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Electromagnetic scattering from two-layered rough

interfaces with a PEC object: vertical polarization∗
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Electromagnetic (EM) scattering from a stack of two rough interfaces separating a homogeneous medium with a

perfectly electric conducting (PEC) object has been calculated through the method of moments for vertical polarization.

Theoretical formulations of EM scattering from multi-layered rough interfaces with a PEC object have been derived in

detail and the total fields and their normal derivatives on the rough interfaces are solved. The two-layered model is a

special case. In this work, a Gaussian rough surface was applied to simulate the rough interface. A cylinder was located

above, between or below the two-layered rough interfaces. Through numerical simulations, the validity of this work

is demonstrated by comparing it with existing scattering models, which are special cases that include a PEC object

located above/below a single-layered rough interface and two-layered rough interfaces without an object. Subsequently,

the influences of characteristic parameters, such as the relative permittivity of the medium, as well as the average height

between the two rough surfaces, on the bistatic scattering coefficient are discussed.
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1. Introduction

Electromagnetic (EM) scattering from layered
rough interfaces with/without an object has been ex-
tensively investigated for various applications, includ-
ing landmine, pipe or other buried object detection,
and depth measurement of snow-covered earth or of
oil covering an ocean surface.[1−3] Approximate an-
alytical methods, such as the Kirchhoff approxima-
tion [1] and the small perturbation method,[2] have
been applied to investigate the properties of EM scat-
tering from two-layered rough interfaces. However,
those two analytical methods have strict limitations,
low precision and are not effective for computing com-
posite scattering from two-layered rough interfaces
with an object. The finite difference time domain
(FDTD) technique has been presented to compute
bistatic scattering from an object above a two-layered
rough interface.[3] The extended boundary condition
method and the scattering matrix technique have been
used to study EM scattering from layered rough sur-
faces with and without a cylinder buried in it.[4,5] Un-
like these methods, the method of moments (MOM)

achieves a high level of accuracy by directly apply-
ing the boundary conditions on the interfaces. Based
on the MOM, the propagation inside layer expan-
sion (PILE) method is combined with the banded
matrix iterative approach canonical grid method, or
forward-backward spectral acceleration, to calculate
EM scattering from a two-layered rough surface with
an object.[6−8] In this work, the theoretical formula-
tions of EM scattering from multi-layered rough inter-
faces under vertical (VV) polarization are provided,
the total fields and their normal derivatives on the
rough interfaces are solved. The two-layered model is
a special case. Significant improvements to the inte-
gral equations and the matrix equation are also pre-
sented for when an object is located above or below
the multi-rough interfaces or between any two rough
interfaces. The purpose of this work is to combine the
accuracy and validity of integral equations and ma-
trix equations to calculate EM scattering from multi-
layered rough interfaces with or without an object.
Detailed derivations are described based on the pre-
vious work[9−13] of our research teams. The MOM
algorithm with the pulse basis function and the point
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matching technique[14,15] is proposed to compute EM
scattering from two-layered rough interfaces. The bi-
conjugate gradient method (BICGM)[16] is introduced
to reduce the iterative process of solving the unsym-
metrical matrix equations.

In this work, a Gaussian rough surface is applied
to simulate a realistic rough interface. It is gener-
ated through the Monte Carlo method and is trun-
cated into finite length. The incident wave cannot
be simply chosen as a plane wave and should be ex-
pressed as a tapered plane wave in which energy is
distributed in a narrow beam for the mean incident
angle. In this study, the tapered plane wave sug-
gested by Thorsos,[17] which satisfies the requirement
and the Maxwell’s equation in an appropriate sense,
is regarded as the incident wave. The validity of this
paper is shown by comparing it with existing scat-
tering models, which are special cases that include
a perfectly electric conducting (PEC) object located
above/below a single-layered rough surface[18] and a
two-layered rough surface without an object.[6]

This paper is organized as follows. In Section 2,
the geometric model of this scattering problem, the
derivations of the integral equations and the matrix
equations are described in detail. In Section 3, sev-
eral numerical simulations are presented. The influ-
ences of characteristic parameters, such as the relative
permittivity of the mediums, as well as the average
height between the two rough surfaces on the bistatic
scattering coefficient (BSC), are discussed. Section 4
provides a summary and a proposition about further
investigation of this topic.

2. Theoretical formulations

A VV polarized wave ψinc(r) is assumed to be im-
pinging upon a geometric model, as shown in Fig. 1,
where the P layered rough surfaces are independent of
each other. The surface height profiles are denoted by
z = fp(x) (p = 1, 2, . . . , P ), where fp(x) is a Gaussian
process with a height Gaussian spectrum and satisfies
〈fp(x)〉 = −dp. Here, d1 = 0. In Fig. 1, θi and θs

represent the incident angle and the scattered angle,
respectively. Spaces Ωp (p = 0, 1, . . . , P ) are filled by
a homogeneous medium with relative permittivity εp

(p = 0, 1, . . . , P ), in which ε0 = 1. The relative per-
meabilities of all of the spaces are assumed to be µ0.
In other words, space Ω0 is supposed as free space. ψs

denotes the scattered field in the space Ω0. In this

study, the time dependence is set to be e− i ωt and the
position vector is r = xx̂ + zẑ.

Fig. 1. Geometric model of EM scattering from p-layered

rough surfaces without an object.

In this study, to avoid artificial edge diffraction
resulting from the finite length of the simulated rough
surfaces, the tapered wave suggested by Thorsos, in
which the energy is distributed in a narrow beam for
the mean incident angle, is chosen as the incident
wave that illuminates the geometry model (as shown
in Fig. 1) and can be written as[17]

ψinc(r) = ŷψinc(r)

= ŷ exp [i k0(x sin θi − z cos θi)[1 + w(r)]]

× exp
(
− (x + z tan θi)2

g2

)
, (1)

where g is the tapering parameter with the dimen-
sion of length and controls the tapering of the incident
wave. The additional factor in phase is

w(r) = [2(x + z tan θi)2/g2 − 1]/(k0g cos θi)2.

2.1. EM scattering from multi-layered

rough surfaces

An incident VV polarized tapered wave ψinc(r)
encounters a geometric model as shown in Fig. 1,
where the parameters of the pth Gaussian rough sur-
faces are δp and lp. We define the total fields in the
spaces Ωp (p = 0, 1, . . . , P ) as ψp and their normal
derivatives as ∂ψp/∂np or ∂ψp/∂np+1. In any space
Ωp, the total field ψp(r) obeys the equation

(∇2 + k2
p)ψp(r) = 0, (2)

and kp = ω
√

µ0εp is the wave-number in space Ωp.
The two-dimensional Green’s function obeys the equa-
tion

(∇2 + k2
p)Gp(r, r′) = −Λ(r − r′), (3)

where Λ(r − r′)is the Dirac function, and

Gp(r, r′) = i
4
H

(1)
0 (kp|r − r′|). (4)
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Using the Green’s theorem, we have
∫∫

Ωp

dτ [ψp(r′)∇2Gp(r, r′)−Gp(r, r′)∇2ψp(r′)]

=
∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

−Gp(r, r′)
∂ψp(r′)

∂np

]

−
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

−Gp(r, r′)
∂ψp(r′)
∂np+1

]
,

(5)

where Sp and Sp+1 indicate the interfaces of the pth
and (p + 1)th rough surfaces respectively. For p = 0,
surface Sp can be regarded as S∞, and

∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

−Gp(r, r′)
∂ψp(r′)

∂np

]

= −ψinc(r), r ∈ Ω0. (6)

For p = P , surface Sp+1 can be treated as S−∞, and
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

−Gp(r, r′)
∂ψp(r′)
∂np+1

]

= 0, r ∈ ΩP . (7)

Substituting Eqs. (2) and (3) into the left-hand side
of Eq. (5), one have

∫∫

Ωp

dτ [ψp(r′)∇2Gp(r, r′)−Gp(r, r′)∇2ψp(r′)]

= −
∫∫

Ωp

dτψp(r′)Λ(r − r′)

=




−ψp(r), r ∈ Ωp,

0, else.
(8)

Then, in space Ωp, the total field ψp and its normal
derivatives ∂ψp/∂np or ∂ψp/∂np+1 satisfy the follow-
ing integral equation:

−ψp(r)

=
∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

−Gp(r, r′)
∂ψp(r′)

∂np

]

−
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

−Gp(r, r′)
∂ψp(r′)
∂np+1

]
,

r ∈ Ωp. (9)

For r ∈ Ωp and r ∈ Sp, the first term of the right-hand
side is

∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

]

= −1
2
ψp(r)–+

∫

SpP.V.

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

]
, (10)

where P.V. refers to the Cauchy principal value inte-
gral on the interface Sp. For r ∈ Ωp and r ∈ Sp+1,

the second term of the right-hand side is

−
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

]

= −1
2
ψp(r)−

∫

Sp+1P.V.

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

]
, (11)

and P.V. indicates the Cauchy principal value integral
on the interface Sp+1. Using Eqs. (9) and (10), one
have

0 =
1
2
ψp(r) +

∫

SpP.V.

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

]

−
∫

Sp

dS

[
Gp(r, r′)

∂ψp(r′)
∂np

]

−
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

−Gp(r, r′)
∂ψp(r′)
∂np+1

]
, r ∈ Ωp, r ∈ Sp. (12)

Similarly, using Eqs. (9) and (11), one obtain

0 =
1
2
ψp(r)

+
∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

−Gp(r, r′)
∂ψp(r′)

∂np

]

−
∫

Sp+1P.V.

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

]

+
∫

Sp+1

dS

[
Gp(r, r′)

∂ψp(r′)
∂np+1

]
,

r ∈ Ωp, r ∈ Sp+1. (13)

It is necessary to note that the total fields and
their normal derivatives on the pth rough surfaces are
our focus. That is to say, for p = 0, only Eq. (13) is
considerable, and for p = P , only Eq. (12) is sufficient.

When point r is put on the interface of the pth
(p = 1, 2, . . . , P ) rough surface, the total field ψp and
its normal derivative ∂ψp/∂np satisfy the following
boundary conditions:

ψp−1(r) = ψp(r),
∂ψp−1(r)

∂np
=

1
ρpp−1

∂ψp(r)
∂np

, (14)

for the horizontal polarization, ρpp−1 = 1, and for VV
polarization, ρpp−1 = εp/εp−1.

Hence, one can obtain the matrix equation of the
surface unknowns I2×p−1(r) = ψp−1(r)(r ∈ Sp) and

I2×p(r) =
∂ψp−1(r)

∂np
, (r ∈ Sp)

as



¯̄A(p−1) ¯̄B(p−1)

¯̄Cp −ρpp−1
¯̄Dp





 Ī2×p−1

Ī2×p


 =


 V̄2×p−1

V̄2×p


 , (15)
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where V̄1(r) = ψ̄inc(r), V̄q(r) = 0̄(q = 2, 3, . . . , 2× P ). Elements of ¯̄A(p−1), ¯̄B(p−1), ¯̄Cp, ¯̄D
p

are

A(p−1)
mn =





−∆lpn
i kp−1

4
(n̂p ·Rp)H

(1)
1 (kp−1 |rm − rn|), m 6= n,

1
2
− f ′′p (xm)∆x

4π[1 + f ′2p(xm)]
, m = n,

(16)

B(p−1)
mn =





∆lpn
i
4
H

(1)
0 (kp−1 |rm − rn|), m 6= n,

∆lpm
i
4
H

(1)
0 [kp−1∆lpm/(2e)], m = n,

(17)

Cp
mn =





∆lpn
i kp

4
(n̂p ·Rp)H

(1)
1 (kp |rm − rn|), m 6= n,

1
2

+
f ′′p(xm)∆x

4π[1 + f ′2p(xm)]
, m = n,

(18)

Dp
mn =





∆lpn
i
4
H

(1)
0 (kp |rm − rn|), m 6= n,

∆lpm
i
4
H

(1)
0 [kp∆lpm/(2e)], m = n,

(19)

where rm, rn are the field point and source point on
the pth rough surface, respectively, f ′p(x) and f ′′p(x)
are the first- and second-order differentials of fp(x),
e = 2.7182138, and

∆lpn = ∆x
√

1 + [f ′p(xn)]2,

∆lpm = ∆x
√

1 + [f ′p(xm)]2, (20)

n̂p =
−f ′p(xn)x̂ + ẑ√

1 + [f ′p(xn)]2
,

Rp =
rm − rn

|rm − rn| . (21)

It is necessary to point out that the four matrixes
¯̄A(p−1), ¯̄B(p−1), ¯̄Cp, ¯̄Dp are only associated with the
pth rough surface. Interactions between the pth rough
surface and the (p+1)th rough surface should be con-
sidered, then the matrix equation (15) will be changed
into




¯̄A(p−1) ¯̄B(p−1) ¯̄0 ¯̄0
¯̄Cp −ρpp−1

¯̄Dp ¯̄Ep ¯̄F p

¯̄Gp −ρpp−1
¯̄Hp ¯̄Ap ¯̄Bp

¯̄0 ¯̄0 ¯̄C
p+1 −ρp+1p

¯̄Dp+1







Ī2×p−1

Ī2×p

Ī2×p+1

Ī2×p+2




=




V̄2×p−1

V̄2×p

V̄2×p+1

V̄2×p+2




, (22)

where the elements ¯̄Ep, ¯̄F p, ¯̄G
p
, ¯̄Hp are

Ep
mq = −∆lpq

i kp

4
(n̂p+1 ·Rmq)H

(1)
1 (kp |rm − rq|), (23)

F p
mq = ∆lpq

i
4
H

(1)
0 (kp |rm − rq|), (24)

Gp
pn = ∆lpn

i kp

4
(n̂p ·Rpn)H(1)

1 (kp |rp − rn|), (25)

Hp
pn = ∆lpn

i
4
H

(1)
0 (kp |rp − rn|). (26)

Here, rp, rq are the field point and source point on
the (p + 1)th rough surface, and

Rmq =
rm − rq

|rm − rq| , Rpn =
rp − rn

|rp − rn| . (27)

Therefore, one can obtain the matrix equation of EM
scattering from a two-layered rough surface[8]




¯̄A0 ¯̄B0 ¯̄0 ¯̄0
¯̄C1 −ρ10

¯̄D1 ¯̄E1 ¯̄F 1

¯̄G1 −ρ10
¯̄H1 ¯̄A1 ¯̄B1

¯̄0 ¯̄0 ¯̄C2 −ρ21
¯̄D2







Ī1

Ī2

Ī3

Ī4




=




ψ̄inc

¯̄0
¯̄0
¯̄0




. (28)

After solving the matrix equation through the
BICGM, the surface unknowns Ī1 ∼ Ī2×P can be ob-
tained. When the point R is located in the far field,
and for observation in the ks = k0(x̂ sin θs + ẑ cos θs)
direction, the scattered field ψs in the space Ω0 is[15]

ψs(R) = i
4

√
2

πk0R
exp

(
i k0R− i

π

4

)
ψN

s (θs, θi), (29)

where

ψN
s (θs, θi) =

∫

S1

[− i(n̂1 · ks)I1(x)− I2(x)]

× exp(− iks ·R1)
√

1 + [f ′1(x)]2dx, (30)
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and R1 = x̂x + ẑf1(x). Then the BSC can also be
defined as[15]

σ(θs) =

∣∣ψN
s (θs, θi)

∣∣2

8πk0g

√
π

2
cos θi

(
1− 1 + 2 tan2 θi

2k2
0g

2 cos2 θi

) . (31)

2.2. EM scattering from a PEC object

and multi-layered rough surfaces

If a PEC object is located in the space Ωp (see
Fig. 2), between the pth rough surface and the (p+1)th

Fig. 2. A PEC object located in Ωp between the pth and

the (p + 1)th rough surfaces.

rough surface, there will be induced current on the
object too. For the VV polarized wave, the total field
ψp(r) obeys

∂ψp(r)
∂no

= 0, r ∈ So,

where So and n̂o represent the interface and normal
vector of the object. Then the integral equation (9) is
transformed into

−ψp(r) =
∫

So

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

]

+
∫

Sp

dS

[
ψp(r′)

∂Gp(r, r′)
∂np

−Gp(r, r′)
∂ψp(r′)

∂np

]

−
∫

Sp+1

dS

[
ψp(r′)

∂Gp(r, r′)
∂np+1

−Gp(r, r′)
∂ψp(r′)
∂np+1

]
, r ∈ Ωp. (32)

Here, contributions of ψp(r)(r ∈ So) are considered.
Matrix equation (22) is rewritten as




¯̄A(p−1) ¯̄B(p−1) ¯̄0 ¯̄0 ¯̄0
¯̄Cp −ρpp−1

¯̄Dp ¯̄Ep ¯̄F p ¯̄Bo

¯̄Gp −ρpp−1
¯̄Hp ¯̄Ap ¯̄Bp ¯̄Co

¯̄0 ¯̄0 ¯̄Cp+1 −ρp+1p
¯̄Dp+1 ¯̄0

¯̄Eo ¯̄F o ¯̄G
o ¯̄Ho ¯̄Ao







Ī2∗p−1

Ī2∗p

Ī2∗p+1

Ī2∗p+2

Īo




=




V̄2∗p−1

V̄2∗p

V̄2∗p+1

V̄2∗p+2

V̄ o




, (33)

where Io(r) = ψp−1(r)(r ∈ So), V̄ o(r) = ψ̄inc(r)(p = 0), V̄ o(r) = 0̄ (p = 1, 2, . . . , P ), and

Ao
st =





−∆t
i kp

4
(n̂o ·Ro)H

(1)
1 (kp |rs − rt|), s 6= t,

1
2
− Z ′′o (xt)∆xo

4π[1 + Z ′2o(xt)]
, s = t,

(34)

Bo
mt = −∆lt

i kp

4
(n̂o ·Rmt)H

(1)
1 (kp |rm − rt|), (35)

Eo
sn = ∆ln

i kp

4
(n̂p ·Rsn)H(1)

1 (kp |rs − rn|), (36)

F o
sn = ∆ln

i
4
H

(1)
0 (kp |rs − rn|), (37)

Co
pt = −∆lt

i kp

4
(n̂o ·Rpt)H

(1)
1 (kp |rp − rt|), (38)

Go
sq = −∆lq

i kp

4
(n̂p+1 ·Rsq)H

(1)
1 (kp |rs − rq|), (39)

Ho
sq = ∆lq

i
4
H

(1)
0 (kp |rs − rq|), (40)

where, rs, rt are the field point and source point on
the object, Zo(x) is the height profile of the object,
Z ′o(x) and Z ′′o (x) are the first- and second-order dif-
ferentials of Zo(x), ∆xo is the interval of the object
interface, and

∆lt = ∆xo

√
1 + [Z ′o(xt)]2,

n̂o =
−Z ′o(xt)x̂ + ẑ√

1 + [Z ′o(xt)]2
, (41)

Ro =
rs − rt

|rs − rt| , Rmt =
rm − rt

|rm − rt| ,
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Rsn =
rs − rn

|rs − rn| , Rpt =
rp − rt

|rp − rt| ,

Rsq =
rs − rq

|rs − rq| . (42)

The matrix ¯̄Ao depends only on the object. Matrixes
¯̄Bo, ¯̄Eo, ¯̄F o show the interactions between the object
and the pth rough surface. Matrixes ¯̄Co, ¯̄Go, ¯̄H

o
rep-

resent the relationship of the object and the (p + 1)th
rough surface.

Therefore, for case A: p = 0, a PEC object is lo-
cated above a two-layered rough surface, the matrix
equation is[19]




¯̄A0 ¯̄B0 ¯̄0 ¯̄0 ¯̄Co

¯̄C1 −ρ10
¯̄D1 ¯̄E1 ¯̄F 1 ¯̄0

¯̄G1 −ρ10
¯̄H1 ¯̄A1 ¯̄B1 ¯̄0

¯̄0 ¯̄0 ¯̄C2 −ρ21
¯̄D2 ¯̄0

¯̄Go ¯̄Ho ¯̄0 ¯̄0 ¯̄Ao







Ī1

Ī2

Ī3

Ī4

Īo




=




ψ̄inc

¯̄0
¯̄0
¯̄0

ψ̄inc




.

(43)

For case B: p = 1, the PEC object is located be-
tween the two-layered rough surface, the matrix equa-
tion is



¯̄A0 ¯̄B0 ¯̄0 ¯̄0 ¯̄0
¯̄C1 −ρ10

¯̄D1 ¯̄E1 ¯̄F 1 ¯̄Bo

¯̄G1 −ρ10
¯̄H1 ¯̄A1 ¯̄B1 ¯̄Co

¯̄0 ¯̄0 ¯̄C2 −ρ21
¯̄D2 ¯̄0

¯̄Eo ¯̄F o ¯̄G
o ¯̄Ho ¯̄Ao







Ī1

Ī2

Ī3

Ī4

Īo




=




ψ̄inc

¯̄0
¯̄0
¯̄0
¯̄0




.

(44)

For case C: p = 2, the PEC object is located be-
low the two-layered rough surface, the matrix equation
is[20]



¯̄A0 ¯̄B0 ¯̄0 ¯̄0 ¯̄0
¯̄C1 −ρ10

¯̄D1 ¯̄E1 ¯̄F 1 ¯̄0
¯̄G1 −ρ10

¯̄H1 ¯̄A1 ¯̄B1 ¯̄0
¯̄0 ¯̄0 ¯̄C2 −ρ21

¯̄D2 ¯̄Bo

¯̄0 ¯̄0 ¯̄Eo ¯̄F o ¯̄Ao







Ī1

Ī2

Ī3

Ī4

Īo




=




ψ̄inc

¯̄0
¯̄0
¯̄0
¯̄0




.

(45)

For case A, contributions of ψ0(r)(r ∈ So) to
the scattered field should not be neglected. Hence,
Eq. (30) is changed into

ψN
s (θs, θi) =

∫

S1

[− i(n̂1 · ks)I1(x)− I2(x)]

× exp(− iks ·R1)
√

1 + [f ′1(x)]2dx

+
∫

So

[− i(n̂o · ks)Io(x)]

× exp(− iks ·Ro)
√

1 + [Z ′o(x)]2dx, (46)

and

Ro = x̂x + ẑZo(x).

Definitions of the scattered field in the space Ω0 and
the BSC are the same as Eqs. (29) and (31).

For cases B and C, definitions of the scattered
field and the BSC are only the same as those of a
multi-layered rough surface. That is because only
ψ0(r)(r ∈ S1) and ∂ψ0(r)/∂n1(r ∈ S1) contribute
to the scattered field.

3. Numerical simulations and dis-

cussion

Firstly, to ensure the validity of the algorithm pre-
sented in this paper, the angular distributions of the
BSC in cases A and C were compared with those from
existing scattering models, which have been studied
in Refs. [6, 18]. In Fig. 3(a), the results marked as
single-layered model are obtained through the MOM
algorithm proposed by Wang et al. in Ref. [18]. For
cases A and C in this paper, ε1 = ε2, the two-layered
rough surface model can be regarded as the single-
layered model. The cylinder was located at xp = 0,
zp = 5λ (case A) or xp = 0, zp = −10λ (case C) with
radius r = λ. The parameters of the Gaussian rough
surface were set to be δ = 0.2λ, l = λ. From Fig. 3(a),
it can be clearly seen that the angular distributions of
the BSC in this work are in good agreement with those
of the existing solution in Ref. [18]. In Fig. 3(b), the
radius of the cylinder was assumed to be small enough
(r = 1.0×10−6λ) for the contributions of the cylinder
to the BSC to be neglected. The scattering pattern la-
belled as without object is computed by the MOM al-
gorithm and has been studied using the PILE method
in Ref. [6]. The parameters of the two Gaussian rough
surfaces were δ1 = 0.2λ, l1 = λ, d1 = 0 and δ2 = 0.3λ,
l2 = 1.5λ, d2 = 5λ. It is clear that the scattering
patterns of the three scattering models are almost the
same over the whole scattering region. Consequently,
the results of Fig. 3 demonstrate the effectiveness and
accuracy of the MOM algorithm presented in this pa-
per.
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Fig. 3. Comparison of BSC of this work with that of ex-

isting scattering models (a) with the model of Ref. [18],

and (b) with the model of Ref. [6].

In the following numerical simulations, the two
Gaussian rough surfaces are divided into N = 1024
segments with ∆x = λ/10, which indicate that the
simulated lengths were L = 102.4λ. The cylinder was
located at xp = 0 with segments N0 = 100. The pa-
rameters of the tapered wave were set to be λ = 0.3 m,
θi = 30◦, g = L/4. The two Gaussian rough surfaces
were δ1 = 0.2λ, l1 = 1.0λ, δ2 = 0.5λ, l2 = 1.5λ except
in Fig. 6. All numerical simulations of the BSC were
computed by averaging 50 Monte Carlo realizations.

The influence of the relative permittivity of the
medium on the BSC are shown in Figs. 4 and 5, where
cases A, B and C are all considered. Figures 4(a) and
5(a) show the properties of ε1, where ε2 = (9.8, 1.2).
It is clear that the BSC from the lossless medium is
larger than that of the lossy medium, and the BSC de-
creases as the imaginary part of ε1 increases over the
most scattering angles. We attribute this result to the
fact that the imaginary part of a medium affects its
absorption, with an increase of the imaginary part, the
absorption becomes stronger and the reflectivity weak-
ens, which leads a decrease of the BSC. In Figs. 4(b)
and 5(b), the influences of ε2 on the BSC are shown,

Fig. 4. BSC of case A for different ε1 and ε2 (d2 = 5λ,

r = λ, zp = 3λ). (a) For different ε1, (b) for different ε2.

Fig. 5. BSC of cases B and C for different ε1 and ε2. (a)

Case B for different ε1 (d2 = 5λ, r = λ, zp = −3λ); (b)

case C for different ε2, (d2 = 2λ, r = λ, zp = −5λ).
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in which ε1 = 2.5. From Fig. 5(b), it is clear that the
BSC is smallest for ε1 = ε2 = 2.5. A similar conclu-
sion has been obtained by us in Ref. [3] through the
FDTD technique.

Fig. 6. BSC of case B for different δ and l (d2 = 5λ,

r = λ, zp = −3λ). (a) For different δ, (b) for different l.

Figure 6 shows the dependences of the param-
eters of the Gaussian rough surface on the BSC of
case B, including the rms height δ and the correla-
tion length l. The relative permittivities were set to
be ε1 = (2.5, 0.18) and ε2 = (9.8, 1.2), correspond-
ing to soils with 3.8% moisture and 25% moisture,
respectively.[21] The cylinder was located at zp = −3λ

with r = λ and d2 = 5λ. From Fig. 6(a), it is found
that there is an obvious peak in the specular direction
for smaller rms heights. The primary reason for this
is due to the fact that the roughness of the Gaussian
rough surface depends on the rms height, the smaller
the rms height, the smoother the Gaussian rough sur-
face will be, leading to the obvious peak in the specu-
lar direction. Figure 6(b) presents the dependence of
the BSC on correlation length. The BSC decreases
with an increase of correlation length in the non-
specular direction. This phenomenon mainly results
from the fact that for smaller correlation lengths, the
height fluctuation of Gaussian rough surface becomes

more significant, which causes a more incoherent scat-
tering contribution to the BSC. Similar conclusions
have been obtained for cases A and C in Refs. [19]
and [20].

Figure 7 shows the properties of the variation in
the BSC of case B with the radius r and the altitude zp

of the cylinder. It is found that the BSC increases with
the increasing radius, and decreases with the increas-
ing altitude, especially for in the non-specular direc-
tion. This behavior can be attributed to the fact that
the interactions are strengthened as the coupling area
between the cylinder and the rough surface becomes
larger with increasing radius or decreasing altitude,
which causes the increasing BSC. This result is simi-
lar to that of an object above a single-layered rough
surface obtained by our previous work.[10] From Fig. 7,
it is also found that the scattering pattern of case B is
greater than that of layered rough surface only (with-
out object). Another point should be noted is that
the BSC of case B without an object is nearly identi-
cal in the specular direction, which indicates that the
coherent scattering in the specular direction depends
more on the rough surfaces under these conditions.

Fig. 7. BSC of case B for different r and zp (ε1 =

(2.5, 0.18), ε2 = (9.8, 1.2)). (a) For different r, (b) for

different zp.

The effect of the average height d2 between the
two-layered rough surfaces on the BSC is also exam-
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ined in Figs. 8 and 9. Comparing the two figures of
Fig. 8, we can find that the BSC of the lossless medium
is more affected by the average height. In other words,
influences of the average height at the lossless case be-
come more significant. Hence, in Fig. 9, only a loss-

less medium is considered. It is observed that the BSC
changes very little with different heights for both cases
B and C. The BSC is not “sensitive” to the variation of
the average height d2 under these two computational
conditions.

Fig. 8. BSC of case A with different d2 (r = λ, zp = 3λ).

(a) Loss, (b) lossless.

Fig. 9. BSC of case B and case C with different d2. (a)

case B (r = λ, zp = −3α), (b) case C (r = λ, zp = −10α).

4. Conclusions

In this study, EM scattering from two-layered
rough interfaces with a PEC object under VV inci-
dence were investigated through the MOM. Theoreti-
cal formulations, including integral equations and the
matrix equations of EM scattering from multi-layered
rough interfaces with a PEC object have been pro-
vided in detail. The two-layered scattering model is
a special case. The validity of this study is proved
by comparing it with existing solutions from previous
literature.[6,18] The BSC is the smallest with the same

medium, and the BSC of the lossless medium is larger
than that of the lossy medium. It is necessary to point
out that only VV polarization is considered in this
study. The integral equations and the matrix equa-
tions for the horizontal case are different from those of
the vertical case presented in this paper. In a further
work, the MOM algorithm will be developed to solve
this scattering problem under horizontal incidence. In
addition, fast and advanced numerical methods, such
as the fast multipole method[22] or the parallel MOM
algorithm[9,10] will be introduced to study these scat-
tering problems.
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