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Using a new tortoise coordinate transformation, this paper investigates the Hawking effect from an arbitrarily
accelerating charged black hole by the improved Damour—Ruffini method. After the tortoise coordinate transformation,

the Klein—Gordon equation can be written as the standard form at the event horizon. Then extending the outgoing

wave from outside to inside of the horizon analytically, the surface gravity and Hawking temperature can be obtained

automatically. It is found that the Hawking temperatures of different points on the surface are different. The quantum

nonthermal radiation characteristics of a black hole near the event horizon is also discussed by studying the Hamilton—

Jacobi equation in curved spacetime and the maximum overlap of the positive and negative energy levels near the event

horizon is given. There is a dimensional problem in the standard tortoise coordinate and the present results may be

more reasonable.
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1. Introduction

In the 1970s, Hawking discovered that a black
hole has thermal properties and can radiate a ther-
mal spectrum.!™2 Then, the four laws of black hole
thermodynamics were successfully built. To reveal the
thermal properties of various black holes is an impor-
tant subject in black hole physics. In the past few
decades great progress has been made investigating
the thermal properties of scalar fields or Dirac parti-
cles in some static or stationary black holes.3—8! Be-
cause a realistic black hole in astrophysics can radi-
ate or absorb matter surrounding it, it is dynami-
cal and evolves in time. Thus the thermal proper-
ties of non-stationary spacetimes are more meaning-
ful than that of static or stationary black holes, and
it is worth while studying more about them. A well-
known method to determine the location and the tem-
perature of the event horizon of a dynamical black
hole is to calculate vacuum expectation value of the

renormalized energy momentum tensor. %1%

However,
this method is so complicated that it is of limited use

and meets great difficulties in many cases. In recent
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years, the study of the Hawking radiation of some non-
stationary black holes using the generalized tortoise
coordinate transformation has attracted more atten-
tion and made great progress.[''=16! The tortoise coor-
dinate transformation method was initially proposed
by Damour and Ruffinil® to deal with the Hawking
effect of scalar fields or Dirac particles in some static
spherically symmetric black holes and stationary ax-
isymmetric spacetimes, which has been generalized by
Zhao et al.'718! to the non-static and non-stationary
cases and successfully applied to investigate the quan-
tum thermal effect of scalar particles in various dy-
namical black holes.'!] For a charged black hole or
a rotating black hole, Starobinsky and Unruh have
proved that there is not only thermal radiation, but
also nonthermal radiation.['?2%) There has also been
much work done on the nonthermal radiation of black
holes. 2124

In this paper, the Hawking effect and quan-
tum nonthermal radiation of an arbitrarily acceler-
ating charged black hole are discussed according to

the Klein—Gordon equation and the Hamilton—Jacobi
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equation using an improved tortoise coordinate trans-
formation.

The organization of this paper is as follows. In
Section 2, we will give the line element of the arbi-
trarily accelerating charged spacetime and the surface
equation of horizon. In Section 3, the Hawking effect
and the surface gravity in the black hole are calcu-
lated using the improved tortoise coordinate transfor-
mation. In Section 4, the quantum nonthermal radia-
tion of the black hole is calculated. Some conclusions

and discussions are given in the last section.

2. The arbitrarily accelerating
charged black hole

The line element of an arbitrarily accelerating
charged black hole can be expressed in the advanced
Eddington—Finkelstein time coordinate as

ds? = goodv?® + 2go1 dvdr + 2ggadvdd
+2gosdvdy + g22d0” + g33de®, (1)

where
2 2 4aQ?cosb

oo = — 1_ﬂ_2arcosg+%_m
r r r
—r2(f2+h251n29) ,
go1 = g0 =1, goz = ga0 = r*f,
go3 = gso = r’hsin® 6, goy =17,
g33 = r2sin? 6,

f = —asinf + bsinp + ccos p,

h = cotf (bcosp — csing) .

The parameters m = m(v), Q@ = Q(v), a = a(v),

b = b(v) and ¢ = ¢(v) are the functions of the ad-

vanced Eddington—Finkelstein time coordinate v, m

is the mass of black hole, @ is the electric charge of

black hole, a is the magnitude of acceleration, b and ¢

refer to the change rate of the direction of acceleration.
The null hypersurface condition

of of
p — 2
oxt dxv 2)
can be rewritten as
2 2 4aQ? 0
1= 2™ oargeosty + & — 2090800 oy
TH Ta TH
/ / ri—% rgw
+ 2fury + 2harl, + E 4+ —2 =0, (3
Jury HiHe rg  rgsin® 6y 3)

where 7y = Ory/0v, riy = 0ru/00, T/Hgo = Org /0.
Equation (3) determines the local event horizon

of an arbitrarily accelerating charged black hole.

3. Hawking effect from the black

hole horizon

The Klein—Gordon equation in arbitrarily accel-

erating charged spacetime is

920 920 820 920
1Y = 2 10 2 12 2 13
o2 T2 9r00 T are0 T rog
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22079 33079 o
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+ f ar”@ae*f“’agﬁf“ 0, (4)
where
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fv 7910 - 2161419107
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= - t 0
Fe= 0t T T e T

— 2ie (Aog" + A1g"! + Aag"? + A3g™®) |

2 .
fo = ;912 + ¢*2 cot 0 — 2ie (A1912 + A2922) ,

9 _ f
fo = ;913 —2ie (A1g" + A39™) ,
fo = —€*¢g"ALA, — 1 (5)

with parameters e, A, and p. The parameter e is the
electric charge of Klein-Gordon particle, 4,, is its elec-
tromagnetic four-vector, and g is the mass of Klein—
Gordon particle.

For an arbitrarily accelerating charged black hole,

. . . =4
a new tortoise coordinate can be written as/]

. 1 |:7“—’I“H (v,ﬁ,go)]
* 2K (U07907§00) T (U797@) ’
Vs =0 =09, 0x =0 — 00, v =0~ o, (6)

where k is a constant under the tortoise coordinate
transformation, vg is the moment when the particle
escapes from the event horizon of the black hole and
depicts the evolution of the black hole, both 6y and ¢q
are the locations where the particle escapes from the
event horizon of the black hole and depict the shape
of the black hole.

According to the tortoise coordinate transforma-
tion, the Klein—-Gordon equation(4) can be rewritten

as
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From the null hypersurface condition Eq. (3) of an arbitrarily accelerating charged spacetime, the numerator
of the coefficient on the term 92®/9r? approaches zero at the horizon rg. Therefore, we can calculate the limit

of the coefficient by using the L’Hospital law. Let the limit be equal to an undetermined constant A

22,.2,./2 33,.2,.72
geercrg + g T“THy
2
2615

(r—ra)[1+2c(r—rn)

lim
r—7rH,V—v9,0—00,0—p0

N —2rry (1*H + g*%rj; + gl3r{{¢) + g™ rZ 1+ 26 (r — g 4
2613 (r —ru) '
While & is selected as
2m ﬁ _ T/Pio 1 3Q%?  8aQ?cosby
rg o2y 2rdsin®6,  2rm 21 2r¢ ®)
R = )
m e 2 2aQ?cosd
27‘H aCOSHo+7+7H3+3H%&pQ_Q73+#
i 2rfp 2rfsin®6y 2y T
we have A = 1.
When r approaches to 7y, the Klein-Gordon equation (7) can be transformed into
%@ 0*d 0% 0*d 0P
—+2 B C D +i2 =0 9
oz 2aro0. T Paran. T Carap, TP T 120 5 =0, ©)
where
B = lim (29" — 2¢%ry) = —2fu — 2 _ asinfy — bsin gy — ccos g — "t (10)
r—rg,v—v9,0—00,0— @0 H 7“12_1 0 0 0 7‘12{ ’
C = lim (29" —2¢%3r}y,) = —2hu — _ 2y
r—7H,V—v0,0—00,0—¢0 He 7“12{ sin? 0o
,r/
=2 (csimpo cot By — bcos g cot By — 2H<'°2> , (11)
T sin” g
8911 ag22 8933
D = Ii _ 2 2 (22,1 33,1
r—»rHyv—w(}%l—»Oo#P—wpo |: < or + aor "H + or TH(P (g "H + g THLP)
2 ) 2 8911 8912 8913
_ ;(glom +9127"£{ +913T£{<p) *922 cot 97,{{ + (rgll + o + 50 + a(p +912 cot 6 , (12)
wo = lim [eA1g %% + e(A1g"% + Asg®)riy + e(A1g" + Aggsg)rﬁw
r—rg,0—v9,0—00,0—po
— e(Aog"? + Arg'! + Aag'? + A3g')]. (13)
When r approaches ry, the solution of Eq. (9) can be written as!17]
P — R(T*) e—iwv*+ik99*+ik¢¢:*. (14)
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We can obtain 9,10 @@76/1 @76/1 §+62AA
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= e

™
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(17)

It is obvious that the outgoing wave is not analytical
at the horizon ry. Extending the outgoing wave from
outside to inside of the horizon analytically through

the negative half complex plane, we can obtain

PO (r < 1)
. e—Dr+i[2(w—u0)—Bkg—Ck¢]r

_ e—iwv*

—D/2k+i[2(w—wo)—Bkg—Cky|/2k

H — T —im ?

. e
™

. oiko0utikop.

_ efiwv* . efDT*Jri[Q(wfwo)ka:ng'kw]r*
. eik99*+ik¢ga*+iD7r/2m

. eTr[Z(w—wo)—Bkg—Ck%,]/2m. (18)

The scattering probability of outgoing wave at the
horizon is

2
P (r > rp)
ot (r < ry)

According to the explanation of Sannan, the outgoing

— e—n[Q(w—wo)—Bkg—Ck¢]/ﬁ.

(19)

wave has black-body spectrum
1

Ny = ol(w—wo)—Bko/2—Ck,/2]/keT _ |’ (20)
K

= . 21

2TKB ( )

4. The quantum nonthermal radi-
ation of the black hole

The Hamilton—Jacobi equation of the particle in
the arbitrarily accelerating charged spacetime is

where S is Hamilton master function.

According to the tortoise coordinate transforma-
tion of Eq. (6), the Hamilton—Jacobi equation (22) can
be rewritten as

A s\* B as
sttt () *

+2k(r—rp)C' =0, (23)
where
A = g"M A1+ 26 (r — T’H)]2 + g2 rir
+ g33r2rg¢ —2rru [1+ 2k (r — ra)]
x {g"rm + 9"y + 9P,
B’ = 2er(Av(g i + 9%y + 9™,

+ g% Aoy + 9% Az ]
— 2r(g*2lryy + gg3jrh¢) — 21+ 2k (r —ry)]
x {g"0rn(w 4 edy) + gtleAiry
+ g ru(=l+ eAz) + gPra(—j + eds)},
O = 29"% A (w+ eAp) +2¢"%eA; (—1 + eAy)
+ 29" e Ay (=] + eAs)
b (g AT 4 g2 A3 + A2
— 2e(g? Aol + g** Asj) + 917 + g% 5 — 112,
oS os . 0§
IR I A

with parameters w, [ and j. The parameter w is the

w =

energy of the particle, [ and j are the angular momenta
of the particle.
The solution of Eq. (23) is
S  krg(r—rn) ,
—=——(-B'+
ors A’ (

where

B2 —4A/C"), (24)

B' = B; —2¢*%ry 142k (r—rp)]w,
C' =0 +2¢9%Aw.
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Because S and 05/0r, are real numbers, the energy w of the particle in the curved spacetime described by

Eq. (1) satisfies

4(g")2rE 1+ 26 (r — TH)]2 w? —{4B1g"ry [1 4 2k (r — rug)] + 8¢g'eA’ A1 }w + B? —4A'Cy >0,

from which we have

wi

(25)

Birg [1+ 2k (r —ry)] + 2eA’A; £ 2\/BereA/A1 [1+ 2 (r — 1)) + €2A2A2 4 72 A'Cy [1 + 25 (1 — 131)]?

291072 1+ 2k (r — rH)]2

i

(26)
where
+
w )
B (27)
The states of particle’s energy for w™ < w < w™ are located in the forbidden region, its width is
2/ Birae A’ Ay [1+ 2k (r — ry)] 4+ €2A2A2 + 12 A'Cy [1 + 2k (r — r)]?
Aw=wt—w™ = \/ : - (28)

91072 1+ 2 (r — )]

Both equations (26) and (27) describe the distribu-
tion characteristics of the particle energy levels of the
curved spacetime described by Eq. (1). From Egs. (26)
and (3), we can obtain

lim wt
r—TrH,v—v0,0—00,9—vo
= lim w™
r—TH,V—v0,0—00,0— 0
By
= 2410 ’ (29)
9 TH |p g
lim Aw =0, (30)

r—7H,V—v0,0—00,9— %0
which shows that there exists a crossing of the parti-
cle’s energy level near the event horizon, which causes
the particle to have negative energy levels, but its en-
ergy is larger than minimum positive energy, it goes
through a forbidden region by quantum tunnel ef-
fect and radiates out. This is the nonthermal radi-
ation caused by the black hole’s movement and is not
connected to temperature, which can be called the

Starobinsky—Unruh process.

5. Conclusion and discussion

Using a new tortoise coordinate transformation
to solve the Klein-Gordon equation, the event hori-

zon surface gravity x has been obtained by taking
the limitation of the coefficient of 9%?®/dr? in the
Klein—Gordon equation, and the Hawking radiation
has been studied. It is found that Hawking tempera-
ture T not only depends on time but also varies with
angles. In addition, by discussing Hamilton—Jacobi
equation in the curved spacetime, we have studied the
quantum nonthermal radiation characteristics of black
holes near the event horizon, the results show that
there exists a crossing of a particle’s energy level near
the event horizon. For some negative energy parti-
cles, their energy can be larger than the energy of the
nearby positive energy levels. The negative energy
particle can then travel across the forbidden region
because of the quantum tunneling effect and becomes
a positive energy particle that can move out. In sum-
mary, we can obtain a more reasonable result if we

use the improved tortoise coordinate transformation
Eq. (6).
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