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Phase behaviour of polyethylene knotted ring chains∗
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The phase behaviour of polyethylene knotted ring chains is investigated by using molecular dynamics simulations.

In this paper, we focus on the collapse of the polyethylene knotted ring chain, and also present the results of linear and

ring chains for comparison. At high temperatures, a fully extensive knot structure is observed. The mean-square radius

of gyration per bond 〈S2〉/(Nb2) and the shape factor 〈δ∗〉 depend on not only the chain length but also the knot type.

With temperature decreasing, chain collapse is observed, and the collapse temperature decreases with the chain length

increasing. The actual collapse transition can be determined by the specific heat capacity Cv, and the knotted ring

chain undergoes gas–liquid–solid-like transition directly. The phase transition of a knotted ring chain is only one-stage

collapse, which is different from the polyethylene linear and ring chains. This investigation can provide some insights

into the statistical properties of knotted polymer chains.
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1. Introduction

The ability to knot is the most prominent and
the least understood property of long strings, such as
ropes, threads, flux lines, or polymers. For example,
during the random cyclization of long polymer chains,
knots of different types are formed.[1] Knots and other
topological constraints are of great importance in equi-
librium and dynamics properties of polymer materials,
such as melts, gels and networks. Therefore, there
has been considerable interest from researchers in ex-
periments and numerical simulations in the past few
years.[2,3] Knotted DNA is much easier to synthesize
and to analyse than other knotted polymers,[4] and it
has been identified in numerous in vitro and in vivo
experiments.[5] DNA knotting probability is enhanced
in P4 derivatives containing genome deletions[6] and
tailless mutants. Most DNA molecules extracted from
bacteriophage P4 are highly knotted because of the cy-
clization of the linear DNA molecule confined in the
phage capsid, and DNA knots reveal a chiral organi-
zation of DNA in phage capsids. In the meantime,
various types of knots are found.[7] The known set of
knotted proteins is dominated by two classes: bacte-
rial and viral rRNA methyltransferases, which make

up the α/β-knot superfamily,[8] and various isozymes
of carbonic anhydrase. In addition, a few other insu-
lar examples of knots in proteins have been found, one
of which is ubiquitin hydraolase (UCH-3), the most
complicated knot in a human protein found to date,
with five projected crossings.[9] Knotted ring poly-
mers, such as P4 DNA, can be widely observed, so
the investigation of knotted polymers becomes more
important.[1,4]

The coil-to-globule transition may vividly illus-
trate many fundamental properties of polymer sys-
tems and it has been extensively studied in the past
few years.[10] Examples include the folding of proteins,
the packing of DNA molecules, and the collapse of
a polymer gel network as well as the complexation
between two polymer chains.[11] Progress in experi-
mental techniques has made the observation of coil-to-
globule transition possible. The coil-to-globule tran-
sitions of poly (N -isopropylacrylamide) (PNIPAM)
chains both in H2O and in D2O have been studied
in experiments.[12] In particular, Kirwan et al.[13] pre-
sented the real images of coil-to-globule transitions of
adsorbed poly (vinlylamine) (PVA) at different solu-
tion pHs. The complex phase behaviour of an iso-

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 20574052, 20774066, 20974081, and

20934004), the Program for New Century Excellent Talents in University of the Ministry of Education of China (Grant No. NCET-

05-0538), and the Ph.D. Program Foundation of the Ministry of Education of China (Grant No. 20090101110002).
†Corresponding author. E-mail: Lxzhang@zju.edu.cn

© 2011 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

046601-1



Chin. Phys. B Vol. 20, No. 4 (2011) 046601

lated square-well chain has also been well established
by Zhou et al.[14] The coil-globule phase behaviour
transition may vividly illustrate many fundamental
properties of polymer systems, therefore the study of
phase behaviour transition is of considerable impor-
tance. Recently, we found that the chain topology
can greatly affect the phase transition;[15,16] for ex-
ample, the phase transition of polyethylene ring chains
differs from polyethylene linear chains as well as the
square-well and Lennard–Jones (L–J) ring chains.[15]

In the present paper, we study the phase transition
of polyethylene knotted ring chains, and our aim is to
investigate the effects of the topological structure of
ring chains on the phase transitions.

2. Model and simulation details

The united-atom (UA) force field for the
polyethylene knotted ring chain is used in the present
simulation: it regards each CH2 group as a monomer.
The UA force field was developed by Chang et al.,[17]

and the advantage of this model with a significantly re-
duced number of degrees of freedom is that long chains
or large systems can be explored within the compu-
tational limit. Recently, the UA model of polyethy-
lene was optimized constantly and used both in MC[18]

and MD simulations.[19] It has also been parameter-
ized by first principles calculation and experimental
data.[17] In fact, the UA force field model has been
used successfully to deal with the elastic behaviour of
ring polymer chains[20] and a single polyethylene chain
confined between two adsorption walls in our previous
study.[21]

In the present paper, we perform MD simulations
to simulate the equilibrium properties of polyethylene
knotted ring chains. The MD method has been widely
used because its comparisons with theories and exper-
iments are straightforward.[19,22−27] In the MD simu-
lations, the motion of monomers is described by the
coordinate of each monomer as a function of time.
To simulate a constant temperature ensemble, the
monomers are coupled to a heat bath. The colli-
sion between monomers and solvent molecules is con-
sidered and the effect is described by the Langevin
equation.[22,26]

In the present simulation, the polymer system
is placed in a cubic box with periodic boundary
condition, the size of the box is 50σ (σ = 4.5 Å,
1 Å=0.1 nm), which represents the distance with
minimum interaction energy.[15] All of the monomers
are subjected to a friction force proportional to the

monomer velocity. The equation of motion of the
monomer is integrated by the velocity-Verlet algo-
rithm with a time step δt,[20−25] which is set as 0.002τ .
The friction constant is set to be Γ = 0.5τ−1, where
τ = σ

√
m/(kBT ) is the time unit.[26] In addition to

MD simulations, thermal annealing is used to avoid
local minima that are shown in the energy landscape
of protein folding.[27] To begin with, a polyethylene
knotted ring chain is generated randomly in three-
dimensional (3D) space. At each temperature value
during annealing, the chain relaxes sufficiently to
reach thermodynamic equilibrium before equilibrium
statistics are collected. In our simulation, one uses 50
temperature data, 2000 equilibrium configurations are
used to calculate the thermodynamic parameters as
well as 10 trajectories to obtain the final average val-
ues. Another 10 trajectories of 100-bond 31 knotted
ring chain at T = 500 K are calculated for compar-
ison, and the same results are obtained. Therefore,
the initial structure of the knotted ring chain cannot
affect the conclusions. At each temperature value, q

MD steps (MDSs) are used for the chain to reach ther-
modynamic equilibrium, then we use another q MDSs
to collect statistic properties. The relaxation time
and the statistic time will be gradually increased with
decreasing temperature, because the chain relaxes
slowly at low temperatures. Thus, we set q = 6q0

for the first 12 temperature regions; q = 10q0 for the
second 13 temperature regions; and q = 16q0 for the
third 16 temperature regions; and q = 22q0 for the
last 9 temperature regions. We set q0 = 106 MDSs
for the 140-bond polyethylene knotted ring chain. In
order to investigate whether the chain has reached
thermodynamic equilibrium, we calculate the internal

Fig. 1. Internal energy per bond U/N as a func-

tion of time for the 140-bond 31 knotted ring chains

in the process of anealing. Here the unit of time is

δt(= 0.002σ
√

m/kBT = 1.65 fs), and t = 0 indicates the

beginning of anealing.
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energy per bond U/N at different time moments. The
results are given in Fig. 1. Here, the temperature is
T = 500 K, t = 0 means the beginning of the anneal-
ing, and this run is chosen randomly. The internal
energy per bond U/N is 1.892 (kcal/mol) at t = 0,
and it decreases to 1.808 (kcal/mol) at t = 5.6× 106,
when the chain has reached thermodynamic equilib-
rium. We begin to collect the data at t = 107 (i.e.,
q = 10q0), therefore our results are credible.

3. Results and discussion

3.1.Chain dimensions of knotted ring

chains

The average size of the polyethylene knotted ring
chains can be measured by the mean-square radius of
gyration per bond 〈S2〉/(Nb2), in which b = 0.153 nm
is the equilibrium bond length. For the 31 knotted
ring chains, the ratios of 〈S2〉/(Nb2) for different chain
lengths of N = 100, 140, and 180 bonds each as a
function of temperature are shown in Fig. 2. The ra-
dius of gyration is an important parameter to describe
the collapse transition of the polymer systems. It has
been used very well in previous studies for L–J linear
and ring chains.[15,16,20,21] As seen in Fig. 2, the mean-
square radii of gyration per bond of polyethylene knot-
ted ring chains each undergo a smooth reduction with
temperature decreasing, which indicates the collapse
of the polymer system. At high temperatures, the
values of 〈S2〉/(Nb2) increase with increasing chain
length, while at low temperatures the values decrease
with increasing chain length. In fact, at high temper-
atures, the 31 knotted ring chains are fully extensive,
so the values of 〈S2〉/(Nb2) increase with increasing
chain length. At low temperatures, the bond-bending
and torsion potentials may strengthen the stiffness of
the polymer chain, so shorter chains exhibit stronger
stiffness, while longer chains exhibit stronger flexibil-
ity, therefore the values decrease with increasing chain
length. In order to discuss the effects of the knot
type on chain size, we take the 140-bond 41 knot-
ted ring chain for comparison. At high temperatures,
the values of 〈S2〉/(Nb2) for the 140-bond 41 knot-
ted ring chain are smaller than those of the 140-bond
31 knotted ring chain. However, at low temperatures,
the values for both chains are identical. Obviously,
at high temperatures, both are fully extensive, but
due to different topological constraints, the values of
〈S2〉/(Nb2) of the 41 knotted ring chain are smaller
than those of the 31 knotted ring chain. Meanwhile,

at low temperatures, both chains up to the same col-
lapse state have identical values of 〈S2〉/(Nb2). Here,
we also take linear and ring chains for comparison,
which are shown in the inset of Fig. 2. At high tem-
peratures, the values of 〈S2〉/(Nb2) of the 31 knot-
ted ring chain are smaller than those of linear or ring
chains. However, at low temperatures, their values are
identical because they are all up to globule states.

Fig. 2. Temperature dependences of the mean-square ra-

dius of gyration per bond 〈S2〉/(Nb2) for knotted ring

chains with N = 100, 140, and 180 bonds. In the inset,

the results for 140-bond linear and ring chains are also

presented for comparison.

In order to compare configurations of different
chain sizes, the shape factor is always used, which can
be obtained by combining the reduced component of
S2 to a single quantity.[15,28,29] The shape factor 〈δ∗〉
changes between 0 (sphere) and 1 (rod).[28−32] In fact,
the shape factor 〈δ∗〉 is a parameter to depict the con-
formational transition. Figure 3(a) shows the tem-
perature dependences of the shape factor of polyethy-
lene 31 knotted ring chains with different chain lengths
N = 100, 140, and 180. Meanwhile, linear, ring, and
41 knotted ring chains are taken for comparison. As
seen in Fig. 3(a), at high temperatures, the values of
〈δ∗〉 of the 31 knotted ring chains increase from 0.23
to 0.35 with the chain length increasing from N = 100
to 180, in which the value of the 140-bond 31 knotted
ring chain is about 0.30, which is smaller than that
of the 140-bond linear chain, but larger than that of
the 140-bond ring chain, whose value of 〈δ∗〉 is 0.25.[15]

The reason for this may be that at high temperatures,
the linear chain is fully extensive, the ring chain ex-
hibits 2D oblate structure, and the knotted ring chain
displays fully extensive 3D structure. Obviously, the
values of 〈δ∗〉 of the 31 knotted ring chain are larger
than those of the 41 knotted ring chain for the same
chain length, which is because the 41 knotted ring
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chain has a more complex topological structure and
its shape factor is relatively small. At low tempera-
tures, the shape factors of the 31 knotted ring chains
with different chain lengths have nearly the same val-
ues, which are close to 0.1, as well as the shape fac-
tors of 140-bond linear chain and ring chain, which
also approach 0.1. At medial temperatures, such as
T = 500 K∼ 700 K, the values of 〈δ∗〉 for the ring
chain first increase and then decrease with decreas-
ing temperature, which is different from those of the
knotted ring chain. The temperature dependence of
the shape factor for the ring chain shows that the ring
chain has a two-stage phase transition, while the knot-
ted ring chain has only a one-stage phase transition.

Fig. 3. Temperature dependences of the shape factor

〈δ∗〉 (a) and the principal components (b) for knotted ring

chains with different bond lengths. Here, the results for

140-bond linear and ring chains are also presented for com-

parison.

At low temperatures, the shape factors are all
close to 0.1 for different topological structures. The
three principal components L2

1, L2
2, and L2

3 may well
describe the configurational transitions.[28] As shown
in Fig. 3(b), the ratios of the three principal compo-
nents are calculated each as a function of tempera-
ture for different topological structures. For a 100-
bond random walk on a simple cubic lattice, Solc and

Stockmayer[28] observed a ratio of 〈L2
1〉 : 〈L2

2〉 : 〈L2
3〉 =

11.7 : 2.7 : 1. The ratio of the polyethylene ring
chain was depicted by Su and Zhang in their previous
work.[15] Our result is similar to theirs. While for the
140-bond 31 knotted ring chain as shown in Fig. 3(b),
at high temperatures, the ratio is 7.9 : 2.6 : 1, the 31

knotted ring chain is fully extensive in three principal
directions, which may result from the chain stiffness
as well as the topological constraints. With the tem-
perature decreasing from T = 500 K to T = 360 K,
there is a smooth reduction in ratio from 5.8:1.9:1
to 4.6:1.9:1. With the temperature decreasing from
T = 350 K to T = 240 K, there is a sudden increase
in ratio from 〈L2

1〉 : 〈L2
2〉 : 〈L2

3〉 = 4.5 : 2.2 : 1 to
〈L2

1〉 : 〈L2
2〉 : 〈L2

3〉 = 5.1 : 3.0 : 1, and then a sudden de-
crease to 3.8:2.3:1, which suggests that in the process
of collapse, due to bond-bending and torsion poten-
tials as well as topological constraints, the 31 knotted
ring chain is extensive toward two directions, the ra-
tio decreases with its collapse and becomes 3.2:1.9:1 at
the lowest temperature T = 90 K, which approaches
that of the 140-bond linear chain, thereby we say that
the flexibility of the 31 knotted ring chain is the same
as that of the linear chain. Here, we plot the ratios of
the 41 knotted ring chain for comparison, which are
shown in Fig. 3(b), with the temperature decreasing
from T = 360 K to T = 260 K. There is also a sud-
den increase in ratio from 4.8:2.4:1 to 5.8:3.8:1, then
a sudden decrease to 4.2:2.8:1. These ratios are larger
than those of the 31 knotted ring chain, which sug-
gests that the more complex the knot, the more easily
the knot collapses to a 2D structure and the stronger
its stiffness.

3.2.Collapse of knotted ring chain

More definitive information about the nature of
the collapse transition can be provided by the energy
properties of the knotted ring chain. The internal
energy per bond 〈U〉/N as a function of tempera-
ture for the 140-bond 31 knotted ring chain is shown
in Fig. 4. The 140-bond linear, ring and 41 knot-
ted ring chains are also shown in Fig. 4 for compar-
ison. For the linear chain, the values of 〈U〉/N de-
crease monotonically with temperature decreasing as
a whole. There is a critical region between T = 200 K
and T = 400 K, which is in accordance with the crit-
ical regions of 〈S2〉/(Nb2) and 〈δ∗〉 above; while for
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the 140-bond ring chain, there is a large energy bar-
rier at T = 675 K, which leads to a drastic conforma-
tional transition for the 140-bond ring chain, which is
the first-order-like transition. However, for the 140-
bond knotted ring chain, one can see only one-stage
transition in Fig. 4. This phenomenon is consistent
with the behaviours of 〈S2〉/(Nb2) and 〈δ∗〉 above.
At a high temperature of T = 1250 K, the values
of 〈U〉/N for the 140-bond linear, ring, 31, and 41

knotted ring chains are 6.02, 2.84, 4.56 and 4.47, re-
spectively. Obviously, the linear chain has the largest
internal energy per bond, while the ring chain has the
smallest one. The value of 〈U〉/N of 31 knotted ring
chain is a little larger than that of 41 knotted ring
chain. With temperature decreasing from T = 625 K
to T = 260 K, the 〈U〉/N curve of the knotted ring
chain is close to that of the ring chain, but smaller
than that of the linear chain until the temperature
decreasing from T = 140 K to T = 90 K, in which the
curves for the four types of chains are close to each
other. In particular, with the temperature decreasing
from T = 400 K to T = 260 K, there are energy barri-
ers for ring chain, 31 and 41 knotted ring chains, which
are the second-order-like transition for ring chain and
the one-stage transition for knotted ring chain. Due to
the topological constraints of the knotted ring chain,
the first-order-like transition (from oblate structure to
helix structure) vanishes, directly collapsing from ex-
tensive state to globule state. We conclude that the
transition of the knotted ring chain is different from
that of the ring chain based on the internal energy per
bond 〈U〉/N as a function of temperature.

Fig. 4. Temperature dependences of the internal en-

ergy per bond 〈U〉/N for 140-bond ring and knotted ring

chains. Here, the results for the 140-bond linear chains

are also presented for comparison.

It is difficult to determine the exact critical tem-
perature based on 〈S2〉/(Nb2), 〈δ∗〉, and 〈U〉/N . In
fact, Zhou et al.[14] have used the reduced heat capac-
ity Cv to determine the specific transition tempera-
tures according to Eq. (1)

Cv =
〈U2〉 − 〈U〉2

kB T 2 , (1)

where U is the total energy, the canonical averages
〈U2〉 and 〈U〉2 are evaluated using the annealing MD
method. Peaks in the Cv–T curve are used to identify
configuration changes in the system. The heat capaci-
ties per bond Cv/N each as a function of temperature
for 100-, 140-, 180-bond knotted ring chains are shown
in Fig. 5(a). Their peaks are TC = 370 K, 340 K and
300 K, respectively. The critical point TC decreases
with increasing chain length. For the same topologi-
cal constraints, the longer the chain length, the more
flexible it is. So, it needs a lower temperature to reach
the globule state for a longer knotted ring chain. From
Fig. 5(a), we know that the phase transition of the
knotted ring chain is a one-stage transition because
there is only one peak region. To further discuss this
phenomenon in more detail, we also plot the Cv/N

curves of 140-bond linear, ring, and 41 knotted ring
chains for comparison. For the linear chain, there is a
high temperature shoulder at about T = 440 K as well
as a strong peak at a low temperature (T = 240 K).
Similar heat capacity curves were observed previously
by Zhou et al.[14] for linear square-well chains. Accord-
ing to their discussion, the high temperature shoulder
should represent a condensation-like collapse transi-
tion, i.e., a gas–liquid-like transition. The low tem-
perature peak marks a liquid-solid-like ordering tran-
sition. For the 140-bond ring chain, there are two
strong peaks, as seen in Fig. 5(b). The first peak is at
a high temperature (T = 675 K) and the second peak
is at a low temperature (T = 280 K). Similar heat
capacity curves were observed previously.[15] The ring
chains take a two-stage collapse transition, i.e., gas–
liquid-like and liquid-solid-like transitions.[15] Because
of topological constraints, with temperature decreas-
ing, the ring chain collapses into a U-turn structure
first, and then shrinks to a globule state at lower tem-
peratures. For the 41 knotted ring chain, there is also
a critical region in the Cv/N curve, which is similar to
the scenario for the 31 knotted ring chain. The tran-
sition peak is at T = 340 K, too. Therefore, one can
say that the knotted ring chain has only one-stage
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phase transition, which is different from linear and
ring chains.

Fig. 5. (a) Temperature dependences of the heat capac-

ity per bond Cv/N for knotted ring chains with N = 100,

140, and 180 bonds, and (b) results for 140-bond linear,

ring, and 41 knotted ring chains are also presented for

comparison.

The possible conformational transitions for 140-
bond 31 and 41 knotted ring chains as well as 140-
bond ring and linear chains are shown in Fig. 6. In
Fig. 6, the 140-bond linear chain is in an extended coil
state with a large end-to-end distance at high temper-
atures. With decreasing temperature, the linear chain
collapses into a compact structure with tails, and it
further collapses into a more compact torus globule at
a lower temperature. For the 140-bond ring chain, it
exhibits fully oblate structure at high temperatures,
with decreasing temperature. It folds a few times
along a nearly straight line to form abrupt U-turns
near the ends like hairpins. After the liquid–solid-like
transition, the 140-bond ring chain collapses into a
torus-like globule, which is similar to the structure of
the linear chain at the same temperature. For 31 and
41 knotted ring chains, at high temperatures, both are

more extended. At low temperatures, they collapse
into more compact torus globules. Obviously, there is
only a one-stage transition for the knotted ring chain.
We can see that the transition process of the knotted
ring chain is different from those of the linear and ring
chains. This conclusion is consistent with the discus-
sions of 〈S2〉/(Nb2), 〈δ∗〉, 〈U〉/N , and Cv/N above.
This 3D coordinate plot clearly exhibits the process
of the phase transitions.

Fig. 6. The 3D coordinate plots of the 140-bond knotted

ring chains during the collapse transition. The structures

of 140-bond ring and linear chains are also presented for

comparison.

4. Conclusions

In this paper, we have presented the collapse tran-
sitions of polyethylene knotted ring chains using MD
simulation. A results comparison between linear and
ring chains is made. The Langevin equation is used to
mimic the collision of solvent molecules. The collapse
of the linear chain is in accordance with the previous
studies for square-well chains and L–J homopolymers.
The linear chain undergoes a two-stage collapse transi-
tion, i.e., the gas–liquid-like and liquid–solid-like tran-
sitions. These transitions are determined by a high
temperature shoulder and a low temperature peak in
the heat capacity curve, respectively. The ring chain
undergoes two abrupt transitions, and there are two
sharp peaks in the heat capacity curve. The reason for
this may be that besides the L–J and bond-stretching
potentials, the bond-bending and torsion potentials
are included for the polyethylene ring chain in the
UA model. The bond-bending and torsion potentials
should turn the ring chain into a stifflike chain, which
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is different from the square-well and L–J homopoly-
mers ring chains, and the continuous space model
should be more suitable for a stifflike ring chain than
the lattice model. The polyethylene knotted chain has
only a one-stage transition, i.e., the knotted ring chain
undergoes a gas–liquid–solid-like transition directly.
At high temperatures, a fully extensive knot struc-
ture is observed. The mean-square radius of gyration
〈S2〉/(Nb2) and shape factor 〈δ∗〉 depend on not only

the chain length but also the knot type. With decreas-

ing temperature, collapse of a low temperature region

is observed. The collapse temperature decreases with

increasing chain length. Comparing 31 and 41 knot-

ted ring chains, we find that the gas–liquid–solid-like

transition does not depend on the knot type. This

investigation can provide some insights into the con-

formational properties of knotted polymers.
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