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Adhesive contact: from atomistic model to
continuum model*
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Two types of Lennard—Jones potential are widely used in modeling adhesive contacts. However, the relationships
between the parameters of the two types of Lennard—Jones potential are not well defined. This paper employs a self-
consistent method to derive the Lennard-Jones surface force law from the interatomic Lennard-Jones potential with
emphasis on the relationships between the parameters. The effect of using correct parameters in the adhesion models
is demonstrated in single sphere-flat contact via continuum models and an atomistic model. Furthermore, the adhesion
hysteresis behaviour is investigated, and the S-shaped force-distance relation is revealed by the atomistic model. It
shows that the adhesion hysteresis loop is generated by the jump-to-contact and jump-off-contact, which are illustrated

by the S-shaped force-distance curve.
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1. Introduction

With rising interest in micro/nano-electro-
mechanical systems (MEMS/NEMS), new research
fields have emerged in an attempt to understand
One of these

which plays a significant

nanoscale science and engineering.
fields is nanoadhesion,
role in MEMS/NEMS, surface force microscopy
(SFM) and atomic force microscopy (AFM) measure-
ments, nanomanipulation, nanotribology, nanowear
and some other related fields.!! At the nanoscale,
adhesion/stiction resulting from the large surface-to-
volume ratio has become a critical consideration in
designing MEMS/NEMS devices, and thus inspires
heated discussions in the MEMS community.?—¢!
Continuum mechanics models of the adhesive con-
tact have been well developed in the past few decades.
Bradley!” and Tian et all® calculated the adhesive
force between two rigid spheres. Two important ad-
hesive contact models of elastic spheres were proposed
by Johnson et all! (JKR model), and Derjaguin et
al.'% (DMT model). The JKR model is based on a
balance among elastic, potential and surface energies,
and the adhesive force acts inside the contact region.
On the other hand, the DMT model assumes that the
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adhesive force acts outside the contact region and does
not change the Hertzian profile. Even though it was
originally thought that the two models were contra-
dictory, it was shown later by Tabor!'! that both
models are respectively appropriate to two extreme
adhesion cases. The JKR model is applicable to com-
pliant spheres with large surface energy and radius,
while the DMT model is suitable for stiff spheres with
small surface energy and radius. The transition be-
tween the two extremes was considered by Maugis,*?
who provided an analytical solution (MD model) by
using a simplified force-separation law. However, it
is argued that all of the above-mentioned theories
have some difficulty in explaining the adhesion hys-
teresis behaviour that has been observed by many
researchers.['3=15 Although Wei and Zhao!') devel-
oped three hysteresis models by revising the JKR,
DMT and MD theories, the hysteresis models fail to
show the force-distance relation, which is important
in the interpretation of SEFM,16) AFMI7:18] and other
adhesion experiments.[19-20]

In the adhesion analyses, two types of Lennard—
Jones interaction potential are widely accepted and
used in modeling adhesive contacts.[>812:21=24] The

first type (surface force law), which indicates the in-
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teraction force per unit area between two half-spaces,
was first suggested by Muller et al.*®! and parameter-
ized by adhesion energy Ay and equilibrium distance
zo between the two planes. The second type (inter-
atomic potential law), which depicts the interaction
potential between two discrete atoms, is parameter-
ized by potential well  and zero-potential distance o
between the two atoms. Based on the Lennard—Jones
surface force law and interatomic potential law, con-
tinuum models and atomistic models of adhesive con-
tact can be developed, respectively. However, contin-
uum models and atomistic models of adhesive contact
fail to interrelate since they are characterized by two
different groups of parameters (Avy and z for contin-
uum models; w and o for atomistic models). The lack
of clear understanding and specific knowledge of the
relationships between the two groups of parameters
limits the applicability and accuracy of the adhesion
models. As to the reasons why previous authors did
not, provide the relationships between the two groups
of parameters, this is possibly due to the fact that they
focused mainly on the continuum models and did not
focus on the relationships, or they just ignored the
relationships by specifying the value of some dimen-
sionless parameter that incorporates them.

In this paper, a self-consistent method is em-
ployed to derive the Lennard—Jones surface force law
from the interatomic Lennard-Jones potential with
emphasis on the relationships between the two groups
of parameters. Then an atomistic model of adhesive
contact developed by usl? is briefly revisited, and the
effect of using appropriate parameters in the adhesion
models is shown in a single sphere-flat contact via con-
tinuum models and the atomistic model. Finally, the
adhesion hysteresis behaviour is investigated by the
atomistic model.

2. From interatomic parameters

to surface parameters

2.1. Lennard—Jones potential

Two types of Lennard—Jones potential are widely
used in modeling adhesive contacts. The first, which
gives the adhesive force per unit area between two
half-spaces separated by a distance z, is the Lennard—

Jones surface force law determined by!2®!

Fo=22(®)-(2)] o

where zg is the equilibrium distance between two
planes, which physically represents the minimum dis-
tance between two continuum surfaces at which con-
tact occurs. The A7y is the adhesion energy, defined
by Ay = v1 +72 — 12, where 73 and 7, are the surface
energies of the two bodies, respectively, and 715 is the
interfacial energy.

The second type is the well-known interatomic

Lennard—Jones potential given by

=[] e

where [ is the interatomic distance. Based on Eq. (2),

the interaction force between two atoms is described
by

dw 12B  6A

)= = —— — — 3

=-S5 =5 -5 3)

where A = 4wob is the attraction coefficient and

B = 4wo'? is the repulsion coefficient. Thus, the

attraction and repulsion coefficients are related by
B = Ac®. (4)

From Eq. (2), we can also see that the equilibrium

distance between two atoms is

lo = V20. (5)

2.2. Hamaker hypotheses

At the nanoscale, the effect of the discrete charac-
teristic of bodies on their performances is significant
since they are composed of atoms. Therefore, the in-
teraction force between two arbitrarily shaped bodies
of V7 and V5 can be obtained from the interatomic
force law. Given the interaction force f(I) between
two atoms (one is from Vj, and the other from V3),
one can obtain the total force between Vi and V5 via
the Hamaker hypotheses,29 i.e.

(i) additivity: the total interaction can be ob-
tained by the pairwise summation of the individual
contributions;

(ii) continuous medium: the summation can be
replaced by an integration over the volumes of the in-
teracting bodies assuming that each atom or molecule
occupies a volume dV with a number density p;

(iii) constant material properties: the num-
ber density p and the interaction coefficient are con-

stant over the volume of the bodies.
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Based on the Hamaker hypotheses, the total in-

teraction force between V; and V5 can be obtained by

F=ppn [ [ 100v1avs, (6)

Vo 1

where p; and po are the number densities of V; and

Vs, respectively.

2.3. From interatomic force to surface
force

2.3.1. Atom—sphere interaction

The atom—sphere interaction is shown in Fig. 1.
The centre of the sphere of radius R is set at the origin
and the atom is set at d’ = d + R along the z axis.
Because of the symmetry of the problem, F, = Fy,=0
and F, = Fcosa = F(R+d—rcosf)/l. The distance
between the atom at (0,0,d’) and an arbitrary atom

of the sphere is

I=+/(d+ R)2+r2 —2r(d + R) cos . (7)

M

v

Fig. 1. Interaction between an atom and a sphere.

According to the Hamaker hypothesis, one has to in-
tegrate over the volume of the sphere with a number

density ps1 to obtain the atom—sphere interaction force

Fou(d) = pur /V FOAVa = Fu(d) — Fasa(d),  (8)

where F,s1(d) and Fugo(d) are the repulsion and at-
traction force, respectively, and are given by

27
Faui(d _123[)51/ / / 51n9005ad d0dy

_ 167Bpa R*(d + R)[d” + 2R(d + R)]
5d10(d + 2R)10
x {5d* +4R(d + R)[5d* + 8R(d + R)]},

2m
Froo(d) = 6Ap51/ / / SIHGCObadeQd@

877Ap51R3(d +R)
= T d@(d+ 2R

2.3.2. Sphere—surface interaction

The sphere—surface interaction is shown in Fig. 2
The surface is set at z=0 and the centre of the sphere
is set at z = h + R. The distance between the sphere
and an arbitrary atom K (r, ¢,0) of the surface is

=V(R+h?2+r2-R (9)

Because of the symmetry of the problem, the interac-
tion force between the sphere and the annular region

[r, 7 + dr] of the surface is
Fss(h) = Fssl (h) - Fssg(h)7 (10)

where Fi(h) and Fysa(h) are the repulsion and at-
traction force, respectively, and are given by

27 oo r4dr
Fy1(h) = psz/ / / Fas1(d) cos Brdrdzde,
0 0 r
27 %) r4dr
Fya(h) = Psz/ / / Fs2(d) cos Brdrdzdy,
0 0 r

where pgo is the number density of the plane. When
dr — 0, the interaction force between the sphere and
the unit area of the surface can be obtained by

1 ——F(h
drH—I}O 2mrdr (h)

Fss2(h)] ) (11)

Fa(h) = Fa1(h) — Faa(h) =

= lim —— [Fs(h) —

dro 27Trdr[ ss1.(h)
where Fy1(h) and Fyo(h) are the repulsion and attrac-
tion force, respectively, and are given by

4 Bpsi ps2 R®
45(h? + 2hR + r2)°
+ 1087*R? + 216r°R* + 128 RS
+ 9h%(5r% + 32R?) + 12h3(1572 R + 46 R?)
+ 9h2(5r* + 44r? R? + T2R*)

+ 18h(5r* R 4 24r* R® + 24R°)],

47TAp51,032R
3(h2 +2hR +r2)3’

Fa(h) = [15h° 4 157° 4 90A° R

Fya(h) =
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Substituting Eq. (4) into Eq. (11) and using the defi-

nition of the Hamaker constant[24:25]

H = 7T2A,051p52. (12)

Equation (11) can be rewritten in terms of the
Hamaker constant as

Fa(h) = Fai(h) — Faz(h), (13)

where Fy1(h) and Fya(d) are given respectively by
- 4H R30S
 45m(h? + 2hR + r2)?

+ 1087 R? + 216r°R* + 128 RS

+ 9h* (572 + 32R?) + 12h3(15r2 R 4 46 R?)

+ 9h2(5r* + 4472 R? + 72RY)

+ 18h(57* R + 241 R® + 24RP)],

4HR3
3m(h? + 2hR + r2)3’

Fa(h) [15h° 4 157% 4+ 90A° R

Faa(h) =

N

Fig. 2. Interaction between a sphere and a surface.

2.3.3. Surface—surface interaction

When R — oo, the sphere approaches a surface
and equation (13) is reduced to
Ho* H

Fy'(h) = lim [Fy(h)] 63

=—— 14
R—o0 45mh? ( )
In fact, equation (14) depicts the interaction force be-
tween a surface and a unit area of the other surface.
From Eq. (14), the interaction force per unit area be-
tween two surfaces separated by a distance h can be

determined as

1 2m s
F(h) = lim —/ / Fy'(h)rdrde
o Jo

s—o00 T§2
Hob H

=27 7 1
457h9  6mh3 (15)

When F = 0, the two surfaces are at the equilibrium
distance zp, which is given by

0= 1 1350. (16)
In order to express Eq. (15) in terms of the adhesion
energy, one needs to consider that the adhesion energy
is the work done to move two surfaces from equilib-
rium separation zy to infinity, i.e.

Ay = _/Oo F(h)dh =

20

H
16723

(17)

Thus the value of the Hamaker constant for a spe-
cific contact case is related to the adhesion energy and
equation (15) could be rewritten as

=32 ()] o

Equation (18) is exactly the same as Eq. (1) proposed

by Muller et al.?® with a clear and fundamental defi-
nition of the equilibrium distance zy and adhesion en-
ergy Ay as given by Eqgs. (16) and (17) respectively.

2.4.Lennard-Jones potential parame-
ters

2.4.1. Length scale parameters

For the interatomic Lennard—Jones potential, the
zero-potential distance o of different materials can be
readily obtained from the published papers,?” which
attributes to the development of the molecular dy-
namics simulation technique. Yu and Polycarpou,2®!
based on the minimum potential energy theorem of
crystals, proposed a new way to obtain o, i.e.

1
%Tm

where ry is the nearest neighbouring distance in a

o= (19)

crystal. For the face-centred crystal lattice, body-
centred crystal lattice, and diamond structure, ry are
a\/§/2, a\/§/2, and a\/§/4 respectively, where a is
the lattice constant of the specific crystal. Given the
zero-potential distance o, the equilibrium distance zq
between two surfaces can be obtained by Eq. (16).
Note that z is different from the interatomic equi-
librium distance Iy given by Eq. (5), and they are re-
lated by
lo = V152. (20)
By comparing Eq. (5) with Eq. (19), we can also see
that lp = rn, and the atomic radius is determined by

rg=—=—=—0. (21)
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2.4.2. Energy parameters

For the identical material in contact, the Hamaker

constant given by Eq. (12) could be rewritten as

H =n%Ap?,. (22)
Using the definition of the number density!®:12]
3
s1 — s 23
Ps1 47‘(’7’8 ( )

and substituting attraction coefficient A = 4wo® and
Eq. (21) into Eq. (22), one can simplify Eq. (22) as
H = T2w. (24)
Based on Egs. (12), (17) and (24
stant can be described by

), the Hamaker con-

H = 712 Ap1py = 16725 Ay = T2w. (25)

Thus the value of the adhesion energy A~ for a specific
contact case is related to the potential well @ by

9w

Ay = (26)

2m2d’
The above work gives a systematic derivation of the
relationships between the parameters of the two types
of Lennard—Jones potential, which are related by
Egs. (16) and (26), respectively. For two different ma-
terials in contact, the conventional Lorentz—Berthelot
mixing rule could be adopted. Based on Ref. [29], we

have

012 =

Soi+a), 27)

W12 = Yy W1W02. (28)

Once o012 and wis are known, zg and A~s could be
readily obtained from Egs. (16) and (26), respectively.

Equations (16) and (26) demonstrate the defi-
nite relationships between the parameters of the two
types of Lennard—Jones potential. However, the ad-
hesion energy A~y obtained from the parameters of in-
teratomic Lennard—Jones potential is larger than that
obtained by experiment. For example, the interatomic
potential parameters of Au are w = 0.458 eV and
o = 0.257 nm,2”) and the corresponding adhesion en-
ergy Ay = 3.11 J/m?, which is larger than the value
2 J/m? given by Ref. [28]. The difference could be
explained by the fact that an unideal smooth surface
might be used in the measurements of adhesion en-
ergy, and the rough surface can lead to a decrease in
adhesion energy.[*?) Anyway, this work focuses mainly
on the relationships between the two groups of param-
eters, which establish a bridge between the atomistic
models and the continuum models.

3. Adhesive contact model

In order to demonstrate the significance of us-
ing appropriate parameters proposed in this work, an
atomistic model of adhesive contact developed by us

is briefly revisited in this section.

A 2

ho h(r)
N —~,
X 7~ 2(r) T T

A\

Fig. 3. Adhesive contact between a sphere and an elastic
surface.

Figure 3 shows a scheme of adhesive contact be-
tween a sphere and an elastic surface. Because of the
symmetry of the problem, it is convenient to use cylin-
drical coordinates. The elastic surface is set at z=0
and the center of the sphere of radius R is set at
h = ho + R along the z axis, where hg is the nom-
inal distance between the sphere and the surface. The
deformation of the elastic surface at position 7 is de-

termined asll

7 2V rr
= k dr, 29
7TE/ ’l"+7” (?—i—r) " (29)

where FE is the contact modulus or the equivalent

Young’s modulus, k(x) is the complete elliptical inte-
gral with the module z = 2\/5/(? +7r), h="nh(r)=
ho + z(r) (Note that z(r) is negative when the sur-
face is stretched since the attraction is defined to be
negative in this work) is the real distance between the
sphere and the deformed surface, and Fy(h) is the ad-
hesive force between the sphere and the surface given
by Eq. (13).
and the elastic surface is the original one added by

The real distance between the sphere

the deformation

h = h(r) = ho + 2( )

=hy+ — / <2 ) ”I: 30)
TE T+ r+r
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Complicated by the coupling relationship of h(r) and
Fa(h), the solution of Eq. (30) demands much com-
putational effort. In this paper, we adopt an effi-
cient Newton—Raphson method of iterations given by
Feng[®®! to solve Eq. (30) for obtaining the adhesion

characteristics between a sphere and an elastic surface.

4. Results and discussion

For the adhesive contact between two rigid
spheres or an equivalent sphere with a flat surface,
the adhesive force can be determined by the Bradley
equation,®? which is briefly described in the Ap-

pendix.
—0.57
=
< —1.0¢
5
£
B
Y
—1.51
—s Bradley equation
—+— atomistic moldel
by — Bradley equation (z5 = 0.4 nm)
—2.0 L% \ . . )
0 1 2 3 4 5
ho/zo

Fig. 4. Variation in normalized adhesive force as a func-
tion of normalized distance.

Figure 4 shows the force-distance curve suggested
by the Bradley equation, with R = 100 nm, Ay =
0.5 J/m2 and zp = 0.25 nm, in which the adhesive
force and the distance have been normalized as ' =
F/(tRAY), hg = ho/zp. For comparison, the force-
distance relation obtained from the atomistic model
(the corresponding parameters are @ = 2.18 x 10720 J
and 0 = 0.35 nm) is also illustrated in Fig. 4. It
is obvious that the atomistic model and the Bradley
equation agree well when the distance is larger than
triple the equilibrium distance zp, whereas the Bradley
equation shows a faster increase in adhesive force than
the atomistic model with a decrease in distance. This
difference is expected because the Bradley equation
ignores the deformation of the bodies, and the sharp
increase in force results from the short range Born
repulsion. In contrast, the atomistic model shows a
slow increase in force since the deformation of bod-
ies is considered in the model. However, if the equi-
librium distance zq is chosen arbitrarily to be 0.4 nm

(the value of 2y was arbitrarily chosen between 0.3 nm
and 0.6 nm in Refs. [21] and [25]), the incorrect adhe-
sion energy Ay would be obtained from Eq. (26), and
the force—distance curve given by the Bradley equation
will shift towards larger separations. Furthermore, the
maximum normalized attraction force (pull-off force)
predicted by the Bradley equation is less than 1.5 if
zp is chosen to be 0.4 nm. Obviously, the conclusion
is false because the normalized pull-off force is be-
tween 3/2 suggested by JKR theory and 2 suggested
by Bradley theory or DMT theory.
1.5} — atomistic model

—+— MD theory (zg = 0.4 nm) :/
10t //
g /

—e— MD theory

—0.57

—1.0}
20 _-15 —10 —05 0 05 1.0
F/(rRA%)

Fig. 5. Variation in normalized deformation as a function
of normalized adhesive force.

For the small distance, the deformation gener-
ated by the adhesive force cannot be ignored, and
the elastic models of adhesive contact are applica-
ble to this case. For the adhesive contact between
two elastic spheres or an equivalent sphere with a flat
surface, MD theory produces analytical results and is
applicable to various contact parameters. Therefore,
the comparison between MD theory and the atom-
istic model is conducted to show the significance of
using correct relationships between the two groups
of parameters of the Lennard—Jones potential. Fig-
ure 5 depicts the variation in normalized deformation
Z(0) = 2(0)/z as a function of the normalized ad-
hesive force F' = F/(mrRA~). It is clear from Fig. 5
that the atomistic model is in reasonable agreement
with MD theory. However, if the parameters of the
Lennard—Jones potential are chosen arbitrarily (for
example, the value of zy was arbitrarily chosen to
be 0.4 nm suggested in Ref. [25]), the incorrect adhe-
sion energy Ay would be obtained from Eq. (26), and
the distinct discrepancy between MD theory and the
atomistic model could be observed in Fig. 5. Clearly,
the use of correct parameters is very important in ob-
taining accurate predications of adhesion characteris-
tics.
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contact region

2(r)/z0

705,
—1.0+

—1.5f ----unload -
—2.0 . . . , . . L
—80 — 60 — 40 — 20 0 20 40 60 80

r/zo
Fig. 6. Normalized deformation of elastic surface.

In the adhesion analysis, one of the important
characteristics is adhesion hysteresis. Experimen-
tally, adhesion hysteresis is defined as the difference
between loading and unloading processes.[!! Under-
standing the hysteresis behaviour is critical in de-
veloping technologies to control adhesion. In prac-
tical adhesion systems, hysteresis results from the
combination of many effects, such as physicochemical
reconstruction,®! the increase in surface roughness
due to extraction,3% elastic instabilities, 2132 phys-
ical bonding,!*® and capillary forces due to ambient
humidity.®* In this work, we concentrate mainly on
the hysteresis characteristics related to the elastic in-
stabilities. By solving the atomistic adhesion model,
several snapshots of the deformed surfaces in the load-
ing and unloading processes are obtained and shown
in Fig. 6. Due to the finite range of the van der Waals
attraction force, the contact region for the loading pro-
cess is always less than that for the unloading pro-
cess at a given nominal distance. We think that this
type of adhesion hysteresis can be classified as an Is-

raelachvili’s mechanical hysteresis.3?

0.51

F/(xRAY)

—2.0 A . . y L ;
—1 0 1 2 3 4 5

ho/zo0

Fig. 7. Variation in normalized adhesive force as a func-
tion of normalized distance.

A similar phenomenon may be found in the force—
distance curve (S-shaped curve shown in Fig. 7) if we
choose the real distance h(0) to be the control param-
eter in the simulations. The S-shaped curve represents
typical fractal behaviour. As the distance is reduced,
the adhesive force follows the upper branch to point
A but then jumps to point B (jump-to-contact). If
the distance is now increased, the adhesive force fol-
lows the lower branch to point C' but then jumps to
D (jump-off-contact). Physically, the jumps happen
because at the start and end of the jumps the exten-
sion of the elastic plane balances the adhesive force.
When the sphere approaches the plane, an elastic or
mechanical instability occurs at certain finite distance
(point A), from which the sphere and the plane jump
to contact. This instability occurs when the gradient
of the adhesive force exceeds the equivalent stiffness
of the elastic plane. Likewise, on separation from the
adhesive contact, there will be a spontaneous jump off
from C to D. The same argument also applies to the
jumps resulting from the cantilever beam of an AFM,
and the jumps will be from A’ to B’ and from C’ to
D’ in an AFM of finite stiffness.

0.0

—-1.0

—-2.0

-3.0

F/uN

—4.0

—5.0— —]
—4 0 4 8 12 16 20
ho /nm

Fig. 8. Force—distance curve obtained from molecular dy-

namics simulation.[35]

40

F/nN
L
)
]
&L
L]
o
Q
Q
o]

Pawe® o°
—40F 2 oO
on fo) unload

—80 1 1 1 1

ho/nm

Fig. 9. The force—distance curve obtained from experi-
ment.[36]
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From the atomistic model, it can also be found
that the distance at which the bodies jump to con-
tact is smaller than that at which they jump off,
and the adhesion hysteresis loop is generated, as
shown in Fig. 7. The jump-to-contact and jump-
off-contact represent a spontaneous, nonequilibrium
transition in which energy is lost from the system in
the form of heat.l32! This type of adhesion hysteresis
behaviour is qualitatively similar to the adhesive be-
haviour shown by molecular dynamics simulations[®®
(shown in Fig. 8) and the experimentally measured ad-
hesive behaviour using scanning force microscopy!®
(shown in Fig. 9). The MD or other classical con-
tact theories do not describe these phenomena, but

the atomistic model is applicable.

5. Conclusions

The Lennard—Jones surface force law is derived
from the interatomic Lennard—Jones potential, and
the definite relationships between the parameters of
the two types of Lennard—Jones potential are obtained
by a self-consistent method. To demonstrate the effect
of using correct parameters, an atomistic model, the
Bradley equation and MD theory are employed to give
a comparative analysis by using correct and arbitrary
parameters. It is found that reasonable results can be
obtained only if the parameters of the two types of

Lennard-Jones potential are related correctly to each

other. Also, the adhesion hysteresis behaviour is in-
vestigated, and the S-shaped force—distance relation is
revealed by the atomistic model. It is shown that the
adhesion hysteresis loop is generated by the jump-to-
contact and jump-off-contact, which are illustrated by
the S-shaped force-distance curve.
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Appendix

For the adhesive contact between two rigid
spheres of radii Ry and Rs, the adhesive force can
(22]

be determined by the Bradley equation,“* i.e.

L2\ 4 (2
3 \ hg 3 \ ho

where R is the equivalent radius Ry Ry/(R1 + Ra), Ay
is the adhesion energy, and zy is the equilibrium dis-

F(ho) = 2rRAy (A1)

tance given by Eq. (1). If the two rigid spheres are
placed in contact (hg = 2p), equation (Al) can be
simplified as

Fy =2nRA~. (A2)

Equation (A2) is called the Bradley theory.!”]
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