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This paper proposes a scheme to generate, in an ion-trap, a type of multipartite maximally entangled state which
was first introduced by Chen et al. [Chen P X, Zhu S Y and Guo G C 2006 Phys. Rev. A 74 032324]. The maximum
entanglement property of these states is examined. It also demonstrates how to discriminate among these states in the

ion-trap.
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1. Introduction

In recent years, entanglement, owing to its im-
portance in quantum information science,!*? has at-
tracted much attention. Up to now, bipartite en-
tanglement has been completely explored and well
understood, ! but multipartite entanglement has been
still under extensive explorations/*~'") and much at-
tention has been focused on it.I'? Recently, some
types of multipartite entangled states, such as
the GHZ state,!3 W state and linear cluster
state'® have been explored and prepared in different
systems.[16~20] Besides these states, in researching for
faithful teleportation of an arbitrary two-qubit state,
Yeo and Chual?!! introduced a genuine four-qubit en-
tangled state:

00
|X >3214
1
= ——(|0000) — |0011) — |0101) + |0110
S 5(10000) ~ 0011 — fo101) + [0110)
+ [1001) + [1010) + [1100) + [1111))3214.

This state does not belong to the well-known
three types of multipartite entangled states men-
tioned above and has many interesting entanglement
properties.?!l Tmportantly, it has many applications
in quantum information processing, such as teleporta-
tion and dense coding.!*!] Thus, many researches have
focused on looking for concrete systems for generating
this state. For example, Shen et al.?2 put forward a
scheme for generating it with linear optical elements
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and a photon detector, Wang and Yang[?*! proposed
a scheme to obtain it in an ion trap system, He and
Jiang,** and Lin?®! gave a scheme to produce it in
the cavity QED system. Later, to faithfully teleport
an arbitrary N-qubit state, Chen, Zhu and Guol[?%! ex-
tended such a type of state to 2N-qubit case. In their
protocol, the 2/N-qubit maximally entangled channel
state, which cannot be reducible to the tensor product
of N Bell states, takes the following form:

|MES>A1 ooy AN:B1,....Bn

2N
=~ X 4l o
J=1

|MES>A1,.__,AN;31,...,BN

= U1 (AN) UQ (BN) X |G17"'71>A1,...,AN;Bl,...,BN y (2)

where states |J), and states |J'); are orthogo-
nal bases of the Hilbert spaces of Alice’s N qubits
The U; (AN)
and U (BN) are unitary operators acting on Al-

and Bob’s N qubits, respectively.

ice’s N qubits and Bob’s N qubits, respectively.
|G17,,,,1>A17“_7AN;B“__7BN is a tensor product of N
Bell states, 2" |G17---71>A1,...,A;Bl,...,BN = |gz§>AlB1 ®
|¢>A232 Q- ‘¢>ANBN7 where [¢) = (1/v/2)(]00) +
[11)).

In this paper, we propose a method for creating
such a type of 2N-qubit entangled states as shown in
Eq. (2) in an ion-trap system. The paper is organized
as follows: in Section 2, we show the scheme to create
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the 2N-qubit maximally entangled channel state and
study its entanglement property by using the crite-
rion for genuine multipartite entanglement quantum
channels introduced in Ref. [28]. Then in Section 3,
the scheme for generating and distinguishing a set of
orthonormal multipartite maximally entangled chan-
nel states is presented. Finally, the paper ends with a

discussion and conclusion.

2. Multipartite maximally entan-
gled state created in ion-trap

and its entanglement property

We consider that 2V identical two level ions are
confined in a linear Paul trap. The ground state and
the excited state of each ion are denoted as |0) and
|1) respectively. We drive the neighbouring two ions,
ie., the lthand (I+1)th (I =1,2,...,(2N — 1)) ions,
by two classical homogeneous lasers with frequencies
w+v+0d and w—v — 9, respectively. Here w is the fre-
quency of the transition |1) < |0), v is the frequency
of the centre-of-mass mode of the collective motion of
the ions and § is the detuning. Assuming ¢ < v and
considering that v is much larger than other charac-
teristic frequencies, in the Lamb—Dicke regime we find
that the Hamiltonian in the interaction picture is/tf!

H
Li41
I+1

= infle” WZU —0t 4 gel) £ He., (3)

where a™(a) denotes the creation (annihilation) op-
= |1,) (0,] and
= |0;) (1;| are the spin flip operators, 2 and

erator for the vibrational mode, 0’

are the Rabi frequency and phase of the laser fields
and n = +/k?/4vm is the Lamb-Dicke parameter
with k being the effective wave vector of the laser
fields along the direction of the string of the ions

[%00..0)1.2. . 2N

and m being the mass of an ion. When § > nf2,
the resonant transitions are |1;1;11n) < ]0;0;41n)
and |0;1;11n) < |1;0;01n). The Rabi frequencies
for |1;1;41n) < |0;0;41n) mediated by |0;1;41n + 1)
and |1;0;41n £ 1) and for|0;1;41n) <
ated by |1;1;11n + 1) and |0;0;41n £ 1) are given by
A = 2(£21)?/6. Then the effective Hamiltonian can be
described by!16]

|1lOl+1n> medi-

I+1
e A
Hey = 5 20 (1) (5] +103) 05 + Ao oy

=1
+ afal;l +H.c.). (4)

Noticing |1;) (1;]+10;) (0;] = I and using Eq. (4), we
can express the evolution operator of the system as
follows (let i = 1):

Ul,l+1(t) _ efi)\tafaf_*_l
= cos (At) — isin () of 0] 4, (5)

where o’ = Ul++0f and a common phase factor e ™A
has been discarded. So, the evolution of a pair of

neighbouring ions [ and [ + 1 obeys

U(t) |00) = cos(At) |00) — isin(At) [11),
U(t)|01) = cos(At) |01) — isin(At) [10)
U(t) |10) = cos(At) |10) — isin(At) [01)
U(t) |11) = cos(At) |[11) — isin(A¢) [00).  (6)

Assume that the initial state of the system of 2N
ions is [00...0); 5 oy We drive every pair of neigh-
boring two ions by the above mentioned lasers with
duration 7 = m/4)\, respectively. Then the state of

the ionic system evolves into

1%00...0) 1.2, an

= Uan—12N(7) ... Us(7)U12(7) [00...0); 5 5 (7)

where Up41(7) = (I — iofof,)/v2. This state can

also be expressed as

 Vaxsan @ @ Vag @ Vas [f(|oo>—1n>>12] [f(|oo>—1|n>)34 o

1
® | —=(]00) — i ]11))an—
75(100) = 111 |
=Von 22 ® - QVigQVos®Son_1® -

= Ui (AN) U3 (BN)|G1,..1)1,3, ... 2N —

® S5 ® 51 |G1,...

11,3,...,2N —12,4,...,2N

2.4,... 2N (8)
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where
Ul (AN) = Sony-1® - ® S350 5
with
S;=105) (0] —1[1;) (L4,
(j=1,3,5,...,2N — 1);
Uy (BN) =Von_92n ® -+ @ Vi ® Voy

with

Var2041)(7) = (IJF iaizag(m)) /V2,

o + —
Ug(z+1) =1 <02(1+1) - ‘72(1+1)) ;
(1=1,2,...,N—1);

and the state |G1,..1)1,3 ... 2N —1,2,4,...,2N 182

A B
tensor product of N Bell states [¢), , ® [¢)3, ® -+ ®
|9)on_1.0n > With [¢) = (1/v2)(|00) + [11)). Equa-
tion (8) shows that [thg0...0)1 5 oy IS just the type of
2N-qubit maximally entangled channel state as that

ag a1
A1 x2N A1 x2N 41
Miy.n = (% 2N (22N 41

Q2N —1)x2N Q2N _1)x2N 41 Q2N _1)x2N 42

From the matrix M n, we can derive matrix
M; j,..jx Wwhich operates on arbitrary N parti-
cles j1,72,...,4n, where ji € {1,2,...,2N}, k =
1,2,...,N. For convenience, we let j; < jo < --- <
jn and jy+1 < jNt2 < -+ < jon. Then the matrix
element b, of the matrix Mj, ;,. ;v is related to the
matrix element ay of the matrix M1, n by

an = 0K, (10)

where the subscripts m and K are related as fol-
lows: if the binary form of the integer m is Ay Aa... \on
(ie., m = 22N=1N; + 22N=2), + . 4+ 200N, \; €
{0,1}), then the integer K = Z?ivl 22N =i Us-
ing the matrix Mj, j, jn,
maximum entanglement between the subsystems of
state [100..0)1 0 on- If Mjljzu-jNMjleQij =
I/2"N | there exists maximum entanglement between
s jv and jni1,iN+2, -2 I
# I/2N particles ji,7j2,...,JN
,jen are not maximally entan-

we can examine the

particles ji,ja2, ...
M; M

Jij2.--JN
and jn41,IN+2,---

1J2---JN

A1 x2N 42

A2 % 2N 42

in Eq. (2).
for genuine multipartite entanglement quantum chan-

The following, we will use the criterion

nels introduced in Ref. [28] to examine the maximum
entanglement property of this state.

According to Ref. [28], Eq. (7) can also be ex-
pressed as

[900...0) 1.2, 2n

1
= > My yliviy...in)liriz...in)
i1,02,...,in=0

22N 1

- Z GK‘R>12...2N’ 9)

K=0

where the operator M2 n operates on particles 1,2
..., N. The K is the binary form of integer K,
namely, K = 22N=1j; 4 22VN=2, 4+ ... 4 204,n and
K = 112 ...9on. The complex number ax satisfies
the condition Z?jio_l lax|> = 1. The matrix form
of operator Mio. n (The states |0) and |1) take the
matrix representations [0) = (1 0)T and [1) = (0 1)T)
is

a9 a9oN _1
Q1% 2N 42N 1

A% 2N 42N 1

Q2N —1)x2N 42N 1

gled, but the entanglement between them is quanti-
fied by von Neumann entropy®”! as E(pj,j,. jx) =

= > Ailog A\;, where \; is the eigenvalue of the ma-

X Pjgein = Miigegn M), - For exam-
ple, when N = 3, the state in Egs. (7)—(9) re-

duces to |¢00..‘0>1,2’. - For this state, we can ob-

tain MigsMly — MisgMb, = MM, —
My6M] s = I/2/2, so there exist maximum entan-
glements between ions (1,3,5) and (2,4,6), (1,3,6)
and (2,4,5), (1,4,5) and (2, 3,6), (1,4,6) and (2, 3,5).
There does not exist maximum entanglements be-
tween the remaining pairs of the state, the von Neu-
mann entropy between these pairs are E (p123) = 1
and E(Pl24) = E(0125) = E(P126) = E(P134) =
E (p156) = 2.
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3. Generating and distinguishing
a set of orthonormal multi-
partite maximally entangled

states

initial state of 2N
which are confined in the linear

We consider that the
identical ions,
Paul trap mentioned above, is an arbitrary state
|m1m2...m2N>1’2w’2N, where m; € {0,1},j =
1,2,...,2N. We drive every pair of neighbouring ions,
respectively, by the above mentioned lasers with du-
ration 7 = w/4\. Then the evolved state of the ionic
system will be

[Vmima..man )12, 28

= Uan-12n ... UssUrz[mima...man), 5 oy

= Usn—1.2n ... UsgUia(o5n) ™Y ... (05)™2(o])™
x [00... 0>172,...,2N

= (o3n)"™N .. (03)™ (07) " Uan—1,2n - .. U2sUn2
x [00... 0>1,2,...,2N

= (o3n)™* . (03)™ (07)™ [Y00...0)1 2, 2n - (11)

It is not difficult to find that 12, 2N (Vmimy..my, |
wmlmg...m2N>1,2,...,2N ==

{‘wmlmZ'--m2N>1,2,m,2N7 m; € (0,1)} constitute a set
of 22N orthonormal basis states. For these states,

5m1m/15m2m/2 . 5m2Nm’2N? SO

the entanglement is the same as the state in Eq. (8),
they are all the type of 2N-qubit maximally entan-
gled channel state as those in Eq. (2). Next, we show
how to deterministically distinguish among these ba-
sis states in the ion-trap mentioned above. Assume
that the 2N trapped ions are initially in the state
|@/}m17,,,2___m2N)1,27‘__,2]\,, we drive the neighbouring two
ions respectively by the above mentioned lasers with
duration 7 = 7 /4], then the state of the ionic system
will be evolved as follows:

|"/)m1m24--m2N>1,2,...,2N

— i(of)" (o3n) "N [mama . .. m2N>1 2,...,2N * (12)

3 hyens

Equation (12) shows that each of the 22V orthonormal

basis states {|z/1m1m2_“m2N>1,27___72N, my; € (0,1)} can
be transformed into a corresponding product state of

2N ions. So, a deterministic measurement for these
basis states can be achieved by individual detection of
the related ions.

4. Experimental feasibility

Now we give a brief discussion on the experi-
mental matters. Based on the current ion-trap tech-
niques,*% we can use one Zeeman level of the S; /2
ground state of 4°Ca™ ions as the state |0) and one
Zeeman level of the metastable Dy /5 state as the state
|1). The lifetime of the metastable Dy/5 state is
71 ~ 1.16 s. With the accessible centre-of-mass mode
frequency v = 1.2 MHz,!) we can choose § = 0.1v,
n = 0.1, 2 = 0.1v, thus the condition 2n < 6§ K v
can be satisfied. Then the mean phonon number n of
the centre-of-mass mode should be less than 3 in or-
der to satisfy nv/n + 1 < 1, i.e., the Lamb—Dicke cri-
terion. According to recent experiments,°~33] these
parametric values are available, with which the dura-
tion of our schemes is only 37 = 7§/(8n202?%) ~ 1u s,
much shorter than 7;. In addition, it is experimentally
achievable to precisely control the laser-illuminating
time and locate the ions in a trap.29=32 Thus our
schemes are realizable with the present ion-trap tech-
niques.

5. Conclusion

In conclusion, the multipartite maximally entan-
gled states?®! have many interesting properties and
possible applications in quantum information pro-
cessing (QIP) and fundamental tests of quantum
physics.1?2] Therefore, it is meaningful to explore them
in concrete systems. In this paper, we propose a sim-
ple scheme for generating such a type of multipartite
entangled states in an ion-trap system. We examine
the entanglement property of these states by using the
criterion for genuine multipartite entanglement quan-

(6] and the von Neumann entropy.*%

tum channels
Moreover, we demonstrate how to discriminate among
this type of 22V basis state in an ion-trap. It has been
shown that these 22V basis states can be determinis-

tically distinguished.
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