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Surface plasmon polaritons on ultrathin metal films∗
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We discuss the surface plasmon–polaritons used for ultrathin metal films with the aid of linear response theory and

make comparisons with the known result given by Economou E N. In this paper we consider transverse electromagnetic

fields and assume that the electromagnetic field in the linear response formula is the induced field due to the current of

the electrons. It satisfies the Maxwell equation and thus we replace the current (charge) term in the Maxwell equation

with the linear response expectation value. Finally, taking the external field to be zero, we obtain the dispersion

relation of the surface plasmons from the eigenvalue equation. In addition, the charge-density and current-density in

the z direction on the surface of ultrathin metal films are also calculated. The results may be helpful to the fundamental

understanding of the complex phenomenon of surface plasmon-polaritons.
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1. Introduction

There has been a great deal of recent inter-
est in surface plasmons both theoretically[1−3] and
experimentally.[4−6] Experimental studies of surface
plasmons have focused on their excitation energies
and dispersions, which are accessible by a number
of spectroscopic techniques such as electron energy
loss spectroscopy, optical absorption and transmis-
sion, and surface enhanced Raman spectroscopy. The-
oretical understanding of surface plasmons has been
based on either classical models[1,7−10] or quantum-
mechanical calculations.[11−14] Linear response the-
ory combined with time-dependent local density
approximation[15,16] provides one of the most accu-
rate approaches to surface plasmons. It has been suc-
cessfully applied to describe the plasmon energies and
dispersions of metal surfaces[12,13] and thin films.[17,18]

For bulk metals and their surfaces, this approach has
been very successful in the description of collective
electronic excitations, which usually dominate the dy-
namic response of a many-electron system.

In the present work we study the linear response
of ultrathin metal films to the applied field of a plane
electromagnetic wave. We consider thin metal films

that represent so-called two-dimensional electron sys-
tems. In such systems the motion of electrons is quan-
tized in one direction and free in two others. Thus,
we can theoretically obtain the dispersion relation of
surface plasmons for an ultrathin film metal by calcu-
lating the charge–, current–current response function
within the linear response theory. In doing this, we
must solve the Maxwell equation in the surface. In
most of the literature,[19−21] the theories for surface
plasmon of metals are based on the Maxwell equations
for the field with time dependence e−iωt in the metal,
that is to say ∇×E = iωµ0H,∇×H = −iωµ0E +
J ,∇ · E = ρ/ε0 and ∇ · H = 0. Substituting the
charge conservation and the property of conductors
(Ohm law), that is, ∂ρ/∂t + ∇ · J = 0 and J = σE,
into the Maxwell equations, one can obtain the field
equation in the metal: ∇2E + (εMω2/c2)E = 0 with
εM = 1+ iσ/ωε0, which was used widely in the litera-
ture. However, it is unreasonable that this field equa-
tion is applied in the ultrathin metal near the surface.
In this case the Ohm law in such a form J = σE

is not valid; it is only applicable to bulk and long-
wave case. Since there is no symmetry of translation,
the Ohm law should be written in the following form
J(r, ω) =

∫ ↔
σ (r, r′, ω)E(r′, ω)dr′, where

↔
σ (r, r′, ω)
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is the non-local conductivity tensor. So, our idea is to
use the linear response theory to obtain the non-local
conductivity tensor and construct the field equations
in the metals. Then we solve the equation accompa-
nying the boundary condition between the metal and
dielectrics. In addition, we assume that the electro-
magnetic field A in the linear response formula is the
induced field due to the current of the electrons and
satisfies the Maxwell equation. Theoretically this idea
can be realized by replacing the current term in the
Maxwell equation by the linear response expectation
value. Finally, taking the external field to be zero, we
will obtain the dispersion relation from the eigenvalue
equation.

2. Formula and derivation

As shown in Fig. 1, we consider an ultrathin metal
film with thickness L extending in the x–y plane and
assume r denotes two-dimensional vector parallel to
x–y plane. For this system in the presence of exter-
nal fields, the Hamiltonian of the system is in general
given by

H = H0 + H ′(t). (1)

Fig. 1. Schematic view of an ultrathin metal film with a

thickness L used in the calculation.

The second term H ′(t) in Eq. (1) represents the
interaction with the external fields and accounts for
the electron–electron interaction. The first term de-
scribes the unperturbed Hamiltonian in the absence
of external fields and refers to the kinetic energy of
electrons with momentum p at the location (r, z)

H0 =
p2

2m
+ U(r, z). (2)

In the following, we assume that H0 has a com-
plete and orthogonal set of eigenstates, {ψ0

kt,n
(r, z)},

because the motion of an electron along the surface is
completely free, we have

Ψ0
n,kt

(r, z) =
1√
S

eikt·rΦn(z),

En,kt
= εn +

~2k2
t

2m∗ , n = 1, 2, . . . , (3)

where m∗ is the effect mass of electron, n = 1, 2, . . .

denotes the discrete quantum number describing the
different quantum channels (or transverse modes) at
fixed energy; kt is the wave vector parallel to the sur-
face, and kt = |kt|. S is the surface area of the sys-
tem. The wave functions Φn(z) and energy eigenvalues
εn are the solutions of one-dimensional Kohn–Sham
equation

− d2

dz2
Φn(z) + Veff(z)Φn(z) = εnΦn(z). (4)

Here, we note that {Φn(z)} is real. In Eq. (4), Veff(z)
is the effective one-electron potential and consists of
the usual electrostatic potential plus an exchange–
correlation potential. In the existent documents, the
electrostatic potential can be obtained by solving the
Poisson equation and the exchange–correlation poten-
tial is described by the local Slater approximation and
local Wigner interpolation.[22] In the present work we
adopted the infinite square well model and assume
that the quantum well has been grown along the z di-
rection and is translational invariant in the x–y plane,
namely,

Veff(z) =





0, 0 < z < L,

∞, otherwise.
(5)

According to this hypothesis, Φn(z) and εn from
Eq. (4) then yield

Φn(z) =

√
2
L

sin
(nπz

L

)
, εn =

n2π2~2

2m∗L2
. (6)

In terms of the set of eigenstates (see Eq. (3)), we
write field operator Ψ(r, z) and its conjugation in the
so-called second quantized form as follows:

Ψ̂(r, z) =
∑

kt,n

âkt,nΨ0
n,kt

(r, z),

Ψ̂ †(r, z) =
∑

kt,n

â†kt,n
Ψ∗0n,kt

(r, z). (7)

Here, â†kt,n
and âkt,n are creation and annihilation op-

erators, respectively.
Next, we derive an expression for the induced cur-

rent in terms of the current–current correlation func-
tion. The operator of the electrical current density is
defined as

Ĵ(r, z) = Ĵd(r, z) + Ĵp(r, z), (8)

Ĵp(r, z) =
e~

2im∗ [Ψ̂ †(r, z)∇Ψ̂(r, z)
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−
(
∇Ψ̂ †(r, z)

)
Ψ̂(r, z)], (9)

Ĵd(r, z) = − e2

m∗c
Ψ̂ †(r, z)AΨ̂(r, z), (10)

where Ĵd(r, z) denotes the diamagnetic current, and
Ĵp(r, z) is called the paramagnetic current and given
by

Ĵp(r, z) =
1
S

∑
qt

(ρJ
qt

+ ρJz
qt

)eiqt·r, (11)

ρJ
qt

=
e~

2m∗
∑

kt,n,m

(2kt + qt)Φ1nm(z)

× â†kt,n
âk

′
t+qt,m

, (12)

ρJz
qt

=
e~

2im∗S

∑

kt,n,m

Φ2nm (z)

× â†kt,n
âk

′
t+qt,m

ez, (13)

where
Φ1nm(z) = Φ∗n(z)Φm(z), (14)

Φ2nm(z) = Φ∗n(z)
d
dz

Φm(z)− Φm(z)
d
dz

Φ∗n(z),

qt = kt − k′t, qt = |qt|. (15)

The first sum in Eqs. (12) and (13) runs over the
occupied energy levels only, and the second sum runs
over both occupied and unoccupied levels.

Using the definition in Eq. (8) of the current den-
sity, the interaction term H ′(t) for transverse fields
(note that ϕ = 0) can be expressed as

H ′(t) = −
∫

Ĵ(r, z) ·A(r, z, t)drdz. (16)

The diamagnetic current term Ĵd(r, z) leads to
a term in the interaction Hamiltonian which is of the
second order in A(r, z, t); thus it is not included if we
restrict ourselves to the interactions proportional to
A(r, z, t). In a weak magnetic field, we can neglect

the effect of the diamagnetic current term. In addi-
tion, in the frequency domain we have A(r, z, t) =
E(r, z, t)/iω and therefore the external perturbation
in Eq. (16) becomes

H ′(t) = − 1
iω

∫
Ĵ(r, z) ·E(r, z, t)drdz. (17)

For the response of the total current density to
the electromagnetic fields, it reads

δJ(r, z, t)

= −e2〈n0(r, z)〉
iωm∗ E(r, z, t)

+
1
~ω

∫ t

−∞
dt′

〈[
Ĵ I(r, z, t),

∫
dr′dz′Ĵ I

p(r′, z′, t′)

· E(r′, z′, t′)
]〉

0

, (18)

where J I
p is of the form in interaction representation.

〈[ ]〉 denotes the thermodynamic average for the sys-
tems described by H0. The term n0(r, z) is the parti-
cle density in the ultrathin metal films, which vanishes
at the boundaries: z = 0, L, and is given by

n0(r, z) = 2
∑

En,kt<Ef

|Ψn,kt
(r, z)|2

=
1
π

∑
n

|Φn(z)|2(Efn
− εn). (19)

Factor 2 in Eq. (19) accounts for spin degeneracy.
In general, the Fermi energy of ultrathin metal films
differs from that of the semi-infinite surface, especially
when the thickness L is small. In our calculation,
Efn

is determined by the charge neutrality condition

∫ L

0

n0(r, z)drdz = n̄0L, (20)

where n̄0 denotes the average electron density. Col-
lecting things now we have

δJz(qt, ω, z) = − e2n̄0

iωm∗Ez(qt, ω, z)+
∫

dz′ [Πjy(qt, ω, z, z′)Ey(z′) + Πjz(qt, ω, z, z′)Ez(z′)] (21)

with

Πjy(qt, ω, z, z′) =
e2~2

4ωSm∗2
∑

kt,n,m

f(Ekt,n)− f(Ekt+qt,m)
~ω − ~ωm,n,kt,qt

+ iη
(qt + 2kt)Φ1nm(z)Φ1nm(z′), (22)

Πjz(qt, ω, z, z′) =
ie2~2

4ωSm∗2
∑

kt,n,m

f(Ekt,n)− f(Ekt+qt,m)
~ω − ~ωm,n,kt,qt + iη

Φ2nm(z)Φ2nm(z′), (23)

where ~ωm,n,kt,qt
= Ekt+qt,m − Ekt,n.
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The operator of the electrical charge density ρ̂(r, z) is defined as

ρ̂(r, z) = −eΨ†(r, z)Ψ̂(r, z). (24)

In terms of â†kt,n
and âkt,n, ρ̂(r, z) becomes

ρ̂(r, z) = − e

S

∑

kt,k′t,n,m

Φ∗n(z)Φm(z) e iqt·râ†kt,n
âk

′
t+qt,m

. (25)

Similarly, we have

δρ(r, z, t) = − 1
~ω

∫ t

−∞
dt′

〈[
ρ̂I(r, z, t),

∫
dr′dz′Ĵ I

p(r′, z′, t′) ·E(r′, z′, t′)
]〉

0

. (26)

Hence, the induced charge density becomes, in the Fourier domain,

δρ(qt, ω, z) =
∫

dz′ [Πρy(qt, ω, z, z′)Ey(z′) + Πρz(qt, ω, z, z′)Ez(z′)] (27)

with

Πρy(qt, ω, z, z′) =
ie2~

2ωSm∗
∑

kt,n,m

f(Ekt,n)− f(Ekt+qt,m)
~ω − ~ωm,n,kt,qt

+ iη
(qt + 2kt)Φ1nm(z)Φ1nm(z′), (28)

Πρz(qt, ω, z, z′) = − e2~
2ωSm∗

∑

kt,n,m

f(Ekt,n)− f(Ekt+qt,m)
~ω − ~ωm,n,kt,qt

+ iη
Φ1nm(z)Φ2nm(z′). (29)

We have completed the derivation of the equations for the charge- and current-responses. Below we discuss
the transverse plasmon mode dispersion. To determine the dispersion relation, we must specify the boundary
condition on the field vectors at z = 0 and L. The boundary conditions imply that the tangent components of
the electric fields (Ey) and magnetic (Hx) fields should be continuous, yielding

Ey(z)|z=0+,L− = Ey(z)|z=0−,L+ , (30)

Hx(z)|z=0+,L− = Hx(z)|z=0−,L+ . (31)

Using the identity ∇ ·E = δρ/ε0, we obtain

iqtEy +
dEz

dz
=





δρ

ε0
, in ultrathin metal film,

0, otherwise.
(32)

We consider the Maxwell wave equation and replace the current density term and charge density term by
δJ and δρ, thus we obtain the Maxwell wave equation in the following form

d2

dz2
Ez(qt, ω, z)−

(
q2
t −

ω2

c2
ε(z)

)
Ez(qt, ω, z) =

∫
dz′ [Πzy(qt, ω, z, z′)Ey(z′) + Πzz(qt, ω, z, z′)Ez(z′)] (33)

with

Πzy(qt, ω, z, z′) =
1
ε0

dΠρy(qt, ω, z, z′)
dz

− iµ0ωΠjy(qt, ω, z, z′), (34)

Πzz(qt, ω, z, z′) =
1
ε0

dΠρz(qt, ω, z, z′)
dz

− iµ0ωΠjz(qt, ω, z, z′), (35)

where a simple dielectric function of the form ε(z) = 1 − ω2
p/ω2 is used, and ωp = e2n0(z)/m∗ε0 is the

eigenfrequency of plasmon in bulk material.
Thus equation (32) can be casted into

dEz

dz
+ iqtEy =

1
ε0

∫
dz′ [Πρy(qt, ω, z′)Ey(z′) + Πρz(qt, ω, z, z′)Ez(z′)] . (36)
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Outside the ultrathin metal film, field amplitudes decay exponentially away from the metal interface with
field maxima occurring at the surface, so the electric fields components are characterized by the following
equation

Ez =





Ez1 e−kz1z+iqty, z ≥ L,

Ez2 e−kz2z+iqty, z ≤ 0,
kzi =

(
q2
t −

ω2

c2
εi

)1/2

, i = 1, 2, (37)

where εi denotes dielectric constant of different dielectrics. Hence the field amplitude (Ey) outside the ultrathin
metal films can be obtained via Eq. (32)

Ey =





kz1

iqt
Ez1 e−kz1z+iqty, z ≥ L;

−kz2

iqt
Ez2 e−kz1z+iqty, z ≤ 0.

(38)

Thus, Hx can be calculated via ∇×E = −∂B/∂t

Hx =





1
qt

ε0ω
(
1− e2ρ0

m∗ε0ω2

)
Ez − 1

qt
Jz, in ultrathin metal film,

εω

qtc
Ez, else.

(39)

Discretizing Eqs. (33) and (36) with an equal interval of z and z′, hence, we have
N∑

k′
M1z

kk′(ω, qt, z, z′)Ez(qt, zk′) +
N∑

k′
M1y

kk′(ω, qt, z, z′)Ey(qt, zk′) = δ1kEz2 + δNkEz1 e−kz1L, (40)

N∑

k′
M2z

kk′(ω, qt, zk′)Ez(qt, zk′) +
N∑

k′
M2y

kk′(ω, qt, zk′)Ey(qt, zk′) = δNkEz2, (41)

where k, k′ = 1, 2, . . . , N , and the values of N in this model are determined by the particular situations.
M1z

kk′ ,M
2z
kk′ , M1y

kk′ and M2y
kk′ have the following forms

M1y
kk′ = Πzy(ω, qt, zk, z′k′)(∆z)3, (42)

M2y
kk′ =





Πρy(ω, qt, zk, z′k′)(∆z)3/ε0 − iqt, k = k′,

Πρy(ω, qt, zk, z′k′)(∆z)3/ε0, else,
(43)

M1z
kk′ =





Πzy(ω, qt, zk, z′k′)(∆z)3 + 2− [ω2ε(z)/c2−q2
t ](∆z)2, k = k′,

Πzy(ω, qt, zk, z′k′)(∆z)3 − 1, k = k′ ± 1,

Πzy(ω, qt, zk, z′k′)(∆z)3, else,

(44)

M2z
kk′ =





Πρy(ω, qt, zk, z′k′)(∆z)3 + 1, k = k′,

Πρy(ω, qt, zk, z′k′)(∆z)3 − 1, k = k′ ± 1,

Πρy(ω, qt, zk, z′k′)(∆z)3, else.

(45)

Let A = [M1y
mm′ ]N×N , B = [M1z

mm′ ]N×N , C = [M2y
mm′ ]N×N , and D = [M2z

mm′ ]N×N , we obtain

M̄


 Ez1

Ez2


 = 0, (46)

with

D̄ = [D̄kk′ ]2N×2N =


 A B

C D



−1

, (47)

M̄ =




(D̄1,N+1 + D̄1,2N ) e−kz1L D̄1,1 − ikz2

qt(
D̄N,N+1 + D̄N,2N +

ikz1

qt

)
e−kz1L D̄N,1 +

ikz2

qt
e−kz1L


 . (48)
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The frequency of plasmon excitation can be de-
termined by |M̄ | = 0. Since Im[|M̄ |] 6= 0 for all real
ω, the excitation is of damping. In principle we can
use |M̄ωp − iγp| = 0 to obtain the plasmon frequency
ωp and damping rate γp. However, it is difficult to
solve this equation, here; we do not attempt to obtain
the exact solution for ωp. Our interest is to find an
approximate estimation of ωp, and give a qualitative
discussion about the plasmon excitation. Therefore
we use

Re
∣∣M̄

∣∣ = 0. (49)

With the help of Eq. (46), the field amplitudes
ratio is therefore

Ez1

Ez2
=

qtD11 − ikz2

qt(D1,N+1 + D1,2N )
ekz1L. (50)

So, for given Ez1 and Ez2, the other electric field
amplitude can be determined by Eq. (38). The electric
field solution is obtained by solving Eq. (46). Sub-
stituting these results into Eqs. (21) and (27), the
z-dependence of the induced charge-, current-density
(averaged over the x–y plane) can be qualitatively
analysed.

3. Results and discussion

So far, we have finished the derivation of the equa-
tions for dynamic charge- and potential-responses.
Below we present some discussion our findings and
then give a simple example for the application of
our theory. As an example, we consider some ultra-
thin metal films with different thicknesses in the vac-
uum. Here, we take Bohr radius a0 = 4πε0~2/m∗e2,
∆ = π2~2/2m∗a2

0 and 1/a0 as the units of length, en-
ergy and wave number, respectively.

In Fig. 2, we show the calculated dispersion rela-
tion of the surface plasmon within the linear response
theory (solid line) compared with the classic case given
by Economou E N (dash line). From these profiles,
we find that the plasmon dispersion calculated with
different methods shows the local classical behaviour
at long wavelengths, but with increasing of the wave
number, there are some differences between them.

In Figs. 3(a) and 3(b), we present plots of the dis-
tributions of the induced charge density and current
density for various thicknesses of the ultrathin metal
film. Here, we only consider the physical quantities
averaged over the x–y plane, namely, ρ(z) and Jz(z)
given by Eqs. (21) and (27). Figure 3(a) corresponds

to the case of L = 30. In this case, the charge dis-
tribution is considerable only around the surface of
metal and otherwise almost zero. Moreover, it is sym-
metric with respect to the centre of the thin metal
film. In addition to two peaks of charge distribution
on both sides of the metal film, the charge density
shows Friedel oscillations near the surface. But the
current density is antisymmetric and is equal in mag-
nitude but opposite in sign. From the curves of them,
we see that the induced charge density and current
density vanish at the boundaries z = 0 and L. The
results are due to the unperturbed electron wave func-
tions in Eq. (6) vanishing at the boundary.

Fig. 2. Dispersion relation of surface plasmon in ultrathin

metal film calculated in terms of linear response theory for

L = 70. Dashed line: E N Economou’s result. Solid line:

our result.

Fig. 3. The plots of the induced charge density and cur-

rent density (averaged over the x–y plane) for L = 30 (a)

and L = 70 (b). Solid line: current density; dashed line:

charge density.
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In Fig. 3(b), we present the charge density and
current density as functions of z for L = 70. From
the profiles of them, one can find that they also show
the same behaviours as the results given in Fig. 3(a).
Comparing the peak strength for different thicknesses,
we find that the peak strength decreases with the in-
crease of the thickness of the ultrathin metal film.
Furthermore, the peak in the charge density is right
corresponding to the peak (or valley) of the current
density.

4. Conclusion

In conclusion, we have theoretically obtained the
dispersion relation of surface plasmon in ultrathin

metal films and the induced charge density and cur-

rent density within the general linear response theory

and found intriguing qualitative differences with the

corresponding classical case. We conclude from the

above results that there is a considerable amount of

charge distribution on both sides of the surfaces of the

ultrathin metal film and that there are many fluctua-

tions near the surface region and two significant peaks

in the curve. We emphasize the fact that the charge

distribution is symmetric with respect to the centre

of the system. The current density displays similar

behaviour to that of charge density, but it is anti-

symmetric and the positive (negative) current peak

corresponds to the largest charge peak.
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