Chin. Phys. B Vol. 20, No. 5 (2011) 050314

Generation of W,, state with three atoms trapped in two
remote cavities coupled by an optical fibre*
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We propose two schemes for the generation of the W, state with three atoms separately trapped in two distant

cavities coupled by an optical fibre. One is implemented by controlling the interaction time, the other is implemented

via the adiabatic passage. The influence of various decoherence processes, such as spontaneous emission of the atoms

and photon leakages of the cavities and the optical fibre, on the fidelity is also investigated. It is found that the W,

state can be generated with high fidelity even when these decoherence processes are present.
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1. Introduction

The system, consisting of atoms separately
trapped in distant cavities coupled by optical fibres, is
very promising for the generation of distributed entan-
glement in view of the improvement achieved in the
control of single atom trapped in optical cavity!*) and
the recent realization of microfabricated cavity—fibre
systems.[?! So far, a number of schemes for entangling
the distant atoms have been proposed based on this
system. According to the different methods of imple-
mentation, the schemes fall into two types: by control-
ling the interaction time or via the adiabatic passage.
The schemes, implemented through two methods, for
the generation of the two-qubit entangled state,[6!
the two-qutrit entangled state,”8! the prototype W
statel®9] and the Greenberger-HorneZeilinger (GHZ)

9:10] have been proposed.

statel

It is well known that there are two types of en-
tangled states for a system of three qubits, the GHZ
type and the W type, which can not be converted to
each other under stochastic local operation and clas-
sical communication (LOCC).I"'] The W state is ro-
bust against the loss of qubit, since it retains bipar-
tite entanglement if we trace out any one qubit. How-
ever, the prototype W state cannot be used for perfect
quantum teleportation and superdense coding.!'?! Re-

cently, Agrawal and Pati have shown that there exists
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a variant class of W state named as W, state (n is an
integer),

1

+/1]010) 4 001)), (1)

which can be used for perfect teleportation and super-
dense coding.!*3 In some cases, more information can
be preserved by using the W,, as the quantum channel
than by using the GHZ state.[1415]

In this paper, we investigate the system consist-
ing of one atom trapped in cavity A, the other two
atoms trapped in distant cavity B and an optical fi-
Based on this
system, we propose two schemes for the generation of

bre used to connect the two cavities.

the W,, state. One is implemented by controlling the
interaction time, the other is implemented via the adi-
abatic passage. The influence of various decoherence
processes, such as spontaneous emission and photon
losses of the cavities and the optical fibre, on the fi-
delity is investigated. We also discuss the experimental
feasibilities for our schemes.

Our paper is organized as follows. In Section 2,
the model is introduced and the generation of the
W, state by controlling the interaction time is inves-
tigated. In Section 3, we present the generation of the
W, state via adiabatic passage. Finally, the conclu-
sions are summarized in Section 4.
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W
by controlling the interaction

2. Generation of the state

time

First, we introduce the atom—cavity—fibre system.
As shown in Fig. 1(a), atom 1 is trapped in cavity A,
atoms 2 and 3 are trapped in cavity B, the cavities
are coupled by an optical fibre. The involved atomic
level configurations of the three atoms are shown in
Fig. 1(b).

the interaction Hamiltonian of the atom-cavity—fibre
[16—19]

Under the rotating wave approximation,

system can be written as (A= 1)

Hy = giaile)1(g| + gaazle)a(g| + gaazle)s(g| (2)
+Ab(al +al) + h.c.,

where g1, g and g3 are the atom—cavity coupling con-
stants. They are assumed to be real numbers. The
a1, az and b are the annihilation operators for the
modes of cavities A, B and the optical fibre, respec-
tively. The A is the cavity—fibre coupling constant and

is also assumed to be a real number.

(==
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Fig. 1. The setup and the atomic level configurations for
the generation of three-qubit W), state: (a) the setup, (b)
the involved atomic level configurations.

Initially, we assume the system is in the state
1
V2
where |00). and |0); denote that the cavities and the
optical fibre are in the vacuum states, respectively.

|#(0)) = —=(Is)1 + le)1)9)2l9)300)c[0)s,  (3)

In the domination of the Hamiltonian (2), the state
[s)1]9)21g)3]00)|0)¢ will not evolve with time. The rea-
son is that this state is decoupled from the Hamil-
tonian, i.e., Hi|s)1|g)2]g)3/00)c|0)s = 0. While the
state |e)1]g)2]g)3|00)¢|0)¢ will evolve into the state
[6()) = S5 cili), where

|p1) = |egg)123]00).|0)s,

|p2) = |999)123]10)c|0)s,
|$3) = 999)123100)c|L)t,
|pa) = |999)123|01)c|0)s,
|p5) = |9€9)123]00)c|0)s,
|$6) = |9ge)123/00)c|0)s. (4)

During the process, the system state evolves in the
domination of the Schrédinger equation,

2 (0) = (), o)

where Hj is given by Eq. (2). Here we assume that

g1 =g, 92 = V/ng/vVn+1, g3 = g/vVn+1 (nis an
integer) and r = A\/g. Associating Egs. (4) and (5),
we can obtain

cos (V' 1+ 2r2gt)

“a = (1+2
+ L cos(gty + —=
2C°Sg 14212
Cy = sin(v/1 + 2r2 t—fsm t
2 2\/7 gt) (gt),
03:( +2r2 cos(v/1+ 2r2gt) — 1+22,
1
= = t 1+ 2r2gt),
= g sin(gt) — 5 sin(v/1 4 2071
Vn 1
5 = c, cg= c, 6
5 — 6= = (6)

where

¢ = [cos(V/1 + 2r2gt) + 212

— (1 +2r%) cos(gt)]/2(1 + 2r%).

According to the above equations, when gt =

204+ 1) (1 =0,1,2,...) and V1+2r2 = 2m (m =
1,2,3,...), we can get that ¢; = ¢o = ¢35 = ¢4 = 0,

cs = v/n/vn+1, and ¢g = 1/v/n + 1. Then the sys-

tem is in the state

1
| ) = m(vn +1[sg9)123

+v/nlgeg)izs + 199€)123)]00)c[0)s.  (7)

Thus we obtain the three atoms in the entangled state
(Vi + 1|sgg)ras + V/nlgeg)ios + |gge)12s) /+/2(n + 1),
which is separated from the cavity fields and the opti-
cal fibre mode. This state is equal to (v/n + 1/100) 125+
v/1]010) 125 4 [001)123)/+/2(n + 1) by using the asym-
metric coding?? for the atomic qubits, i.e., qubit 1 is
encoded in the basis vector states |g); and |s)1, while
qubits 2 and 3 are encoded in the subspaces spanned
by the state {|g)2, |e)2} and {|g)s, |€)s}, respectively.
The W,, state is generated ideally.
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However, the ideal condition may not be satis-
fied exactly in practical situations. We plot Fig. 2
to investigate the influence of the deviation of the
cavity—fibre coupling constant on the fidelity, which
is defined as F = [(¥|¥(¢))>. From Fig. 2(a), it
can be noticed that the fidelity is stable against the
deviation of the ratio coeflicient r from the condition
r = /1.5 ~ 1.225. From Fig. 2(b), it can be noted
that the fidelity becomes more stable with the increase
of r. When r > 10, the minimum value of the fidelity
is always larger than 0.995. This means that the con-
dition v1 + 2r2 = 2m (m =1,2,3,...) can be approx-
imately neglected when A > 10g. Moreover, Figure 3
is plotted to investigate the influence of the deviation
of the atom—cavity coupling constants on the fidelity.

1.00 1.00
(b)
0.98
0.99
z Z 096
£ 0.98 £ 094
0.92
097,
' 0.90
29 31 33 5 10 15
gt r

Fig. 2. (a) Fidelity for the generated W, state of three
atoms versus the scale time gt for r = 1.2 (dashed line),
r = 1.22 (solid line) and r = 1.3 (dashed—dot line). (b)
The fidelity for the generated W, state of three atoms
when gt = .

1.00
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Fig. 3. Fidelity of the generated W), state versus the scale
time gt with » = v/1.5. (a) and (b) refer to relative vari-
ations of —5% (dot line), 0 (solid line) and +5% (dashed
line) in go for n = 1 and n = 10, respectively. (c) and
(d) refer to relative variations of —5% (dot line), 0 (solid
line) and +5% (dashed line) in g3 for n = 1 and n = 5,

respectively.

We can see that the fidelity is stable against the devi-
ation. The larger the n is, the greater the influence of
the deviation of parameter g, is and the less the in-
fluence of the deviation of parameter g3 becomes. The
reason is that the population of state |geg)123/00)|0)¢
increases, while that of the state |gge)123]00).|0)¢ de-
creases, with the increasing n in the ideal state | 7).
In the following, we investigate the influence of
atomic spontaneous emission and photon leakages out
of the cavities and the fibre on the fidelity. The mas-
ter equation of motion for the density matrix of the

whole system can be written as(!7-21:22]
3 .
p=—ilH,pl+> — (205 pof =005 p—pofoy)
i=1

2
K
+ Z %(2alpazr - azralp — palTal)

—

+ %(prbT — bop — pb'h), (8)

where I'; is the spontaneous emission rate of atom j
for the state |e);, o, = [g);{el], 1 and v are the decay
rates for photons in the modes of cavities and fibre,
respectively.

For simplicity, we assume that I, = I (j =
1,2,3) and k; = k (I = 1,2). We solve Eq. (8) numer-
ically and plot the fidelity versus gt in Fig. 4. From
the figure, we note that the curve of n = 1 coincides
with that of n = 99 and the maximal fidelity 0.984
can be achieved for the case that I' = Kk = v = 0.01g
and A\ = v/1.5g. Moreover, the W,, state can be gen-
erated with high fidelity even in the weak cavity—
fibre coupling regime if the condition v/1 4 2r2 = 2m
(m=1,2,3,...) is exactly fulfilled.

0.986

0.982 1

0.978

Fidelity

0.974 ¢

0.970 : : : ‘ :
3.0 31 32 3.3
gt
Fig. 4. Fidelity of the generated W, state versus scale
time gt for I' = k = v = 0.01g and A = v/1.5¢g, withn =1

(solid line) and n = 99 (‘+ ’line).

Finally, we briefly discuss the experimental feasi-
bility of the present scheme. The atomic configuration
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could be realized by choosing the appropriate energy
level of the Cs atom.?9) Based on the recent exper-
iments in realizing the high-@Q cavity and the strong
atom—cavity coupling, the condition x < 0.01g can be
satisfied.[23=26] As for the strong couplings between fi-
bre and cavities, a nearly perfect fibre—cavity coupling
(with efficiency larger than 99.9%) can be realized by
fibre—taper coupling to high-Q Si microspheres.[27:28]
Along with the progress of the fibre—cavity coupling
and the strong atom-—cavity coupling techniques, we
believe that the W, state can be generated with high
fidelity based on our scheme.

3. Generation of the W,, state via

adiabatic passage

In this section, we present the scheme for the gen-
eration of the W,, state via the adiabatic passage. The
setup is the same as that introduced in Section 2. The
involved atomic levels and the involved transitions are
shown in Fig. 5. Here, we can take Cs atom to meet

the requirements of the level structure.!19:29

le);
g; .Qj
l9); |%); 8);

Fig. 5. The atomic level configurations for the generation
of three-qubit W, state via the adiabatic passage.

The transition |g); < |e)1 is coupled to the mode
of cavity A with the coupling constant g;. The tran-
sitions |g)e < |e)2 and |g)s < |e)s are coupled to
the modes of cavity B with the coupling constants
g2 and g3, respectively. The transitions [s); < |e);
(j = 1,2,3) are driven by the classical fields with Rabi
frequencies {2;. The interaction Hamiltonian can be
written as (h = 1)

Hyp = grarle)1{(g| + f1le)1(s| + )\b(ai + al{)

£ (a5l (gl + Dle(sl) + b, (9)

We assume that & = 3 = 2, g1 = g, go =

vVng/v/n+1 and g3 = g/+/n+ 1. For an initial state
|sgg)123|00)c|0)¢, the state evolution remains in the
subspace spanned by the basis state vectors

lo1) = 1599)123/00)c[0)¢,

lp2) = egg)123/00)c|0)r,
les) = 1999)123[10)c|0)¢,
la) = 1999)123[00)c|1)s,
les) = 1999)123101)c[0)s,
lvs) = geg)123/00).|0)s,
lo7) = 1959)123/00)c[0)s,
lps) = |gge)123/00)c|0)t,
lo) = 1995)123/00)¢0)s. (10)

There is a dark state
1
D) = yl92lp1) = 22(lw3) —[05))

- 2Ll +lell ()

where NN is the normalization factor. It is noted that

all the three atoms are in the ground states and the
fibre is in the vacuum state, so the effects of spon-
taneous emission and the decay of the fibre can be
ignored safely. Moreover, if the condition g > 2y, {2
is always satisfied, the population of the cavity modes
in excited states is negligible.

Now we show how to generate the W,, state. We
suppose that the condition g > (2, {2 is always satis-
fied. Initially, we suppose that 2 > §2;. Under this
condition, we have |D) ~ |p1). Then the initial state
of the system can be prepared as

1

|2(0)) = ﬁ(lih +15)1)199)25100)c[0)s.  (12)

The state |igg)123]00).|0)¢ does not change under the
time evolution dominated by the Hamiltonian (9), be-
cause it is decoupled from that Hamiltonian. Then
we slowly increase {21 and decrease {2 until 2 < (2.
The state |¢1) is adiabatically evolved into (v/nlp7) +
log))/v/n+1. The final state of the system can be

written as

1
¢) = ——=(V/n+1]i
|P) 2(n+1)( i9g9)123
+V/nlgsg)i2s +1995)123)[00)c[0)¢.  (13)
The three atoms are in the entangled state

(Vn + 1ligg)123 + /nlgsg) 123 + |99s)123)/v/2(n + 1),

which is separated from the cavity fields and the opti-
cal fibre mode. This state is equal to (v/n + 1/100) 123+
V/1]010) 123 +|001)123) /1/2(n + 1) by using the asym-
metric coding[QO] for the atomic qubits, i.e., qubit 1 is
encoded in the basis vector states |g); and |i);, while
qubits 2 and 3 are encoded in the subspaces spanned
by the state {|g)2,|s)2} and {|g)s, |s)3}, respectively.
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However, the condition g > (21, {2 may not be ide-
ally satisfied in practice. Then the cavity modes may
be excited and decay to the state |ggg)i23/00)c|0)s.
These processes would decrease the fidelity of the
generated W,, state. As a concrete numerical exam-
ple, we suppose that 2y = Qyexp[—(t — T)/27%,
2 = yexp(—t?/27%), where T is the adiabatic oper-
ating time, 2y = g/4 and 7 = 40/¢.53%:31] The mini-
mal energy gap is AFEi, = 0.1¢ for A ranging from g
to 50g. For this case, setting g = 1 GHz, the adiabatic
operating time is about 7' > 10/0.1g = 100 ns.[?
As shown in Fig. 6(a), the population of the state
(v/nle7) +|pe))/v/n + 1 finally approaches 1. That is

10 100
A0 )
0.8 v .
g 0.98
% 0.6 ‘,"’0010 42\ \\\
= . < N
o e 1 N
o 04 L = .
Q—i ’, "“ [ 50 190 0.96 \\\
0.2 / ‘\.‘ *
0lbnze 0.94
0 50 100 0 0.05 0.10
gt /9
Fig. 6. (a) Time evolution of the populations. The

Py represents the population of the state |¢1) (dashed-
dot line), the P, represents the population of the state
(Vnler) + lp9))/+/(n + 1) (dashed line) and the Ps rep-
resents the population of the state (|¢3) — |©5))/+v/2 (solid
line). The Ps is enlarged in the inset. (b) Fidelity of the
generation of the tripartite W), state.

to say that a reliable generation of the W,, state can
be achieved. The probability of the state |¢1) evolving
into the state (|p3) — |@5))/V/2 is
T 2
2(0 02
szn/ - (2 )2 sdt,  (14)
o (962)? +2(f102)* + (992)

where k is the decay rate of the cavities. The final

state of the atoms is approximately given by
€

p =0 )123(Y'| + 5\999>123(999|7 (15)

where [¢)') = [vn + 1]igg)12s + V1 — e(v/nlgsg)i23 +

lggs)123)]/+/2(n + 1). Figure 6(b) shows the influence

of the cavity decay on the fidelity. It is noted that the
fidelity would be larger than 0.95 if k < 0.1g.

4. Conclusions

In conclusion, we have proposed two schemes for
generating a three-qubit W,, state with three atoms
separately trapped in two distant cavities mediated by
an optical fibre. For the first scheme, the W,, state can
be deterministically generated at appropriate time if
the ratio of the atom—cavity coupling constant to the
cavity—fibre coupling constant satisfies a certain condi-
tion. By numerically solving the master equation, we
show that the three-qubit W,, state can be generated
with high fidelity even with atomic spontaneous decay
and photon leakages out of the cavities and the opti-
cal fibre. For the second scheme, the W,, state of the
three atoms can be generated via adiabatic passage.
During the whole procedure, since all the atoms are
always in the ground states and the fibre modes are al-
ways in the vacuum state, the influence of the atomic
spontaneous emission and the decay of fibre on the
fidelity can be suppressed effectively. The state can
be generated with high fidelity when x < 0.1g. The
experimental feasibilities for our schemes are also dis-
cussed. We believe that our schemes can be realized

with the achieved progress in experiment.
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