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This paper investigates the nonequilibrium dynamics of two-dimensional Ising spin glass by dynamical Monte

Carlo simulations. A new method is developed to quantitatively measure the age of domain growth. Using this method

it investigates how temperature shift affects the effective age of domain growth. It finds that the T -shift dependence of

the effective age follows the prediction of the droplet model quite well. It also investigates the overlap length between

the spin glass states as well as the correlated flips of spins, which are not consistent with the theoretical predictions.

The possible reasons are discussed.
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1. Introduction

Despite decades of extensive investigation, Ising
spin glass[1−5] still attracts much attention for its
rich physics. Infinite-range spin glass, called the
Sherrington–Kirkpatric model[6,7] and solved by the
mean-field method,[8] was proven to be unstable in
zero external fields. The mean-field theory predicts
that above the critical dimension, a spin glass tran-
sition occurs in an external field. The spin-glass
phase was separated from the paramagnetic phase in
a phase diagram by an instability line, which is called
the Almeida–Thouless (AT) line.[9] By detecting the
AT line, the mean-field theory was found to be valid
only for short-range (SR) spin glass with dimension
d ≥ 6,[10,11] which is unlikely to be applied to real spin
glass. The SR spin glass, called Edwards–Anderson
(EA) model,[12] was confirmed to have phase transi-
tion in a zero field only for d ≥ 3.[13] For dimensions
less than three, a spin glass phase was found to exist in
neither Ising spin glass nor Heisenberg spin glass[14,15]

at any finite temperature. Many efforts were made to
explain the properties of spin glass. Besides the mean-
field theory, a well-known domain growth description
called the droplet theory[16,17] provided some explana-
tions. The droplet model was based on the fundamen-
tal assumption of the droplet’s free energy and gave
some important predictions. For the aging effect,[18]

the droplet model suggests that after the spin glass
waits for some time its domains grow to a certain size.

Any field applied to the spin glass causes the droplets
to be slowly polarized. Only when the length of polar-
ization approximates to or exceeds the domain size, do
the nonequilibrium properties arise. The droplet the-
ory also suggests that an overlap length exists in the
equilibrium states at temperatures T1 and T2. Beyond
this length, the domain orientations at T1 significantly
differ from those at T2. Moreover, the droplet theory
considers that at low temperatures the large-droplet
excitations dominate and spin flip collectively at the
droplet size scales. Such predictions are important to
interpret the behaviours of spin glass. Although nu-
merical simulations[19−21] were done to test some opin-
ions of the droplet model, it still needs to be carefully
verified.

Recently, two-dimensional (2D) spin glass at-
tracted many investigations from both experi-
mental[22,23] and numerical simulations.[24−26] Be-
cause the mean-field solution of Ising spin glass
is not valid for 2D cases, its theoretical predic-
tions mainly come from the phenomenological droplet
model. Therefore, 2D spin glass can be used as a tool
to verify the predictions of the droplet theory. In this
article we investigate the nonequilibrium dynamics of
2D EA spin glass using the dynamical Monte Carlo
method. We developed a new method, by calculat-
ing the site-overlap correlation, which quantitatively
measures the age of domain growth. The site-overlap
correlations are found to peak exactly at the wait-
ing times, which is analogous to the experimental ob-
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servations. By this method, we investigate how the
temperature shift affects the effective age of domain
growth. We find that the T -shift dependence of the ef-
fective age obeys the predictions of the droplet model
quite well. The effective age can even accumulate to
higher temperatures sequentially through the warm-
ing process without significant loss. We also investi-
gate the overlap length between the spin glass states at
different temperatures by calculating the link-overlap
correlation. The overlap length is found to saturate
instead of diverging at small temperature intervals as
previously suggested. Moreover, we also investigate
the collective flips of the droplets by calculating the
flip-correlation functions. The correlation decays as
a power-law function of spin separation. The decay-
ing exponent increases rapidly as the temperature de-
creases, which is explained by the thermal excitations
of the droplets.

The article is organized as follows. In Section 2
we briefly introduce our model and simulation method
as well as the physical quantities to be calculated. In
Section 3 the simulation results are presented and we
discuss our results and compare them with the theo-
retical predictions as well as the simulations of other
groups. We conclude the main opinions in Section 4.

2. Model, method and physical

quantities

We use a 2D EA model to investigate the nonequi-
librium dynamics of spin glass. The lattice size takes
L×L and L is set to be 100, which is large enough to
reduce the finite-size effects. The Hamiltonian of the
EA model can be written as

H = −
∑

i,j

Jijσi · σj . (1)

The spin variable σ only takes 1 or −1. The cou-
pling strengths Jij are the random variables drawn
according to a Gaussian distribution with zero mean
and a variance of one. Spins are flipped according to
Glauber dynamics,[27] that is, spins transit from σ to
−σ state according to the probability, p(σ → −σ) =
1/(1+ e∆E/kBT ), where ∆E is the energy variance be-
tween two states. In the dynamic simulations, time is
measured as Monte Carlo sweeps (MCS) through the
whole lattice and the periodic boundary condition is
used. Autocorrelation functions are usually calculated
for most simulations to observe the aging effect.[19,28]

The larger the waiting time, the more slowly the au-
tocorrelation decays. However, the crossover between

the fast decay and the slow decay near the waiting
time is very obscure and the exact age of the spin
glass cannot be obtained. However, by introducing
the time-dependent site-overlap correlation, the age
can be exactly located at the maximum of the cor-
relation. Hence, we calculate the site-overlap corre-
lation function by the replica method instead of the
autocorrelation function to study the aging effect. For
aging at temperature T the site-overlap correlation is
defined as

Q(t, tw) =
[
〈σa

i (t)σb
i (tw)〉T

]
, (2)

in which a and b are the replica indices. The key
point is that, initially, both of the replicas have iden-
tical spin states and coupling strengths. The over-
line means that the calculation takes the average over
all spins. The angular brackets 〈· · ·〉 and the square
brackets [· · · ] mean that the calculation takes the ther-
mal average and the disorder average, respectively.
Note that the above equation is equal to the widely
used autocorrelation by Reiger et al.,[29] if we replace
t by t + tw. Thus equation (2) contains the full-time
evolution of the spin glass relative to the reference con-
figuration. To investigate how the temperature shifts
affect the effective age, the above site-overlap correla-
tion is modified as

Q(t, tw) =
[
〈σa

i (t, Ti)σb
i (tw, T0)〉

]
, (3)

where T0 is the temperature at which the replica b first
ages for tw and Ti is the shifted temperature. To in-
vestigate the overlap length L∆T between the states at
temperatures T1 and T2, the link-overlap correlation
function is defined as

Θ(r, T1, T2) =
[
〈σa

i σa
j 〉T1〈σb

i σ
b
j〉T2

]
. (4)

The overline means that the calculation takes the av-
erage over all pairs of spins with a fixed separation
rij = r. To survey the collective flips of spins, we also
define the flip-correlation function as

C(r) =
[
(〈σiσj〉 − 〈σi〉〈σj〉)2

]
. (5)

All simulations are averaged hundreds of times in or-
der to reduce statistical errors.

3. Results and discussion

Experimentally, after the spin glass was quenched
below its transition temperature Tg and waited for cer-
tain time tw, its magnetization relaxation was related
to its waiting history.[30] In our simulations, the site-
overlap correlation is calculated to observe the aging
effect according to Eq. (2), which measures the spin
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configuration evolving towards the reference configu-
ration. After the replica b waits for time tw, the replica
a begins to wait and the correlation is calculated as a
function of time. The results are shown in Fig. 1.

Fig. 1. Site-overlap correlations Q(t, tw) as a function of

time t. The temperature takes 0.1 and the waiting time

tw takes 2× 105, 2× 106, 2× 107 MCS respectively.

Except for the abrupt rise at beginning, the corre-
lation functions are found to increase almost linearly
as the log-scaled time increases and peaks at the cor-
responding tw. According to the droplet model[16,17]

the physical picture can be understood as follows. Af-
ter waiting for time t, domains of the spin glass will
grow to the size

Rd(t) =
(

T ln t

∆(T )

)1/Ψ

, (6)

where ∆(T ) is the barrier height of the free energy at
temperature T . In our simulations, after waiting for
tw, domains in the replica b grow to the size Rd(tw).
For replica a, the domains continue to grow as the
time increases, so the site overlap between the replicas
also increases. As the domains in both replicas reach
approximately the same size, the overlap reaches its
maximum. After that, domains in replica a continue
to grow and exceed those in replica b. The overlap
then begins to decrease. Therefore, the age of replica
a can be exactly determined by calculating the site-
overlap correlation.

In the experiments after the spin glass had aged
for tw at T0, the temperature was shifted to Ti and the
effective age at Ti can be determined by zero-field-cool
magnetization.[31] Using Eq. (3) we can determine the
effective age by the following protocols. The replica b

first ages for tw at T0. After that the replica a ages at
Ti and the site-overlap correlation is simultaneously
calculated as a function of time. When the domains
of the replica a grow to the size Ra

d(t) ' Rb
d(tw), the

overlap reaches maximum and the consumed time cor-
responds to the effective age t = teff . For small tem-
perature shift, it is suggested that the effective age at

Ti can be expressed as[16,17]

ln tw
ln teff

=
∆(T0)
∆(Ti)

Ti

T0
. (7)

To investigate how the temperature shifts affect the
effective age we calculate the site-overlap function
for both positive and negative temperature shifts.
Figure 2(a) shows the effective age teff for different
temperature shifts. Initially, replica b ages for tw =
5 × 105 MCS at T0 = 0.2, then replica a is quenched
to Ti and ages. It is noticed that as Ti shifts to
higher temperatures, the site-overlap function reaches
its maximum at less teff . Scaling of the effective age
versus the shifted temperature is shown in Fig. 2(b).

Fig. 2. (a) Site-overlap correlations with different tem-

perature shifts. The replica b first waits at T0 = 0.2

for 5 × 105 MCS, then the replica a is quenched to Ti

and waits. (b) Scaling plot of the effective age versus the

shifted temperature. The solid line represents the case of

∆(T0) = ∆(Ti).

All of the data almost collapse into a line, which sug-
gests that the barrier heights approximate to con-
stants. In the the case of T0 = 0.2, the data only
deviates slightly from the line for larger temperature
shifts, this fact is caused by the decreasing ∆(Ti)
with the increasing temperature. Our results clar-
ify two facts: (i) Domain growth obeys the logarith-
mic law quite well, which is manifested by the scal-
ing plot rather than the algebraic growth law. Since
Rieger et al.[29] suggested that the domain grows as
Rd(t) ∝ tα(T ) where α(T ) = a(T )∆(T )/T , one im-
mediately finds that the scaling equation should be
ln tw/ ln teff = (∆(Ti)T0)/(∆(T0)Ti) assuming a(T ) is
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weakly temperature-dependent, which is just opposite
to Eq. (7). (ii) The exponent ψ is weakly temperature-
dependent since equation (7) is only valid for constant
ψ, which is consistent with other groups.[19,29]

Moreover, the droplet model predicts that domain
growth is accumulative for small temperature shifts.
To investigate the accumulation of teff with sequen-
tial temperature shifts, we should modify Eq. (3) as
Q(Ti, T0) =

[
〈σa

i (t0, Ti)σb
i (tw, T0)〉

]
, which describes

that the replica a evolves sequentially at the serial
temperature points {Ti} for the fixed time t0. As the
reference configuration, the replica b first waits for tw
at T0, then the replica a is warmed from the base tem-
perature at equal increments and at each increment it
waits for t0. The increment ∆T takes 0.01 and t0 is
fixed to 2000 MCS. The simulation results are shown
in Fig. 3.

Fig. 3. (a) The site-overlap correlations Q(Ti, T0) as a

function of Ti. The replica b first waits at T0 = 0.3 for

different times tw. (b) Scaling plot of the effective age as a

function of Tm. The line is for the case of constant ∆(Ti).

The inset shows Tm as a logarithmic function of tw. The

curve is the logarithmic fit.

It is noticed that the correlations rise smoothly
as the temperature increases and peaks at the corre-
sponding Tm. The longer the waiting time, the higher
Tm. At high temperatures all correlations decrease to
zero. The inset of Fig. 3(b) clearly shows that Tm be-
haves as a logarithmic function of tw. The data can
be well fitted by the function Tm = a1 + b1 ln(tw/t0),

where a1 and b1 take 0.25 and 0.03, respectively. As-
suming that the barrier heights remain nearly con-
stant even for larger temperature shifts, we can ex-
press the effective age at Tm for the warming process
as the following equation:

teff =
m∑

i=1

t
Ti/Tm

0 ≈ t0

1− t
−∆T/Tm

0

. (8)

Hence, the effective age at Tm can be numerically
solved and the scaling results are shown in Fig. 3(b).
It can be seen that the effective age almost depends
on Tm according to Eq. (7). The data dots only
significantly deviate from the theoretical prediction
at higher temperatures. This means that the effec-
tive ages at each temperature increment can accumu-
late step by step to higher temperatures through the
warming process without severe loss.

The droplet model assumed that an overlap
length L∆T exists between the spin glass states at dif-
ferent temperatures T1 and T2. At equilibrium, the
overlap length is supposed to behave as

L∆T ∼ |T1 − T2|−1/ζ , (9)

where ζ is supposed to take positive value, ζ = ds/2−
θ, ds is the fractal dimension of the droplets and θ is
the stiffness exponent describing the free energy of the
droplets FL ∼ Lθ. By Eq. (4) we calculated the link-
overlap correlation near the equilibrium states. The
replicas are slowly cooled down to T1 and T2 respec-
tively and wait for time tw. Temperature T1 takes
as high as 0.4 to facilitate the evolution towards the
equilibrium states and T2 is set to T1 +∆T . The sim-
ulation results are shown in Fig. 4. The inset shows
that the link-overlap correlation decays exponentially
as the spin separation increases. The longer the wait-
ing time, the larger the link-overlap correlation. As-
suming that the link-overlap correlation decays as
Θ(r, tw) ∼ e−r/L∆T (tw), where L∆T is the time-
dependent overlap length, we can express the overlap
length as the integration L∆T (tw) =

∫∞
0

Θ(r, tw)dr.
The overlap length as a function of the temperature
interval is shown in Fig. 4. The data are fitted by
the polynomials. At the same temperature interval,
the overlap length increases with the increase of wait-
ing time. For larger tw, it is noticed that the overlap
length is saturated to the correlation length ξ(T1) at
small ∆T , but decays more rapidly as ∆T increases.

Although the overlap length decreases as the
temperature interval increases, it essentially violates
Eq. (9) due to its downward curvatures instead of
upward curvatures. As the waiting time increases,
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the system approaches the equilibrium states step by
step. However, our fits contradict the negative expo-
nent −1/ζ suggested by the droplet model. The sug-
gested behaviour was not obtained by other groups
either.[19] Since the droplet theory proposes that only
one state exists in the equilibrium spin glass at the
fixed temperature,[16,17] any deviation from it must
cause the spin configuration to vary greatly. As
T2 → T1, both states at T1 and T2 should be iden-
tical, hence the overlap length approaches infinity or,
in other words, it diverges. However, numerical evi-
dence has criticized this opinion[32] and supports the
theory that spin glass states are degenerate. As T2

approaches to T1, the spin configuration and overlap
length vary progressively. Therefore, L∆T should be
saturated to ξ(T1) instead of diverging as T2 → T1.

Fig. 4. The overlap length as a function of the tempera-

ture interval. The replicas are slowly cooled down to the

goal temperatures and wait for tw. The inset shows the

link-overlap correlations for T1 = 0.4 and T2 = 0.42. The

Θ(r, tw) is logarithmically scaled.

It is thought that at low temperatures spins in
the same droplet reverse collectively. Spin fluctuations
are mainly dominated by those in different droplets.
To investigate this behaviour we calculated the flip-
correlation function of spins in nonequilibrium states
by Eq. (5).

Figure 5(a) shows that the flip-correlation func-
tions decay rapidly as the spin separation increases.
When the spin separation exceeds a certain distance,
the flip correlation becomes constant. For those inte-
ger separations, the flip correlations are much larger
than those of noninteger separations. It manifests that
the colinear spins are more inclined to reverse col-
lectively in comparison with those noncolinear spins.
The data are fitted by the power-law function C(r) =
α/rβ where α and β are the fitting parameters. Pa-
rameter β strongly depends on temperature T . As
shown in Fig. 5(b) β can be well fitted by the power-
law function of the temperature T , β(T ) = a2/T b2 .

For waiting times of 103, 104 and 105 MCS, the fit-
ting parameters a2 and b2 take 1.55 and 0.29, 1.63
and 0.44, 1.58 and 0.55, respectively. It is suggested
by the droplet model that at low temperatures the
flip correlation of equilibrium spin glass behaves as
C(r) ∼ T/rθ [16,17] in which θ should satisfy the in-
equality θ ≤ (d− 1)/2. For 2D spin glass, θ should be
equal to or less than 0.5. Indeed, the stiffness expo-
nent θ = −0.28 is obtained for 2D EA spin glass by
several groups.[24,33] However, our results show that
the exponent β is always larger than one and increases
rapidly as the temperature decreases. The discrep-
ancy arises from the droplet-reversal types in the spin
glass. The correlation C(r) ∼ T/rθ represents the col-
lective droplet reversals in large scales, which are very
rare at low temperatures but yield small θ. In our
simulations, the droplets are more inclined to reverse
by sequential spin flips, which are more common than
collective reversal but yield large θ and are strongly
affected by temperature. Hence the predicted θ should
only be considered as the lower limit of the fitting pa-
rameter β.

Fig. 5. (a) The flip-correlation functions C(r) as a func-

tion of spin separation. The system is quenched directly to

the goal temperatures and waits for 104 MCS. The solid

curves are the fits according to the power law. (b) The

fitting parameter β as a function of T for different waiting

times.

4. Conclusion

Using dynamical Monte Carlo simulations we
have investigated the nonequilibrium dynamics of 2D
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EA spin glass. We developed a new method for mea-
suring the age of domain growth. We find that the
effective age of domain growth obeys the prediction of
the droplet model quite well, even for larger temper-
ature shifts. By warming spin glass homogeneously,
domain growth at each temperature increment can ac-
cumulate step by step to higher temperatures without
severe loss. We find that the overlap length is sat-

urated to the correlation length instead of diverging
at a small temperature interval. Moreover, the spin-
flip correlation decays as a power-law function of spin
separation. Colinear spins are more inclined to flip
collectively than noncolinear spins. Since numerical
simulations always play important role in spin glass
explorations, we hope that our work will be helpful
for future investigations.
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