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Betweenness centrality is taken as a sensible indicator of the synchronizability of complex networks. To test whether

betweenness centrality is a proper measure of the synchronizability in specific realizations of random networks, this paper

adds edges to the networks and then evaluates the changes of betweenness centrality and network synchronizability. It

finds that the two quantities vary independently.
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The synchronization of nonlinear oscillators in
complex networks has attracted increasing attention
recently.[1] The master stability function (MSF) ap-
proach, in particular, is widely used for studying the
effect of network topology on the stability of the syn-
chronized state of identical chaotic oscillators in vari-
ous networks.[2−7] In the framework of MSF, the syn-
chronizability of a network is related to the spec-
tral properties of the underlying network structure,
i.e., the ratio of the largest to the smallest non-zero
eigenvalues of the Laplacian matrix of the network.
One remarkable finding is that the measure of the
betweenness centrality may be considered as an in-
dicator of network synchronizability. It was firstly
found that the betweenness centrality closely follows
the eigenratio when the heterogeneity of the network
is changed.[3] To understand the relation, the synchro-
nizability was associated with communication traf-
fic, which tends become overloaded at the node with
the maximum betweenness. Then, it was confirmed
that betweenness centrality is a good indicator for
network synchronizability.[4] In some recent studies
on enhancing network synchronizability by weighting
the edges, the betweenness–synchronizability relation
was used to guide the weighting operation.[8] How-
ever, subjective extensions of numerical observations
to the claimed relation between the network synchro-

nizability and various topological characteristics may
be misinterpreted,[1] and in fact an example was given
in Ref. [9] showing an inconsistency between between-
ness centrality and network synchronizability.

To further dispel the myth, in the present work
we test the betweenness indicator of the network syn-
chronizability from a different perspective. Existing
works basically study the relation between the mean
values of betweenness centrality and synchronizability
that are averaged over an ensemble of network real-
izations. This relation has been generally considered
as a statistical relation. However, for real networked
systems, we often consider a specific network rather
than an ensemble of them. Is the relation correct
for a specific network? For the statistical study of
networked systems, the question makes no sense, be-
cause macroscopic quantities are defined by statistical
average over ensembles and fluctuations always occur
in each specific sample. Notice that, in the study of
networks, only a part of quantities are defined by sta-
tistical average, some quantities are defined for spe-
cific networks and their statistical properties largely
remain unknown. In the past, both network syn-
chronizability and betweenness centrality are defined
for specific networks, while the ensemble average of
these quantities remains undefined. Thus, the study
of the betweenness–synchronizability relation for spe-
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cific networks are practical, as carried out in Ref. [10].
For this reason, in this paper we study the relation
between network synchronizability and betweenness
centrality only for specific networks; more precisely,
random networks. Furthermore, we address the ques-
tion that when the relation is not correct for specific
networks, whether or not one can explain the devia-
tion by a trivial fluctuation. In this study, we aim
to provide more insight into the understanding of the
betweenness–synchronizability relation.

In doing so, we add some new edges to specific
realizations of a network model and then numerically
investigate the variations of both the betweenness and
the synchronizability, and finally examine their rela-
tions. Throughout this study, we consider the Erdös
and Rényi (ER) random network model for the rea-
son that most topological characteristics of this kind
of networks are robust against random edge addition.

An ER random network is generated by starting
with N isolated nodes and then connecting every cou-
ple of nodes with a probability 0 < p < 1. The
topology of the network is represented by the adja-
cency matrix {aij} whose entry aij is equal to 1 if i

and j are connected, and zero otherwise. The node
betweenness centrality Bi is a measure of node i in
the network, defined as the number of shortest paths
traversing through node i.[11,12] It is usually referred
to as load. Following Ref. [3], we normalize the load
on each node by the total load of the network and de-
note the maximum normalized load in the network by
B.

Consider an ER random network of N identical
dynamical nodes, generated as above but each evolves
following ẋi = F (xi). The network is in the following
form:

ẋi = F (xi)− σ
N∑

j=1

LijH(xj), i = 1, . . . , N, (1)

where H(x) is the output function, σ is the coupling
strength, and L = {Lij} is the Laplacian matrix de-
fined by Lij = −aij if i 6= j, and Lii =

∑
j aij . It is

well known that the eigenvalues of L can be arranged
as 0 = λ1 < λ2 ≤ · · · ≤ λN .

The linear stability of the synchronized state
xi → xs,∀i, is determined by the corresponding vari-
ational equations. Using the eigenvectors of L, we can
diagonalize the variational equations into N blocks of
the form ζ̇ = [JF (xs) − νJH(xs)]ζ, where ζ rep-
resents different modes of the perturbation from the
synchronized state, with ν = σλi for the i-th block of

the Jacobian matrix J , i = 1, 2, . . . , N . If the largest
Lyapunov exponent Λ(σλi) of this equation is nega-
tive for all i = 2, . . . , N , then the synchronized state
is locally stable. It was found[13−15] that for a large
class of chaotic oscillatory systems, there exists a sin-
gle parametric interval (ν1, ν2) on which Λ(ν) < 0.
In this case, there is a value of the coupling strength
σ for which the synchronized state is linearly stable
if and only if λN/λ2 = β, where β is a constant de-
pending on F (·),xs, and H(·). Thus, the network’s
ability to synchronize is determined by a single quan-
tity, R ≡ λN/λ2 and the smaller the ratio, the easier
for the network to synchronize.[3,13,16]

Before studying specific network realizations, we
show a relation of the average eigenratio R to the av-
erage maximum load B, where the bar denotes the
average over a set of realizations of the ER random
networks. Figure 1 shows the average eigenratio R

and the average maximum load B as functions of the
average degree 〈k〉 of some simulated ER random net-
works. As 〈k〉 increases, both B and R decrease, and
B closely follows R. This is consistent with the com-
mon understanding of the relation between the syn-
chronizability and the betweenness centrality.

However, when we add an edge to a specific real-
ization of the ER network model, the relation between
eigenratio R and maximum load B can become dra-
matically different. In simulation, we add the new
edge between two randomly chosen nodes, avoiding
multiple connections. Then, the variations of eigen-
ratio R and maximum load B induced by the new
edge are recorded. The variations are denoted by
dB and dR, respectively. If B is proportional to R,
the points (dR, dB) form a curve with deviation at-
tributed to the random topology. However, in Fig. 2,
each data point (dR, dB) represents the result of a
numerical experiment of adding an edge to the origi-
nal network. We test five realizations of the ER model
with N = 1000 and p = 0.01. For each realization of
the ER model, 100 times of simulations of adding one
edge to the original network were performed. Figure
2 shows that the data points (dR, dB) are randomly
distributed around the origin of the coordinates plane.
The result shows that when the maximum load B in-
creases, the eigenratio R does not necessarily increase;
and when B decreases, R does not necessarily de-
crease. The simulation disproves the hypothesis that
lower maximum load B indicates smaller eigenratio R.
Therefore, the betweenness centrality is not a proper
indictor for synchronizability at least in such specific
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realizations of random networks.

Fig. 1. Both maximum load B and eigenratio R decrease

as the average degree 〈k〉 of the networks increases. The

maximum load and eigenratio were averaged over 20 real-

izations of the ER model.

Fig. 2. The variation of maximum load B versus the vari-

ation of eigenratio R. Each point represents one result of

the numerical experiment of adding one edge to a network.

Then, we carried out a case study on the trajec-
tory of data points (R, B) generated in the case that
multi-edges were sequentially added to a given net-
work. Starting with a realization of the ER model
with N = 1000 and p = 0.01, we sequentially added
a total of 100 edges to it. The resultant trajectory of
(R, B) is shown in Fig. 3. One can see that the points
(R, B) randomly distribute in the plane as the edges
are gradually added to the network. We remark that
if the data points move horizontally or vertically in a
step, then the eigenratio R or the maximum load B

varies individually while the other remains unchanged.
When the motions are not parallel to any axis, the
variations of B and R are also independent each other
in those steps which have similar lengths and arbi-
trary directions. In Fig. 3, one can see that there
are some horizontal and vertical motions of obviously
large displacement besides abundant random steps of
small lengths.

Fig. 3. The location changes of data points (R, B) in the

variable plane as edges were sequentially added into a real-

ization of the ER model. Totally one hundred edges were

added.

Another example of a longer trajectory is shown
in Fig. 4. It is obvious that mostly the decrease of the
eigenratio is due to the horizontal motion of the points
(R, B). This means that the decrease of R is essen-
tially independent of B when the connections of the
network are increased. On the other hand, there exist
vertical motions in the trajectory. This means that
the maximum load B can either increase or decrease
independently while the eigenratio R is fixed.

It is notable that another kind of motion of the
trajectory exists, besides the independent changes of
R and B. In the insert of Fig. 4, a part of the tra-
jectory is magnified. One can see that the eigenratio
R increases with the maximum load B in some steps.
This kind of motion is consistent with the hypothe-
sis that the larger the maximum load B, the lower
the network synchronizability. The claimed relation
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of eigenratio R to maximum load B is correct in these
special cases.

Fig. 4. The trajectory of data points (R, B) in the vari-

able plane. Two thousands of edges were added. Inset:

the magnification of a part of the trajectory.

In Ref. [4], it is shown that removing the node
with the largest load induces a dramatic change of
the eigenratio. The result suggests that the node
with the largest load is important for the synchro-
nizability. However, the variation of maximum load
B has not been provided in Ref. [4], so the relation
of the maximum load B to the eigenratio R is not
clear there. Here, we investigate the variations of B

and R when a new edge is attached to the node with
the largest load. We randomly selected a realization
of the ER model and built an edge to connect the
node with the largest load to a randomly chosen node
in the network. Using the same realization, we per-
formed 100 times of simulation of adding one edge
to the original network. The variations of eigenratio
and maximum load (dR, dB) are plotted in Fig. 5.

Fig. 5. The variation of the maximum load versus the

variation of the eigenratio. Data come from 100 numeri-

cal experiments of adding one edge to a specific realization

of the ER model.

In this simulation, when a randomly chosen node was
connected to the node with the largest load, both max-
imum load B and eigenratio R increase. The result

suggests a possible edge-adding effect due to the co-
increase of B and R in the trajectory shown in Fig. 4.

The co-increase of maximum load B and eigen-
ratio R induced by attaching a new edge to the node
with the largest load, however, is not a universal prop-
erty but instead, dependent on the realization of the
ER model. In our simulations, for each realization
of the ER model, we averaged the variations of the
maximum load, dB, and of the eigenratio, dR, de-
noted by dB′ and dR′, respectively, over 100 exper-
iments where the new edge is attached to the node
with the largest load in the original network. We then
calculated the averaged variations for 20 different net-
work realizations. The average dB′ and dR′ are differ-
ent from the average results shown in Fig. 2, because
each quantity here is averaged over the numerical ex-
periments performed on the same original network,
rather than on an ensemble of network realizations.
So, each of these average variations represents the
property of a specific network realization. The corre-
sponding data points (dR′, dB′) are shown in Fig. 6.

Fig. 6. The mean variation of maximum load dB′ ver-

sus the mean variation of eigenratio dR′. The average

was taken over 100 numerical experiments for each spe-

cific network realization. Each point represents one (dR′,
dB′) value of a network realization. Totally 20 different

realizations of the ER model are presented.

The plot shows that in one part of the network re-
alizations, the eigenratio R varies only slightly. This
means that only the maximum load B is increased by
adding a new edge in each of these realizations. Thus,
independent changes corresponding to the horizontal
motions in the variable plane (R, B) also exist when
edges are attached to the node with the largest load.
So, the co-increase of the maximum load B and the
eigenratio R induced by connecting new edges to the
node with the largest load is not necessarily a universal
relation either. Therefore, the effect of the nodes with
largest loads on the synchronizability is undetermined
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for general random networks. Similar dependence of
network properties on specific networks was also found
in scale-free networks,[10] where it was shown that the
largest eigenvalue of the Laplacian matrix of a scale-
free network depends on the specific realization and
cannot be well reflected by the average value of an
ensemble of networks.

In summary, we have tested the relation of the be-
tweenness centrality to the synchronizability in some
specific random networks. We added edges to net-
works to induce changes of both betweenness central-
ity and synchronizability. We found that, contrary to
the averaged quantities over an ensemble of networks,
in a specific network the variations of betweenness
centrality and synchronizability are essentially mutu-
ally independent. When multi-edges were sequentially
added to a network, the resultant network exhibits
a random-walk behaviour rather than a monotonic
change in the phase space of betweenness-centrality
and eigenratio variables. We observed clear indepen-
dent decreases of the two quantities. Besides the exis-
tence of some steps showing the independence of be-
tweenness centrality and eigenratio, their co-increase

can also be identified from their value trajectories in
the phase space, where both betweenness centrality
and eigenratio increase by a large amplitude in some
same steps. The co-increase relation seems to be the
result of the new edge attachment to the node with
largest load. The importance of the nodes with largest
loads was claimed in Ref. [4], but we found that the
co-increase induced by the nodes with largest loads
does not appear in some network realizations. Our
results actually suggest that in some network realiza-
tions, the nodes with largest loads are not effectively
affecting the network synchronizability. Another no-
table observation, different from the well-known fluc-
tuation, is that a relatively large decrease of either the
betweenness or the eigenratio always occurs when the
other is fixed.

Our main finding is that there is undetermination
in the relation between the betweenness centrality and
the network synchronizability, at least for general ran-
dom networks. This undetermination suggests that
information traffic over a network may not provide
a proper explanation about the effect of the network
topology on its synchronizability.
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