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Ground eigenvalue and eigenfunction of a spin-weighted
spheroidal wave equation in low frequencies*

Tang Wen-Lin(# 3C#k)T and Tian Gui-Hua(H5t{E)*

School of Science, Beijing University of Posts and Telecommunications, Beijing 100876, China

(Received 29 August 2010; revised manuscript received 10 January 2011)

Spin-weighted spheroidal wave functions play an important role in the study of the linear stability of rotating
Kerr black holes and are studied by the perturbation method in supersymmetric quantum mechanics. Their analytic

ground eigenvalues and eigenfunctions are obtained by means of a series in low frequency. The ground eigenvalue and

eigenfunction for small complex frequencies are numerically determined.
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1. Introduction

Angular spin-weighted spheroidal wave functions
were introduced by Teukolsky!! in a paper dealing
with the linear perturbation of a rotating Kerr black
hole. They determine the linear stability of a Kerr
black hole. These functions, which are denoted by
Sn(m,s,c;0),n =0,1,2,...
angular spin-weighted spheroidal wave equations

in this paper, satisfy the

+5—2¢cscosf + ¢ cos® 0

1 i sin Hi
sin 6 d6 do
_ <m+5§089>) S 5,¢:0)
sin“ 0
= —FE,(m,s,c)Sp(m,s,c; ),
n=20,1,2,..., (1)

where the independent variable 6 lies in the inter-
val (0,7), m, s and ¢ are constants. In the famous
paper,t) these three constants have their own physical
meaning, m is the magnetic normal mode, s the spin
of the perturbation field and ¢ the rotating frequency
of the Kerr black hole. The boundary conditions

252

E = —
o(m, s,c) =(m 1

s)m+s+1)—
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for these eigenfunctions S, (m, s,c;6), n=0,1,2,...,
with eigenvalues E,,(m, s, c) are finite at § = 0, 7. For
simplicity, in the following we assume that 2s is either
zero or a positive integer. Although the spins could be
0,£1/2,41,+3/2 or £2, it is easy to obtain a relation
between the eigenvalues and eigenfunctions for —s and
s from the viewpoint of an integral equation.?3 The
parameter ¢ is a complex number. We can refer to
Refs. [4]-[6] for more detailed information about an-
gular spin-weighted spheroidal wave equations.

In this paper, we will give the ground eigenvalue
and eigenfunction of Eq. (1) for small absolute val-
ues of ¢. This work is an extension of our preceding
work,[” in which we study the ground eigenvalue and
eigenfunction of spheroidal wave equations where the
spin s = 0 in Eq. (1). Asin Ref. [7], we use the pertur-
bation method in supersymmetric quantum mechanics
(SUSYQM) to present the ground eigenfunction by a
product and the ground eigenvalue by a series, which
will be useful for their application.

The ground eigenvalue and eigenfunction of
Eq. (1) are as follows:

n n—1 min({,k—1)

ZC"“XZZ >

ag,i(m, s)ant1—k,e—i(m, s)(De — Dyy2), (2)

k=1 4¢=0 i=04—i<n—k
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and

S’O(mSCG)—expl /Wmsc,gb)dqﬁ}—smmetan fHeXp Zangms)

where the coefficients a,, ¢(m,s) and D, satisfy sim-
ple recurrence relations. However, we should empha-
size that the finiteness of the ground eigenfunction at
# = 0,7 induces a condition on the parameters m
and s, which is m > s for non-negative integers m
and 2s. To present our main results clearly, we give
the ground state eigenvalue and eigenfunction with-
out detailed proof in Section 2. The detailed proofs
are shown in the Appendix.

2. Ground state eigenvalue and

eigenfunction

In order to use the SUSYQM approach, we
should transform Eq. (1) into a standard Schrodinger

equation.!®~1% Applying the transformation!!°!
Yn(m, s, c;0)
Sn(m S, Cj 9) W,
0<f<m n=0,1,... (4)

to Eq. (1) yields

2 .
_ $Yn(m 5,66 w”(g;’;’c’ 2N V(m, s, ¢;0)¢n(m, s, ¢;0)

= E,(m,s,c)Y,(m,s,c;0), n=0,1,2,..., (5)

where V(m, s, ¢;0) is

1 1 (m + scosf)?
V(im,s,c;0)=— |14+ —— | — —
(m, 3, ;9) 4( +Sin29) ot sin” 0

+ 2sccos — ¢ cos? 6. (6)

The boundary condition of S,(m,s,c;6) transforms
into the term

Yn(m, s, c;0)

lim
sin'/2 9

i ,n=0,1,... (7)

exists and is finite. When c is small, the ground state
eigenvalue Ey(m, s, c) can be expanded into

ZEO” m,s) (8)

(m, s, c)
and the superpotential W (m, s, ¢; ) into

ZWO” m, s;0)c 9)

W(m, s, c;0)

n-l 041
C(;S : ec" 7 3)
n=1 £=0 T
‘WhiCh satisfies
W2(m, s,¢;0) — W' (m,s,c;0)
= V(m,s,c;@) —Eo(m,S,C). (10)

In Eq. (10) and in what follows, we use the prime
symbol to a function to represent its derivative with
respect to . Hence Eq. (5) can be rewritten as follows:
— A%y, (m, s, c; 0)/d6?
+ [V(m,s,c;6) — Eq(m, s, ¢)],(m, s, c; 0)
= [E,(m,s,c) — Eg(m, s, ¢)],(m, s, ¢ 0),
n=0,1,.... (11)

According to the theory of supersymmetric quantum

mechanics, the ground state eigenfunction is!®!

bo(m, 5,¢:6) = exp [— / "W, s.cx0) d¢] (12)

correspondingly, boundary condition (7) now turns
into the term

exp | = [ Woo(m, 5:) do|
sin'/2 ¢

that exists and is finite, and for any n > 1,

(13)

lim
0—0,7

0
lim exp { c"/ Won(m, s;¢) d‘b} (14)

0—0,7

also exists and is finite.

Substituting Egs. (6), (8), and (9) into Eq. (10)
and equating the coefficients of ¢® on both sides of
Eq. (10), it is not difficult to obtain

Weo(m, 5;0) — W (m, s;0)
1
— Eyo(m, 1
oo(m, s) + 4< + 2 9)
e (m +.520059) 7 (15)
sin“ 6
Wél(m 53 6) - 2VVOO(Tnv S3 G)Wol(mv S3 0)
= Fo1(m, s) — 2scos b, (16)
W(;Q (ma S; 0) - 2WOO (m7 53 H)WOQ (m7 S; 0)
= Epa(m, s) + cos* 0 + W, (m, s;0), (17)
for any n > 3,
Wi (m, s;0) — 2Woo(m, s;0)Wo, (m, s;6)
n—1
= FEon(m,s) + Z Wor(m, s;0)Wo n—i(m, s;6). (18)
k=1
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Obviously, the values of Ey,(m,s) and Wy, (m,s;0),  with
n = 0,1,..., can be determined by the above equa- exp {_ /9 Wao(m, 5:6) do
tions (15)—(18) together with the boundary conditions o
(13) and (14). The evaluations of these Eq,(m, s) and
. . . gmtst1/2 if  — 0;
Won(m, s;0) are presented, but their detailed proofs N ’ ' (22)
are shown in the Appendix. To begin with, the values (m— 9)m—s+1/2’ ifo—m.

of Ego(m, s) and Woo(m, s;0) are Therefore, parameters m and s are needed by bound-

Eoo(m, s) = (m — s)(m + s + 1) (19) &y condition (13) to satisfy the following condition:
and m 2 s, (23)
Woo(m, s;0) = _% — (m +1/2) cot 8, (20) since we have assumed that m and 2s are zero or posi-
sin

tive integers. Now substituting Eq. (20) into Egs. (16),
respectively.  Substituting the last equation into (17) and (18), then it follows from the boundary con-

Eq. (13), one obtains dition (14) that
0 02
_ . s
€xXp |: / WOO (m7 S; (b) d¢:| EOl (m7 s) — —m, (24)
0 .
= tan® B sin™*t1/2 9, (21) Woi(m, s;0) = — i_ 7 sin 0, (25)

n—1 min({,k—1)

Bonti(m,s)==>_3 " Y aki(m,s)ani1-ke—i(m,s)(De — Dyya), (26)

k=1 ¢=0 i=0,4—i<n—k

and
n

Wont1(m,s;0) = sinQZanHyg(m,s)coslé (27)
=0

for any n > 1, where the coefficients a,, ¢(m, s) in the above equations satisfy the following simple recurrence
relations for n > 1:

n—1 min(4,k—1)

-
Angr0(m,s) =Y D" > aki(m, 8)ans1—ke—i(m, s)deo

k=14¢=11i=0—i<n—k
n n—1 min(¢,k—1)

=33 > akilmys)anga—ke—i(m, 8)desao, (28)

— min(£,k—1)

Any1.p(m, s) Z Z Z ak,i(m, 8)ant1—k,e—i(m, 8)de,p

k=1/¢=p+1:i=04—i<n—k
— min(¢,k—1)

—Z Z Do aki(mis)antakei(m, s)deya,, (29)

k=1¢=p—1i=0,—i<n—k

S

for1<p<n-—1,and

n

Ap+1,n (m, 5) = Z ak,k—l(ma 3)an+1—k,n—k(ma S)dn—i-l,n
k=1
1 n
= mzakk 1(m S)an+1 k,n— k;('rn S) (30)
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with the initial condition
s
m+1

aio(m,s) = — (31)
In all the above equations concerning a,4+1x,k =
0,1,...,n, quantities d; ; appear, which satisfy the fol-
lowing recurrence relations:

1
= =2 _ —1 o1
de 2m+€+1[ sdo—1 ks + (0 —1)do—o k|,
0<k<(—30=34,..., (32)
2s
dpg_o=— , 33
ST T om0 2m L+ 1) (33)
1
degp1 = ————— 34
0 4—1 2m+€+17 ( )
with the initial condition
1 S
dig=———, dyg=—
Y om 2" 0T (m+ 1) (2m+3)
1
do1 = ) 35
21 =53 (35)

There are also some coefficients D, to determine the
energy Ey 41 in Eq. (26), they satisfy the following
recurrence relations:

2s {—1
Dy=————D,_ ——D,_
‘ i1 T a1 Y
£=23,..., (36)
with the initial condition
s

Dy=1, D; = — . 37
0 ) 1 m+1 ( )

Finally, substituting all the above evaluations (19)—
(27) of Ep,(m, s) and Wy, (m, s;0) into Egs. (4), (8),

(9) and (12), the ground state eigenvalue and eigen-
function are obtained directly as follows:
252
Eo(m,s,c) =(m —s)(m+s+1)
+1
oo n n—1 (4,k—1)
D ICAD DD DI DRI
n=1 k=1 £=0 i=0,6—i<n—k

X pt1—k,—i(M, 8)(De — Dyy2),  (38)

and

)
So(m, s, c¢;0) = exp {—/ W(m,s,c; ) dqb]

n min({—1,k—1)

IDIEDS

k=1/¢=p+1i=04—i<n+1—k
n min({—1,k—1)

SIS

k=1/¢=pi=04—i<n+1—k

A2n+2,2p+1(m, 0)

=sin™ f tan® —
2

0+1
cos 0
X ||exp g an,e(m, s) 1 —— ", (39)

which we have presented in Section 1.

The above expression of the ground state eigen-
value and eigenfunction are in good forms. In partic-
ular, we can evaluate them up to any order of ¢ with
the help of computer since the coefficients ay, ¢(m, ),
der and Dy, satisfy the simple recurrence relations
from expressions (28)—(37). Therefore, we also give a
numerical determination of the ground eigenvalue and
eigenfunction for small complex frequencies.

As a generalization of our preceding work,!” our
present ground eigenvalue and eigenfunction of the an-
gular spin-weighted spheroidal wave equations should
be reduced into the results in Ref. [7] when the spin is
zero. Indeed, we will show in the rest of this section
that this is true. It is easy to see from Eqs. (19)—(25)
that

Ego(m,s =0) =m(m+1), (40)
Woo(m,s =0;6) = —(m+1/2)cotf,  (41)
E01 (m, s = 0) = O, (42)
and
Wo1(m,s = 0;0) = 0. (43)

As a matter of fact, we will show in Appendix A that
EO,QTL-‘:—I(m)S:O) 207 n:O71a"'7 (44)
and

WO’QnJrl(m,S:O;G) :0, n:O,l,..., (45)

when the spin is zero.
Furthermore, we can obtain

a2n+1,,(m,0) =0, n=0,1,2,...;0 < p < 2n,
(46)

(47)

a2n,2p(m,0) =0, n=1,2,...;

and for 1 < p <n-1,n = 1,2,...,
relations:

the following

azk,2i+1 (M, 0)ag(nt1-k),20—2i—1 (M, 0)dag 2p 11

ok, 2i+1(mM, 0)ag(n1—k),20—2i—1(mM, 0)dogy2.2p11,
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(% ) n ( ) min(¢—1,k—1)
( ) kZ”Z;( +m) > ok, 2i+1 (M, 0)aa(n41-k),20—2i—1(m, 0)
D
p

i=0,0—i<n+1—Fk

( ) min({—1,k—1)
I+1

k=1 /4=p 41 i=0,—i<n+1—k
and
A2nt2,2n41(m,0) = = agp 25-1(m, 0)as(41-k) 2011—2 (M, 0)dan 42,2041
k=1
. Z (m,0) (m,0),
=—— Mg m, 0)as(n " m,
Tmton+3 2k,2k—1 2(n+1—k),2n+1—2k
with initial condition
1
,0) = .
a2.1(m,0) 2m + 3

It is clear that if we define
an,k(m) = (2m + 3)"agn 25+1(m, 0),

and
n—1
Won(m; 8) = W 2n(m,s =0;0) =sind Z azn 2k+1(m, 0) cos? 1o
k=0
1 n—1
:mslnﬂ(:%@kzoank cos%@ n=12,...,

then we obtain from the definition (9) of W (m, s, c; 0) that

W(m,s=0,c0) = Z Won(m,s = 0;0)c" = Z Wo.2n(m, s = 0;0)c*"

n=0
1 co n—1
— (m + 5) cot @ +sin @ Z Z azn 2k+1(m, 0) cos?ktlg
n=1 k=0
1 1 =
7<m+5)COt0+SlH9COS€ZmZank )COS2]€97
k=0

where these a,, ,(m) satisfy some recurrence relations from Eqgs. (48)—(51) as follows:

oy )
),

( ) min(f—1,k—1)
Z Z ( +m> >, ak,i (M) ant1-k,e—i—1(m)

) k=1/{¢=p+1 lz 0,0—i<n+1—k
p

(% ) () ) min(4—1,k—1)
O EE oy 8 st

M\CAJ

k=1 /{¢=p 41 1=0,0—i<n+1—k
and
n
an+1,n(m) = 2m+2n+ Z an+1 k,n— k( )
=1
with initial condition )
aro(m) = 2m+3°

050301-5
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Hence we obtain the super-potential W (m,s = 0,¢; ) as expression (53) and the recurrence relations (105),
(55) and (56) in the case of s = 0, and they are the same as those in Ref. [7], as it should be. When s = 0, it
follows from Eq. (39) that the ground eigenfunction is

s n-l 0+1
So(m, s-OcG)-eXp{ /Wms-Och)dqs}—Sl QH Xp{zane COS an

2 it {41
e} n—1
m 0 COSMJr2 0 5,
= sin 57!:'1 {E a2n2€+1 20+ 2 —, . o € ]
0 n—1
0 1 cos?+2¢
S nlzll P [(2m+3)" ZHG Am) e ] (57)

and from Eq. (38) that the ground eigenvalue is

n n—1 mm f k— 1)
Ey(m,s =0,¢) =m(m +1) Z s Z Z Z a,i(m,0)an1-,e—i(m,0)(De — Dyyo)
k=1 ¢=0 i=0,£—i<n—k
n—1n—1 min(£,k—1)

m(m +1) Z c*" Z Z Z ask 2i+1(M, 0)a2n—2k,20—2i—1(m, 0)(Dag — Dapy2)

n=1 k=1 £=0 i=04—i<n—k

= Qp O
m(m+1) Zagnlmo m(m + 1) Z n, (58)
n=1 n=1 2m + 3
since ‘depends also on boundary conditions (13)-(14). We
(20— DII(2m + ! have given Egg(m, s) and Wyo(m, s;6) in the last sec-
Doy = @m+ 201 1) £=1,2,3,. (59)  tion. Here we will calculate the other terms. In order
to simplify the calculation, it is useful to introduce
with the initial condition functions f,(m,s;0),n =1,2,..., as follows:
Dy =1, (60)
fi(m,s;0) = Ep1(m, s) — 2scos ), (A1)
and Fa(m, 5;0) = Eoz(m, 5) + cos® 0 + W5, (m, 5;0), (A2)
D2E+1:0, £:07132a"'a (61)
which were proved in detail in Appendix. and for n > 3,
Therefore, we obtain the same results in case of n—1
s =0 as those in Ref. [7], as it should be. fa(m, s;0) =Eo,(m, s) + Z Wor(m, s;0)
k=1
X Wo n—r(m, s;0). (A3)

Appendix A: Proof of the formu-

. Hence Egs. (16)~(18) can be concisely writt
lae for the eigenvalue and super- 1o Fas- (16)7(18) can be conciscly written as

potential W, (m, s;0) + [2scsc O + (2m + 1) cot 0] Wo,, (m, s;6)
= fulm,s;0), n=1,2,.... (A4)
In this appendix, the detailed evaluation of
Eon(m,s) and Wy, (m,s;6), n =0,1,2,... are given. So it is easy to give the solutions Wy, (m, s; ) of the
They satisfy Egs. (15)—(18), and their determination  above equations as
|

0 0
exp lQ/ Woo(m, s; @) d(b} / frn(m, s; @) exp [— 2/99 Woo(m, s; ¢) d(ﬁ] d

= 0 / fn(m, s; @) tan? (g in*"pde, n=1,2,.... (A5)
tan?s — 5 sin?mt1 g

Won(m, s;6)
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Before evaluating Wy, (m, s; ), some helpful for-
mulas are given for latter use. Their deriva-

tions are easy to obtain from the theory of special

function.'1:12 If we define functions
’ ¢
Ag(m, s;0) E/ cos’ ¢ tan?* 5 sin?™ 1 ¢ de,

(=0,1,2,..., (A6)
then they satisfy the following recurrence relations:

2s

and
A
Ao(m, s;0) = / tan®* ) sin?™ ! ¢ do

0
:/ (1 — cos ¢)** sin?(m =9+ ¢ 4o

o i (—2s)¢ i (s —m), cos?FHit1g (A9)
B 0 = K2k +e+1)

where (a), = ax (a+1) x...x (a+n—1) for any

Ag(m, 5;0) = — 27“14[71(77%3;9) constant a. It follows from Eqgs. (A1)—(A8) that all
m;— 1+ Won(m, s;6), n > 0 will contain the term
+ ———Ap_o(m,s;0
i1 sf) Ao(m, 5;¢)
cost~ 10 0 :
oIl tan?* 2 sin?™+2 ¢, tan2s ¢ sin?m+ ¢
(=2.3,..., A7
925 (A7) However, these terms in Wy,, might make the ground
Ay (m, s;0) = — o T 2A0(m, s;0) eigenfunction Sp(m,c;0) = exp [— fe W(m,(b)dgb]
1 95 0 . oo blow up at the boundaries § = 0, w. For ease of
+ om + 2 tan 5 S 0, (A8) understanding, we now calculate the integral
|
/9 AO (m7 S; (b) d¢
tan?* g sin?™ 1t ¢
__ﬁiiipagﬂs—mn 1 L
a 1k! 2m
== L) 2k+6+1) 2
2m
1 2m — 2k — £ —1 0
—_— Fi(—n,—2k—£—1;2m — 2k — £ —n; —1)t 2(”7”“3)(7)
o S R
n=0,n# m+s
2m — 2k — 0 —1 0
+ ( o >2F1(—n,—2k —0—1L;m—2k—{—s—1)lntan (2)1 (A10)

where 5 F} (a, b; ¢; ) is hypergeometric function.!*!:12

When a > 0 and k is positive integer, one obtains

, if 6 — 0;
exp [atam]c (Q)} Y (A11)
2 1, if -«
and
0 1, if6—0;
exp [atan_k (7)} — e (A12)
2 o0, ifd — 7.
Thus to let
0
. Ao(ma Sa¢)
GE%TW P [a/ tan? %sin%”le 0] d¢ (A13)

exist for any complex a, from Eq. (A10) there must be
a = 0. This is an important property which we will

use repeatedly in the following. Now assume that

Ag(m, 8;0) = DpAg(m, s;6)

-1
0
+ (Z dex; cosk 9) tan2® 5 sin?mt1l g,

k=0
£=1,2,..., (A14)
from Egs. (A7) and (A8), one obtains
25 /-1
Dy=—————D,y_ ———Dy_o;
¢ 2m+€+1z1+2m+£+1£2,
(=2.3,..., (A15)
with the initial conditions
s
Dy=1, Di=———; Al6
: =t A
and
d —* — 2sd +(-1)d }
Lk = om 11 —1,k —2.k |5

0<k<l(—3/0=4,..., (A17)
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2s
dpg—o = — A18
ST T em 4+ 2m AL+ 1) (AL8)
1
dpgp1 = ——— A19
0,0—1 om + ; + 17 ( )
with the initial conditions
1 s 1
dio = doo = — day = . A20
Y omr2 YT T+ D@2m+3) P 2m+3 (420)
Hence
1 o %)
Woi(m, s;0) = 7 / {Em(m, s) — 2scos cp] tan?* 3 sin?™*t o de
tan?® — sin®" "1 9
1
= 7 [Em(m, $)Ap(m, s;0) —2sA1(m, s; 9)}
tan2® = sin?mt1 g
2
= ! Epi1(m,s) + 25 Ao(m, s;0) — ° _sind (A21)
- 01 9 m+ 1 0 ’ 99 m + 1 .

0
tan?* 3 sin?™*1 g

In order to satisfy boundary conditions (14), the coefficient of Ag(m, s;0) in Eq. (A21) must be zero, which is

252

Eoi(m, s) = i (A22)
SO )
Woi(m, s;0) = 1 sin 6. (A23)
Similarly, we obtain
1 0 0
Woz(m, s;0) = 0 / [Egg(m, s) + cos® ¢ + W (m, s; w)} tan? Z sin?™ ! o dyp
tan?® = sin®"*1 g 2
2
1 /0 [ 2 g 2 25 P . 2m+1
= Eo2(m, s) + cos® o + ————— sin 4 tan“® = sin“""" pdy
tan2s Qsin2m+1 0 (m+1)? 2
2
s? Ap(m, s;0) s? As(m, s;0)
— EOQ(m’ 3) + :| )9 + |:1 _ :l .a 7m
{ (m+1)? tan2s gsin2m+1 9 (m+1)?] tan2s g sin®™t1g
= {Em(m 5) + a (m+s+1)(m—5+1)(m+252+1)} Ao(m, s;0)
) ) 3
(m+1) 2m+3)(m+1) tans g sin2m+ g
(m+s+1)(m—s+1) s )
- 0 0 A24
@m 1 3)(m 1+ 1)? my1 st )smo (A24)
boundary conditions (14) require that the coefficient of Ag(m, s;6) in Eq. (A24) must be zero, which is
52 (m+s+1)(m—s+1)(m+2s>+1)
E; =- - , A25
OQ(m,S) (m—l— 1)2 (2m—|— 3)(m—|— 1)3 ( )
" (m+s+1)(m=s+1)
m+s+1)(m—s—+ S
W ;0) = - 50 ) sin 6. A26
02(m, s;0) 2m 1 3)(m + 1) < ml + cos ) sin ( )

We now surmise the following conclusion and then prove it by mathematical induction.
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Conclusion: From Eq. (A4) and boundary con-
dition (14), we obtain
(i) for any n > 1, Wy, (m; 6) has a from

WOn(m7S;9) = sinf x gn(mvs;0)7 (A27)

where g, (m, s;0) is a polynomial of cos#, its highest
degree is n—1 and, for odd n, s is a factor of g,,(m, s; 6)
or gn(m,s;0) « s. In particular, if

E angmscosé

then a,, satisfy the relations. There are relations
(28)—(31) for n > 1, and the coefficients d,, occur-
ring in these relations are given in Eqgs. (A17)—(A20).

(m, s;0) (A28)

Hence the super-potential is

_ S (+1)
T sme Mo

oo n—1

+siné Z Z an.o(m, s) cos’ Oc™,

n=1 ¢{=0

cot 0

(A29)

ii) for any n > 1
(i) y :

n—1 min({,k—1)

Eony1(m,s) = Zn:i Z

k=1 £=0 i=0,0—i<n—k

X Gpg1—k,t—i(m, s)(De — Dyy2),
(A30)

ag,;(m, s)

where the coefficients Dy are given by Eqgs. (A15) and
(A16).

We will draw the conclusion in the following. It
follows from the preceding evaluation that this con-
clusion holds for n = 1,2. Now, if we assume that it
holds for 1 < N < n for n > 2, then from Eq. (A3),

W(m,s,c;0) = ) Won(m, s;0)c"
(m, s,¢;0) ;::0 on(m, s;0)c we have
|
Frs1(m, 5;0) = Eonya(m,s) + > Wok(m, 5,0)Woni1-k(m, s;0)

k=1

= Fo.ns1(m, s) + sin’ Qng(m, $;0)gny1—1(m, s;0)

k=1
n k—1n—k o o

= Epn+1(m,s) + Z Z Z ax,i(m, 8)an+1—k j(m, s)(cos"™ 6 — cos' I +29), (A31)

k=114=0 j=0

which is a polynomial in cosf with degree n + 1.
From the known Eq. (A23), one has g1(m, s,0) « s. Obviously, when n + 1 is odd, then for any 1 < k <n,
either k or n + 1 — k is odd. By induction it is easy to obtain

ZWok m, 8;)Wo nt1-k(m, s;0) = sin Gng m, $;0)gni1-k(m, s;0), o s. (A32)
Substituting Eq. (A31) into Eq. (A5) yields

WO,n-‘rl (m7 S5 6) =

/ Frr1(m, 530) tan® £ sin®™ 1 o dg
2m+1 g 2

n k—1n—k
|:EO n+1 m,s +ZZ Za'kl m,s an+1 k](m s)(Dz+] Di+j+2):|

k=11=0 j=

Q

2
AO(m7 S 0)

gbin2m+1 0

n k—1n—k i+j—1 i+j+1
+sin @ E ag,i(m, s)an41—k,;(m, s) E diyjp— E diﬂqrzyp) cosP 0 (A33)
k=1i=0 j=0 p=0

Jj=
to satisfy condition (14). From Eq. (A13)

n—1 min(f,k—1)

, the coefficient of Ao(m, S; 0) in Eq. (A33) must be zero, which is

Eont1(m,s) Z Z Z ak,; (M, 8)ant1—k,e—i(m, s)(D¢ — Deya), (A34)
k=1 £=0 i=0,6—i<n—k
0 .
Wo.nt1(m, s;0) =sind Z any1.0(m,s)cos’ @ = sin g, 1(m, s;6), (A35)

£=0
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where coefficients Dy and dy,;, are given by Eqs. (A15)—  with the initial conditions
(A20). From Egs. (A32) and (A33), gnt+1(m, s;0) < s

for odd number n 4+ 1. Then we establish the conclu- Do =1, (Ad1)
sion by mathematical induction. It follows from the
fact that g,,11(m, s;0) o s for odd number n + 1 that Dae1 =0, £=0,1,2,.. (A42)
a2n+1,p(mas) xS, TL:(),LQ,...; ngézna and
(A36)
3
then (%) (5 +m)
_ £ _
a2nt1,p(m,0) =0, n=0,1,2,...; 0 < p < 2n. dae2p+1 = 3 o> P=0,1.... (-1,
(A3T) G+m), (),
We will prove by mathematical induction that dapop =0, p=0,1,...,0—1,
aon2p(m,0) =0, n=1,2,...; 0<p<n—1. (A38) da+1,2p+1=0,p=0,1,....0—1,
2(m +2)p—1
o . d = —— P =12/
To begin with, it follows from (63) that 20+1,2p 2m+2)p p=12....¢
|
PO 9 (m A+ 1)(m + 2), (A43)
Secondly, when s = 0, we obtain from the definitions
(A15) to (A20) of Dy and dy,, that Since we have proved ag,o(m,0) = 0, we can assume
21 — 1)11(2 )1 that Eq. (A38) holds for all positive integers smaller
Dy = MmN g (A40)
(2m + 20+ 1)!! than n, then
n min(£,2k—1)
a2n+2,2p(m, 0) Z Z Z azk,i(m, 0)az(n+1-k),e—i(m, 0)de,2p
k=1 ¢=p+1i=0,6—i<2n—2k+1
n 2n min(¢,2k—1)
- Z Z Z ki (M, 0)ag(p41—k),e—i (M, 0)d g2 2p. (A44)

k=14f=p—1i=0,0—i<2n—2k+1

It follows from Eq. (A43) that the non-zero terms in the last equality must be those that correspond to
the odd numbers of £, but then either asg ;(m,0) = 0 or as(n41—k),2041—i(m,0) = 0 hold for any i due to our
assumption, hence we establish Eq. (A38). As for asy, 2p+1(m,0), we can obtain the recurrence relations (48),
(49) and (50). Therefore, when s = 0, our results are reduced into those of an angular spheroidal wave equation
when spin is zero, as indicated in Ref. (7).

Finally, we obtain the ground eigenvalue as

(m, s,c) gEOnms

n n—1 min({,k—1)

=m-s)(m+s+1) Z ntl Z Z Z ak,i(m, s)ant1—ke—i(m,s)(De — Do), (A45)
k=1 £=0

n=0 1 i=0,—i<n—k

the super-potential as

W(im,s,c;0) = ZWOnmSG

oo n—1
S 1 ) B
= T sind (m T 5) cot § + smG; ;an/(m,S) cos’ B¢, (A46)
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and the ground eigenfunction as

1/J0(ma S, Gy 9)

n=1

0 o0
tan® 5 sin™"2 ¢ H exp

0
exp | - / W(m, s, c; 6) do

costtlo

DS (A47)

[Z an e, )

£=0

References

Teukolsky S A 1973 J. Astrophys. 185 635

Slepian D and Pollak H O 1961 Bell. Syst. Tech. J. 40 43
Tian G H 2005 Chin. Phys. Lett. 22 3013

Berti E, Cardoso V and Casals M 2006 Phys. Rev. D 73
024013

Casals M and Ottewill A 2005 Phys. Rev. D 71 064025
Chandrasekhar S 1983 The Mathematical Theory of Black
Holes (Oxford: Clarendon press) pp. 34-53, 85-93, 139—
150, 273-299, 430

[7]
(8]
[9]
(10]
(11]

(12]

050301-11

Tang W L and Tian G H 2010 Chin. Phys. B 19 010304
Cooper F, Khare A and Sukhatme U 1995 Phys. Rep. 251
268

Infeld L and Hull T E 1951 Rev. Mod. Phys. 23 21

Tian G H and Zhong S Q 2010 Chin. Phys. Lett. 27 040305
Wang Z X and Guo D R 2000 Special Function (Beijing:
Peking University Press) Chapts. 2, 3, 4

Andrews G E, Askey R A and Roy R 1993 Special Func-
tion (Cambridge: Cambridge University Press) Chapts. 1,
2,3



