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By the generalized sub-equation expansion method and symbolic computation, this paper investigates the (3 4 1)-

dimensional Gross—Pitaevskii equation with time- and space-dependent potential, time-dependent nonlinearity, and gain

or loss. As a result, rich exact analytical solutions are obtained, which include bright and dark solitons, Jacobi elliptic

function solutions and Weierstrass elliptic function solutions. With computer simulation, the main evolution features

of some of these solutions are shown by some figures. Nonlinear dynamics of a soliton pulse is also investigated under

the different regimes of soliton management.
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1. Introduction

The celebrated nonlinear Schrédinger (NLS)
equation known for its numerous important physi-
cal applications stimulates a great deal of attention.
In particular, the potential of optical solitons ap-
plied successfully in long distance telecommunication,
more and more attentions have been abstracted at dif-
ferent versions of NLS equation describing manage-
ment of the propagation of picosecond optical soli-
tons in mono-mode fibres. Further studies of the inte-
grable inhomogeneous models lead to the concepts of
self-similar solitons and nonautonomous solitons.* —3!
Another kind of NLS equation called the Gross—
Pitaevskii (GP) equation is used to describe a dilute
In this
case the NLS equation is supplemented by an exter-

gas of weakly interacting atomic particles.

nal trap potential, which confines the gas particles.
The GP equation has become an important theoret-
ical tool in recent Bose-Einstein condensate (BEC)

experiments.!4~10]

For example, it enables prediction
of the outcome of experiments and helps with de-
signing and calibrating the apparatus. Also, several
soliton like phenomena such as vortices, dark soli-
tons, or their decay into vortex rings have recently

been observed.['!] Moreover, periodic wave solutions
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in spinor BEC governed by a system of three coupled
mean-field equations, different shapes of bright soli-
tons and fascinating interactions between two solitons
in BEC are achieved and the bright possibilities for
soliton experimental observability are discussed.2=14]
Very recently, great interest has been focused on the
three-dimensional (3D) GP describing the dynamics
of a weakly interacting Bose gas at zero temperature.

The 3D GP model with time-space modulation!*5—18]

oV h? _, 2
20— [ g v + o) 2|

+il'(t)w, (1)

where V = (04,0,,0.), r = (z,y,2), ¥ = ¥(t,7)
denotes the order parameter with N = [ |¥|2dr be-
ing the number of atoms in the condensate, G(t) =
4mh%ag(t)/m is the interaction function with ag(t)
being the s-wave scattering length modulated by a
Feshbach resonance and I'(t) is the gain or loss
term, which is phenomenologically incorporated to ac-
count for the interaction of atomic or thermal clouds.
We note that the dissipative dynamics originating
from the interaction between the radial and axial de-
grees of freedom also has been studied recently.["]
Here the potential is chosen as a harmonic trap

Vet (t,7) = (m/2)[r — e(t)]w?(t) [r — ()] with w(t) =
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diaglw, (t), wy(t), w,(t)] being a diagonal matrix of
the trap frequencies in three directions and e(t) =
[e1(t), ea(t), e5(t)] corresponding to its centre.

Using the suitable scales and variables, r =
ar',t = o7 e(t) = a.e'(t), ¥ = /N/a3y, a, =
[h/m@,)'/? and @, = [w,(t)dt, we arrive at the di-

mensionless 3D GP equation after dropping the primes

8![7

1
5= |~y ViHutr) Ha® PP T +iv (Y, (2)

where g(t) = 4nN2as(t)/a?, v(t) = I'(t)/(hd.) and

v(t,r) = 5lr —e®)]a®(t)[r —e(t)], (3)

with a(t) = [a1(t), aa(t), as(t)] = @7 w(t). Equation
(2) is associated with §£/d¢* in which the Lagrangian
density can be written as

L =iy — P ) + [V + g(t)p]*
+2u(t, ) +iy(8)] Y[ (4)

The analytical expressions for the evolution of
soliton can help physicists and engineers to discuss
and examine the sensitivity of the model and differ-
ent interactions of several physical parameters. In
the course of obtaining exact soliton solutions to non-
linear partial differential equations (NLPDEs), with
the availability of symbolic computation systems like
Mathematica or Maple, many sophisticated effective
direct methods have been proposed, which include the
tanh-function method,2% the extended tanh-function
method,2! Jacobi elliptic function method,?? ex-
tended Jacobi elliptic function method,!?>24 the
(25-29] the sub-

Among them,

project Ricatti equation method,
equation method*°—32] and so on.
the sub-equation method is an effective and power-
ful method, whose remarkable characteristic is that
we can have many different ansatzs and thus end up
with abundant exact solutions for many NLPDEs.
The paper is organized as follows. In Section 2,
we will extend the generalized sub-equation method
to investigate the 3D GP equation (2). After thor-
ough analysis and some tedious calculation by sym-
bolic computation, we successfully present a series of
exact analytical solutions for Eq. (2), which include
solitary wave solutions, rational solutions, triangular
periodic solutions, Jacobi elliptic function solutions
and Weierstrass elliptic function solutions and so on.
Furthermore, some figures are given to show the main
properties of bright solitons, Jacobi elliptic functions

solutions. In Section 3, nonlinear dynamics of the soli-
ton pulses is investigated from the different regimes of
soliton management. Finally, some conclusions are

given briefly.

2. Exact analytical solutions

of 3D GP

time—space modulation

equation with

We now extend the generalized sub-equation
method®? to investigate 3D GP equation (2). Con-
sidering a vortex phase (22 + y? + 22) set to reflect a
rotation-invariable feature of the 3D generalized NLS
equation, the solutions of Eq. (2) can be assumed as
follows:

W(rt) = [Ao( >+A1<t>¢<§> + Bi(1)9'(€)

L4 a1(t)p(€) + ba(t)9' (€)

©)
O(r,t) = Bolrt) + k(D).
@O(T‘,t):A”I" +/Jw7‘,f=p‘7°+(](), (5)

where A = (A1(t), A2(t), A\3(t)) denotes the vector of
the curvature of the wave-front, the spatial frequency
(11 (), pa(t), ps(t)) is relative to the
parallel motion of the wave-front, k(¢) is the homoge-
(p1(t), p2(t), p3(t)) denotes
the vector of the inverse spatial widths of the localized
solutions along x,y,z directions. The Ag(t), Ai(t),
Bi(t), ai(t), ba(t), M(t), k(t), q(t) and Ai(t), pa(t),
pi(t), (1 =1,2,3) are functions of ¢ to be determined,
the variable ¢ = ¢(&) satisfies

expliO(r,t)]

[

shift vector pu =

neous phase shift and p =

60 = (“9E) = o+ 1a6©) + 1a©)

+ h3d? (€) + hao (£), (6)

where h; (i =0,1,2,3,4) are constants.

Substituting Eqs. (5) and (6) into Eq. (2), re-
moving the exponential term, collecting coefficients of
monomials of ¢(§), ¢'(§) and z,y, z of the resulting
system, then separating each coefficients to the real
part and imaginary part, we obtain an ordinary dif-
ferential equation (ODE) system with respect to dif-
ferentiable functions g(t), M(t), Ao(t), A1(t), B1(t),
ao(t), ai(t), b1(t), Ni(t), pi(t), pi(t), (i =1,2,3), k(?)
and ¢(t), for simplification we omit the ODE system.

Solving the ODE system with the symbolic com-
putation system—Maple, we find that only the non-
linearity and the vector of the inverse spatial widths
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of the localized solutions along x,y, z directions fulfill 1S h h
. : &Y . Ky(t) = =3 | 3hoy/ - — 2 ) pE(t)
a certain constraint, GP equation (2) possesses rich 2 &~ h 2 )
exact analytical solution as follows. B
. _ —_q 200y — u2(t) — aZ(t)e2(t) (10)
Famlly 1 When h1 = h3 = O7 1.e., d) (g) = i % 7 ’
ho + hag?(€) + had*(€), a series of exact analytical
solutions are obtained as follows: where
Uy = Fo(€) expli(Og(r,t) + k1(t))], Oo(r,t) = 22X\ (t) + y*Xa(t) + 22 A3(t)
o(t) = Qi’:pg(t) + g (8) + ypa(t) + 2p3(t),
= €rt) =m0z +paOy +ps(0)2
3
1
{0 = 5 2l — 0 —tOOL () / sz i+ g,
=1
Uiy = qul(g) expli(Go(r,t) + k1 (t))] () = — 2 (t)
3 2p; (t)’
0
g(t) = 72 (8) tes (t
2 < i (1) = /ez()(()()) dt+¢; | pi (1),
0
iy = F {¢>(£> + ,Zcbl(f)] ti o
| F = fyexp U O @,
x exp[i(Oo(r,t) + k3(1))], -1 “Pi
3
g(t) = }% pf(t), and fo, qo, ho, he, ha, ¢; (i = 1,2,3) are arbitrary con-
i=1 stants, e; (t) (i = 1,2,3) are arbitrary functions of ¢
3 . . .
1 0 and {p; (t),a; (t) (1 = 1,2,3)} satisfy the following
/ _ = U 2
k3(t) = 2 ; [(hQ + 3hy h )pi (t) conditions:
2 (0) ag(@eg(t)] , 9) o2 (1)p? (£) = pi (6) Y (1) +2 (9} ()" = 0,
(1=1,2,3) (12)
1+ e{/12¢(6)
Vg = I ) N expli(Oo (7, 1) + ka(1))]; Notice In the following paper, {F, A\, u, &, Oy(r,t)}
Vg are all determined by Eq. (11) and {p; (t),a; (¢) (i =
e ==+l 1,2, 3)} satisfy the conditions (12).
1 (hy [hg o > 9 The corresponding ¢(£) may be read from the Ja-
9t) = = | 5/ + = ) D_pi ), o ) )
F2\ 2V ho 4 P cobi elliptic function solution in Table 1.
Table 1. Jacobi elliptic functions.
Solution ho ho hy o(&) m=20 m=1
1 1 —(1+m?) m? sn(&,m) sin tanh
2 1-—m? 2m2 —1 —m? cn(&,m) cos sech
3 m? —1 2 —m? -1 dn(&, m) 1 sech
4 m? —(14+m?2) 1 ns(&,m) csc coth
5 —m?2 2m? — 1 1-— nc(§, m) sec cosh
6 -1 2 —m? m2 —1 nd(§, m) 1 cosh
7 1 2 —m? 1—m? sc(&,m) tan sinh
8 1—m? 2 —m? 1 cs(§,m) cot csch
9 1 —(14+m?2) m? cd(g, m) cos 1
10 m?2 —(14+m?2) 1 de(g, m) sec 1

Family 2 When hg = h; = 0 and the nonlinearity and the vector of the inverse spatial widths of the

localized solutions along x,y, z directions fulfill different constraints, we will obtain different forms of solution.
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h 3
Uy = F<1 + Ee‘b ) )exp[i((%(r,t) + k(t))], K (t) = %Z [hap?(t) — 12(t) — a2()e2(1)], (14)
G = Ahala, :2h2¢(£)
J(t) = h4L§?(t)’ Uy = F2h2+h3¢(€)exp[(90(r,t)+k( )]
. h2 # dhghs,
K = -5 3 R0+ 0+ 0], 13 Gl 1) S0
g g\ = 4hoF2 (1) ’
B hz' () . 3
Wy = F7h3 +4h4¢(§)eXp[l(@0(T,t) + k()] k(1) = %Z [thf(t) —p2(t) —a2()e2()|.  (15)
h% = 4h4h2, i=1
N = 4hy Zl 1 p? (t) At the same time, two solutions of elliptic equa-
9(t) = hoF? ’ tion (6) with hg = hy = 0 are derived as follows:
2
4ho Cy sech<\/2}72§>>
$1(8) = 3 (16)
2(1 - Al) +2 (1 + Al)tanh \/Ef) — (2 hsCo+1— Al) (SeCh<\/2h>2 ))
2
4hqy Cy <sech<\/2}72£>)
$2(§) = i (17)
2

2A3 -2 (AQ + Coz) tanh <2§

where hy > 0, Cy = exp(v/h2C1) is an arbitrary con-
stant, and A; = Co%(4 hohg — h3?), Ay = (4 hohy —
hs?), As = Cy? — A,.

Family 3 When hy = hy = 0 and {ho, h1, h3}
satisfy different conditions, we can obtain many exact
analytical solutions for Eq.(2). For simplification, we

only list two types of these solutions as follows:

Ahod(€) |
U3y m@(p {1(90(7‘7 t) + k(t))} )
4
2

K1) = —72 [‘% 2(0) + 12(0) + 2<t>e?<t>],

hs = —Sh—; >0, (18)

0
_ L4029 (§) —3p14" (§)
Voo = F 0 (O
X exp i(QO(T’t) + k(t)) )

g(t) = s Lz 2" () 26 pz}pﬁ .

) - @ach s 2 (s (V226))

1 3h
H(t) = =52 [pp (1) + 12(t) + i (D e (1) |,
i=1
p23 + 48 p12hs
ho = 3,2
P2°pP1
3 2
+72p1%h
hy = —22 6p22p’1); S hy >0 (19)

Relatively, elliptic equation (6) with he = hy =0
admits a Weierstrass elliptic doubly periodic-type so-

lution:
Vh
(b(é-) :p( 235792793)7
where
hi ho
—4— —4—. 20
g2 hy’ g3 = hs ( )

In order to understand the significance of these
solutions in Families 1-3, we can investigate their fea-
tures by computer simulations. For simplification, we
only take ¥y, and W3 as two examples to illustrate
features of solutions by computer simulations.

For the convenience of analysing different dy-
namical regimes described by the given model, we

specify the magnitude of main physical parameters,
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which are feasible in experiments. We consider a con-
densed sodium sample trapped in the state |3S; /5, ' =
1,mr = —1), which has the scattering length a5 =
2.75 nm.[33 The other parameters can be taken as
N = 1.2 x 10% and @, = (27) x 21 Hz, which lead to
a, = 4.55 ym and \/N/a3 = 1.13 x 10? pm~3/2. To
make sure that the frequencies «;(¢) and nonlinearity
g(t) are bounded for realistic cases, we choose p;(t)
and the gain or loss coefficient «(¢) as the periodic

functions

p=dn(t,n)b, ~(t) =~ocn(t, k), ~ €R, (21)

where b = (b1, bo, bs) is a real constant vector describ-
ing the inverse of the width of the potential and the
frequency, n € [0,1] and k € [0, 1] are the modules of
Jacobi elliptic functions. Then the function F' modu-
lating the amplitude of solution ¥(r,t) can be found
by

F = AViVmOVmDes | [ ]2

It is easy to see that

~(t) = ~vyosech(t) > 0

corresponds to the dissipative case when k& = 1 and
o > 0 (we will focus on this condition next). In prac-

tical systems, the modulations of p;(t), g(t) and ~(¢)

i
i

1
N
'fl’l";’t"?v "M ':"Jl i
f'.uult!u' b.’m'»!"’;’f" ;"'"!""»"'57'
r;,' '};n"l'lg l.,l'"' il ',~’, ."!{"’”-'i""""n’
{0 R
.:.':u' ""i"'m"""" L

i

e l
'l"’i'l'iﬂ

il

l
.',’.

l g i tl!t’l!»’il:,',;,‘q,',
i

!

depend on the use of the optical lattice and Feshbach-
resonance techniques, i.e., we can achieve I'(t) and
as(t) by exerting particular time-dependent optical
field and magnetic field. For simplification, we take
b =1, i.e., a1(t) = az(t) = as(t) corresponds to the
isotropic potential and consider that the centre of the
potential locates at the origin e; = 0. We can also
change p; to obtain an anisotropic potential and use
nonzero e; to obtain moving bright solitons as those
discussed in 1D case.

Figures 1 and 2 present the evolution of the Ja-
cobi elliptic function solutions ¥y; with different pa-
rameters, here U = |W¥;;|? denotes the intensity of
solution. From Figs. 1 and 2, one can verify that the
Jacobi elliptic functions cn(§) and sn(€) possess the
properties: 1) when m = 1, ¥;; presents the solitary
wave; 2) when 0 < m < 1, solution ¥y, presents the
In Figs. 2(a) and 2(b), the intensi-

ties are invariable and the time shift is changing while

periodic wave.

the Jacobi elliptic periodic wave and the solitary wave
keep their shapes along the fibre. The time—space evo-
lution of dispersion Jacobi elliptic periodic wave and
bright solitary waves for the solutions ¥;; are shown
in Figs. 1(c), 1(d), 2(c) and 2(d). Figures 3(a)-3(d)
show the evolution of the Jacobi elliptic function so-

lutions Wy3 with different parameters.

Fig. 1. Evolution plots of intensity U = |¥11 |2 of solution presented as functions of L = kox 4 loy + moz and ¢
in Table 1: (a) m =0.9, n =0.1; (b) m =1, n=0.1; (c) m = 0.9, n =0.9; (d) m = 0.9, n = 1. In these cases,
k=1 F1 =8,v =—-0.1, hgy =—0.5,h2 =0.2, g0 =0, ¢; = 1, b; = 1, ¢(§) = cn(§).
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Fig. 2. Evolution plots of intensity U = | ¥71|? of solution presented as functions of L = koz + loy + moz and
t in Table 1: (a) m =0.9, n =0.1, k =0.1; (b)) m =1, n=0.1, k =0.1; (c) m =09, n =0.9, £k = 0.9; (d)
m = 0.1, n =1, k = 0.1. In these cases, F1 = 8, 70 = —0.2, hy = —0.5, ha = 0.2, g0 =0, ¢; =1, b; = 1,

B(§) = sn(§).

=

r~

===

===

Fig. 3. Evolution plots of intensity U = | ¥23|? of solution (15) presented as functions of L = kox + loy + moz
and t. (a) n =0.9, ha =01, ha=—1,v =5, F3 =—-0.1; (b)n=1,ha =1, hy = -1, v0 = 5, F3 = —0.1; (c)
n=01k=1hya=01 hs=—1,v =5, Fs = —0.1, (d) n = 1, hy = 0.1, hy = —10, o = 0.01, F3 = —100;

In these cases, k =1, h3 =20,¢; =1,b; =1, F» =0.

3. Different regimes of soliton
management

In the following, the bright soliton ¢(£) = sech(¢)
of Eq. (7) is taken as an example to find solutions for
specified soliton management conditions. In reality,
one can consider more cases for each regime at the

same time and derive richer results.

(I) Soliton time duration management. Consider
Eq. (2) with g(t) = constant and with varying phase
modulation and gain/loss parameters. Suppose that
soliton pulse width is determined by the known control
function p;(t) = £2;(t), then we can derive solutions of
Eq. (2) in the form of bright solitons represented by
Eq. (7), where
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_ S2A2(1)* + () 2] (1)

20) y =0

3

K3

S <Q ® / e () (212 (D) — 21/ () 2 (1))

dt — Q2 () Cz) dt’ + qo,

dt + C;

27 (¢)

3

i=1

Here integration constants Cj;, gy are determined by
initial conditions. Finally, we can easily calculate k; (¢)
by Eq. (7).

(IT) Soliton amplification management. Consider
Eq. (1) with g(t) = go = constant and with vary-
ing phase modulation parameters. Suppose that the
gain/loss coefficient is determined by the known con-
trol function (t) = A(¢), where the control function
A(t) is required only to be once integrable. There are
then an infinite number of solutions of the bright soli-
ton represented by Eq. (7), where the main control

functions p;(t) are given by
t 3 / 2
()
5| ex U i +AtdtD
3
= hy ZP?@)
i=1

and Eq. (12). The F is given by Eq. (11).

(III) Soliton trap frequency management. Con-

(24)

sider Eq. (2) with g(t) = go = constant and with vary-
ing phase modulation and gain/loss parameters. Sup-
pose that trap frequency management function a;(t)
(we call them control function here) are the given ar-
bitrary analytical functions. There are then infinite
number of solutions of Eq. (2) of the bright soliton
represented by Eq. (7), where the main functions p;(t)
can be expressed in functions of «;(t), which are de-
termined by Eq. (12), F = coy/ > _, p2(t) and ¢y is
an arbitrary constant (both positive and negative).
From Egs. (11) and (12) we can calculate p;(t)
and ¢(t) successively. Finally, the amplification or ab-

sorption coefficient v(t) are given by

(25)

/t (~2 (2 ) + 0 (1) 2 (1)) s (1)
0

1 o N 2()
0 = o PRUIGEAG ; 0.0

0;(t),

(23)

Let us consider the following example. The funda-
mental set of trap frequency managed solutions can be
expressed in trigonometric and hyperbolic functions.
Assume that the centre of the potential locates at the
origin e; = 0 and the trap frequency coefficient of GP
model Eq. (2) is a periodically varying control func-

tion:
a1 (t) = az(t) = as(t) = sint. (26)

Then solutions represented by Eq. (7) are given by

by B
_ 4 2
F = 90 ;pi(t)7
t 3
q(t) = —/0 ;Pi (t) pi (t) dt + qo,

3

k(t) = / t - > [thf(w - ﬁ(t)}dt + ko,

Sy PR g~y

y(t) = t),
Yot o
A () = 1.4 (5,5,t) +0i (5,11
i 2 oyt (3, 50) + . (L, 1,0)
&

i () = '

p() szﬁs(%a%at)—'—%c(%’i’t)
pi () = - (27)

oi s (3 3:1) + M (3:1:1)
where integration constants o;,&;, 75, qo, ko are deter-
mined by initial conditions. The even and odd general
Mathieu functions .#Z. and .#; appear frequently in
physical problems involving elliptical shapes or peri-
odic potentials (notice: with regard to the definition
of Mathieu functions .#. and .#,, one can refer to
the help of Maple). These functions were first intro-
duced by Mathieu when he analysed the solutions to
the Mathieu differential equation

y" + (a — 2qcos(2z))y = 0, (28)
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which arises from the separation of the 2D or 3D
wave equation modeling the motion of an elliptic mem-

brane.

4. Summary and discussion

In this paper, we investigate the (3 + 1)-
dimensional GP equation with time- and space-
dependent potential, time-dependent nonlinearity and
gain or loss with the generalized sub-equation expan-

sion method to obtain rich exact analytical solutions,

which include bright and dark solitons, Jacobi ellip-
tic function solutions and Weierstrass elliptic function
solutions. With computer simulation, the main evolu-
tion features of the analytical solutions obtained are
investigated by computer simulations. Nonlinear dy-
namics of a soliton pulse is also investigated from the
different regimes of soliton management. Our results
can be applied to many physical fields, such as Bose—
Einstein condensate, nonlinear optics, plasma physics,
and open up opportunities for further studies on rela-

tive experiments.

References

[1] Serkin V N and Hasegawa A 2000 Phys. Rev. Lett. 85
4502
[2] Chen S and Yi L 2005 Phys. Rev. E 71 016606
[3] Ponomarenko S A and Agrawal G P 2006 Phys. Rev. Lett.
97 013901
[4] Xie B H and Jing H 2002 Chin. Phys. 11 115
[5] Huang G X 2004 Chin. Phys. 13 1866
[6] Mu A X, Zhou X Y and Xue J K 2008 Chin. Phys. B 17
764
[7] Wang Z X, Ni Z G, Cong F Z, Liu X S and Chen L 2010
Chin. Phys. B 19 113205
[8] Wang B, Tan L, Li C H and Tan W T 2010 Chin. Phys.
B 19 117402
[9] Li B, Zhang X F, Li Y Q, Chen Y and Liu W M 2008
Phys. Rev. A 78 023608
[10] QiR, YuX L, Li Z B and Liu W M 2009 Phys. Rev. Lett.
102 185301
[11] Hu X H, Zhang X F, Zhao D, Luo H G and Liu W M 2009
Phys. Rev. A 79 023619
[12] Yan Z Y, Chow K W and Malomed B A 2009 Chaos,
Solitons and Fractals 42 3103
[13] Yan Z Y and Konotop V V 2009 Phys. Rev. E 80 036607
[14] Yan Z Y 2007 Phys. Lett. A 361 223
5] He Z M, Wang D L, Zhang W X, Wang F J and Ding J
W 2008 Chin. Phys. B 17 3640
[16] Xi Y D, Wang D L, He Z M and Ding J W 2009 Chin.
Phys. B 18 939

[17] Dalfovo F, Giorgini S, Pitaevskii L P and Stringari S 1999
Rev. Mod. Phys. 71 463

[18] Yan Z Y and Hang C 2009 Phys. Rev. A 80 063626

[19] Muryshev A, Shlyapnikov G V, Ertmer W, Sengstock K
and Lewenstein M 2002 Phys. Rev. Lett. 89 110401

[20] Lou S'Y, Huang G X and Ruan H'Y 1991 J. Phys. A 24
L587

[21] Fan E G 2000 Phys. Lett. A 277 212

[22] Li H M 2005 Chin. Phys. 14 251

[23] Chen Y, Li B and Zhang H Q 2004 Chin. Phys. 13 5

[24] Zhu J M and Ma Z Y 2005 Chin. Phys. 14 17

[25] Chen Y, Li B and Zhang H Q 2003 Chin. Phys. 12 940

[26] Chen Y and Li B 2004 Chaos, Solitons and Fractals 19
977

[27] LiB, Chen Y, Xuan H N and Zhang H Q 2004 Appl. Math.
Comput. 152 581

[28] Chen Y, Yan Z Y, Li B and Zhang H Q 2003 Chin. Phys.
12 1977

[29] Zhi HY, Zhao X Q and Zhang H Q 2005 Chin. Phys. 14
1296

[30] Li B 2007 Int. J. Mod. Phys. C 18 1187

[31] Zhang H P, Li B and Chen Y 2010 Chin. Phys. B 19
060302

[32] Zhang H P, Li B, Chen Y and Huang F 2010 Chin. Phys.
B 19 020201

[33] Tiesinga E, Williams C J, Julienne P S, Jones K M, Lett
P D and Phillips W D 1996 J. Res. Natl. Inst. Stand.
Technol. 101 505

050315-8



