) = PO (s1)PD (s3) ... PO (s1).

This also means that the corresponding fluxes F; van-
ish for all is. Therefore, there cannot be any non-zero
flux steady-state PDF PM) for any finite integer M.

In our previous work,!”) we showed a possible
P (5,)PM(sy),

which becomes a steady-state solution only if

Ca C
(Aa + ) + (Ab + b) =0. (57)
Na b

Each component of the flux F; is shown to be propor-
Ay — Ca/ny).
If we now take the large volume limit, we have

non-zero flux solution P®?)(s,, sp) =

tional to a(=

lim A, =
Vgnoo a Yas
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li = Na-
Vgnoo Ca "la (58)

Therefore, in this limit, Eq. (58) holds and our
15(2)(sa,sb) describes a steady-state solution. How-
ever, the flux, proportional to o which converges to
zero under the large volume limit, vanishes. The so-

lution becomes a zero-flux steady-state solution.

One final comment we want to add here is about
the sign of 7. In this paper, we assumed it to be posi-
tive. However, in principle it would be either negative
or zero. In either case, the corresponding one-mode
PDF becomes non-normalizable and should be aban-
doned. Therefore, the analysis of a system which al-

lows negative or zero ~ys should be done with caution.
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