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Ion-acoustic waves in plasma of warm ions and

isothermal electrons using time-fractional
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The ion-acoustic solitary wave in collisionless unmagnetized plasma consisting of warm ions-fluid and isothermal

electrons is studied using the time fractional KdV equation. The reductive perturbation method has been employed

to derive the Korteweg-de Vries equation for small but finite amplitude ion-acoustic wave in warm plasma. The

Lagrangian of the time fractional KdV equation is used in a similar form to the Lagrangian of the regular KdV equation

with fractional derivative for the time differentiation. The variation of the functional of this Lagrangian leads to the

Euler-Lagrange equation that gives the time fractional KdV equation. The variational-iteration method is used to solve

the derived time fractional KdV equation. The calculations of the solution are carried out for different values of the time

fractional order. These calculations show that the time fractional can be used to modulate the electrostatic potential

wave instead of adding a higher order dissipation term to the KdV equation. The results of the present investigation

may be applicable to some plasma environments, such as the ionosphere plasma.
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1. Introduction

The ion-acoustic solitary wave is one of the funda-
mental nonlinear wave phenomena appearing in fluid
dynamics!!! and plasma physics.23] There are differ-
ent methods of studying nonlinear systems in plasma

[4] were the first to use re-

physics. Washimi and Taniti
ductive perturbation method to study the propagation
of a slow modulation of quasi-monochromatic waves

[5:6] have

through plasma. Since then many authors
paid much attention to the subject. The evolution of
small but finite-amplitude solitary waves, studied by
means of the Korteweg-de Vries (KdV) equation, is of
considerable interest in plasma dynamics.

It was shown that such fractional derivatives in
the Lagrangian describe nonconservative forces. So,
if a Lagrangian is constructed using non-integer order
derivatives, the resulting equation of motion can be

nonconservative.[”]

Because most of classical processes
observed in the physical world are nonconservative, it
is important to be able to use the fractional calculus to
describe such cases. Riewel”8! constructed a method
using a Lagrangian that leads to a Euler-Lagrange
equation which, in some sense is equivalent to the de-

sired equation of motion. Further study of the frac-
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tional Euler-Lagrange can be found in the work of
Agrawal,[®19 Baleanu and coworkers,[''~13] Tarasov
and Zaslavsky,'*19] Fujioka,'®) Wu and Hel'”) and
others. During the last few decades, fractional cal-
culus has been applied to almost every field of sci-
ence, engineering and mathematics. Some of the areas
where fractional calculus has been applied include vis-
coelasticity and rheology, electrical engineering, elec-
trochemistry, biology, biophysics and bioengineering,
signal and image processing, mechanics, mechatronics,
physics and control theory.[!8—20]

To the authors’ knowledge, the problem of time
fractional KdV (TFKdV) equation in collisionless
plasma has not been addressed in the literature be-
fore. So, our motivation here is to study the effects of
time fractional parameter on the electrostatic struc-
tures for a system of collisionless plasma consisting of
a mixture of warm ion-fluid and isothermal electrons.
We expect that the inclusion of time fractional param-
eter will change the properties as well as the regime
of existence of solitons.

Several methods have been used to solve frac-
tional differential equations such as, the Laplace trans-
form method, the Fourier transform method, the iter-

ation method and the operational method.?122] Re-
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cently, there have been various papers dealing with
the existence and multiplicity of solution of non-
linear fractional differential equation by using tech-
niques of nonlinear analysis.[?3=3% In the present pa-
per, the resulting TFKdV equation will be solved us-
ing a variational-iteration method (VIM) firstly used
by He.l3U

The rest of the present paper is organized as fol-
In Section 2 the formulation of the TFKdV
equation is described using the variational Euler—
Lagrange method. In Section 3, VIM is discussed,
and the resulting TFKdV equation is solved approxi-

lows.

mately using VIM. In Section 5 the calculation results
and their discussion are presented.

2. Basic and KdV

equation

equations

Consider collisionless ionization-free unmagne-
tized plasma consisting of a mixture of warm ions-
fluid and isothermal electrons. The basic equations,
which describe the system in dimensionless variables,
are represented by’

0 s,
an(x,t) + a—x[n(x,t)u(x,t)] =0, (1a)
%u(x, t) + u(x, t)a%u(x, t)

+ n(;wip(x,t) + a%qb(x,t) —0, (1b)
o pla,) + e, 1) 5 pla )

+ 3p(x,t)%u(x,t) =0, (1c)

2

@M:ﬂ,t) +n(x,t) — ne(z,t) =0, (1d)
ne(x,t) — explp(z,t)] = 0. (Le)

In these earlier equations, n(x,t) and ne(xz,t) are the
densities of ions and electrons, respectively, u(zx,t)
is the ions flow velocity, p(x,t) is the ions pressure,
¢(x,t) is the electrostatic potential, z is the space co-
ordinate and ¢ is the time variable. ¢ = T;/T, < 1
is the ratio of ion temperature T} to electron temper-
ature T,. All of these quantities are dimensionless
and normalized in terms of the following characteristic
quantities: n(x,t) and ne(x,t) are normalized by ng,
the unperturbed electron density; u(x, t) is normalized
by the sound velocity \/kgTe/mi, p(z,t) and ¢(x,t)
are normalized by nokpTi and kpTe/e, respectively;
t and x are normalized by the inverse of the plasma
frequency w;il = (\/4me2ng/m;)~! and the electron
Debye length A\p = \/kpTe/(4me3ny), respectively;

kg is the Boltzmann’s constant; m; is the mass of
plasma ion. According to the general method of re-
ductive perturbation theory,* stretched variables are
introduced as

=%, €=¢?(z—ot), (2)

where ¢ represents the amplitude of the perturbation
and v is a normalized phase velocity of the wave. All
the physical quantities appearing in Eq. (1) are ex-
panded as power series in € about the equilibrium

value as
n(&, 1) =14eni(&,7) +2na(&,7) +---,  (3a)
u(é,7) = eur (&,7) + ug(§,7) + -+, (3b)
p&.7) =1+ep1(&7) +p2(6,7) +-+-,  (30)
¢(&,7) =1 (§,7) +%ha(E, ) + -+ (3d)

The boundary conditions are imposed as [§| — oo,
n=ne=p=1and u= ¢ = 0. Substituting Egs. (2)
and (3) into the equations in expression (1) and equat-
ing the coefficients of like powers of ¢ lead to a set of
equations. From the lowest, second-order equations in
€ by eliminating the second order perturbed quantities
n2(€77—)7 uz(&,7), p2(§,7) and ¢2(€77—)7 a KdV equa-
tion for the first-order perturbed potential is obtained
as

L 51(67) + Adi(&,7) e n(6,7)

e3
3
+ Baié{))¢1(§77-) = Oa (4&)
where
60+ 1 1
o1 2v30 + 1 (4b)

In Eq. (4a), ¢1(&,7) is the field variable, £ € R is a
space coordinate in the propagation direction of the
field and 7 € T (= [0,Tp]) is a time variable.

The resulting KAV equation (4a) can be converted
into TFKAV equation as follows:28!

Using a potential function V(& 7)
01(€,7) = Ve(&,7) gives the potential equation of
the regular KdV equation (4a) in the form

‘/57'(&7-) + AVYE(&) T)vff(§77-> + 3%555(6’7) =0, (5)

where the subscripts denote the partial differentiation

where

of the function with respect to the parameter.

The Lagrangian of the regular KdV equation (4a)
can be defined using the semi-inverse method!32:33] as
follows:

The functional of the potential equation (5) can
be represented by

J(V) = /R a¢ /T Ar{V(€,7)[c1Ver (€, 7)
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+ o AV (€, T)vee (&, 7)
+ c3BVegee (€, 7)1} (6)

where ¢1, ¢ and c3 are constants to be determined. In-
tegrating by parts and taking V. |g = Vel = Velr =0
lead to

J(V) = /R a /T A {V (€, 7)[—erVe (6, 7)V, (6,7)

- %CQA‘/E3(§7T) +C33V52§(§77')]}- (7)

The unknown constants ¢; (¢ = 1, 2, 3) can be
determined by taking the variation of the functional

(7) to make it optimal. Taking the variation of this

functional, integrating each term by parts and make
the variation optimum give the following relation:

201 Ver (&,7) + 32 AVe (&, T)Vee (€, 7)
+ 2033‘/%555(57 7') =0. (8)

As this equation must be equal to Eq. (5), the

unknown constants are given as
c1=1/2, ¢c2=1/3 and c3=1/2. 9)

Therefore, the functional given by Eq. (7) gives the
Lagrangian of the regular KdV equation as

Vi (€, 7)

1 . 1
SAVAE ) + 5BVEE ). (10)

1
L(Vr, Ve, Vee) = = 5 Vel(67)

Similar to this form, the Lagrangian of the time-
fractional version of the KdV equation can be written
in the form

FGDIV, Ve, Vee) = = 3 DEVEMIVe(6, )

1 1
- EAV%?’(gaT) + §BVv§2§(§77—)a

0<ax<l, (11)

where the fractional derivative is represented, using
the left Riemann—Liouville fractional derivative defi-

nition as(?1:22]

_r
'k —a)
k—1<a<k, te

k t
D (D) = | [ =],
la,b]. (12)

The functional of the TFKdV equation can be repre-
sented in the form

J(V) = /R dg /T dr F(6D2V, Ve, Vee),  (13)

where the time-fractional Lagrangian F'(¢ D3V, Ve, Vee)
is defined by Eq. (11).

Following Agrawal’s method, !9 the variation of
functional (13) with respect to V (£, 7) leads to

oF
0J(V)= [ d d 09DV
V) / §/ T{aoDo‘ 0
3 OF
—0Ve + 4V, 14
o tVe T G 55} (14)
The formula for fractional integration by part
reads(?1:22l
b
/ tf(@). D g(t) = [ dtg(t) D510
g(t) € la, B, (15)
where (Dj', the right Riemann-Liouville fractional
derivative, is defined by[21,22]
D310 = 2G2S [ [ artr -0 510)
dtk ’
k—lgagk, t € la, b]. (16)

Integrating the right-hand side of Eq. (14) by part

using formula (15) leads to
o OF
o) = [ ae [ ar| -0t (550

o (OF\ & (OF
o)+ g (o )| o0

where it is assumed that 6V|p = §V|gr = 6Ve|r = 0.

Optimizing this variation of the functional J(V),
i.e, 6J(V) =0, gives the Euler-Lagrange equation for
the TFKdV equation in the form

po (LOF \_ 0 (0F\ 9 (0FY\ _
TN\ 9oDaV ) 0e\OVe) 02\ OVee )
(18)

Applying the Lagrangian of the TFKdV equation (11)
to this Euler-Lagrange formula (18) gives

— 5 DRVE(ET) + 5 oDIVE(E,T)
+ AVe (&, 7)Vee(§,7) + BVegee (6, 7) =

Substituting for the potential function, Ve(¢, 7) =
o1&, ) = @(, T), gives the TFKAV equation for the
state function @(&, 7) in the form

(19)

S1DSB(E,7) - Df, B(6,7)]

+AD(E ) Pe(§;7) + BPeee(§,7) =0, (20)

where the fractional derivatives (DY and ,D7f = are,
respectively the left and the right Riemann—Liouville
fractional derivatives and are defined by Egs. (12) and
(16).
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The TFKdAV equation represented in Eq. (20) can
be rewritten as the following formula:

FDY D7)+ AD(E,T)De(€,7)
+ B&eee(€,7) =0, (21)

where the fractional operator ' D is called Riesz frac-

tional derivative and can be represented by!?!:22l
R o 1 « k na
o Dj ft)= §[ODt f(t) + (_1)t DTof(t)]
11 dkf
- - = drlt — k—a—1
2F(k—oz)dtk[/a Tt =] U
k—1<a<k, te]ab]. (22)

The nonlinear fractional differential equations have
been solved using different techniques.!?*=39 In this
paper, a variational-iteration method, first given by
Hel3Y is used to solve the TFKdV equation that is for-
mulated using Euler—Lagrange variational technique.

3. Variational-iteration method

Variational-iteration method®” has been used
successfully to solve different types of integer non-
linear differential equations.*3% Also, VIM is used
to solve linear and nonlinear fractional differential
equations.!?>=3% This VIM is used in this paper to
solve the formulated TFKdV equation.

The basic features of the VIM are as follows: the
solution of the linear mathematical problem or the ini-
tial (boundary) condition of the nonlinear problem is
used as the initial approximation or trail function. A
more highly accurate approximation can be obtained
using iteration correction functional. Consider a non-
linear partial differential equation that consists of a

a—2
o T
é(fﬂ') = RDT l‘p(fﬂ')‘rzom
0<a<l, 71e€[0,Tp],

where the following fractional derivative property is used:

k
RDgED]F)] = FDytPrt) = EDS T f (1))
j=1

linear part LU (z, t), a nonlinear part NU(z, t) and a
free term f(x, t) represented as

LU(x,t) + NU(x,1) = f(z.1), (23)
where L is the linear operator and N is the nonlinear
operator. According to the VIM, the (n + 1)-th ap-
proximation solution of Eq. (23) can be given by the

iteration correction functional as!3!]

Unii1(x,t) = Up(a,t) + /O/dT/\(T)[.EUn(l‘,T)

+ NU,(z,7) — f(z,7)], n>0, (24)
where \(7) is a Lagrangian multiplier and U, (z, )
is considered as a restricted variation function, i.e,
6U, (x,7) = 0.
tion functional (24) leads to the Lagrangian multiplier
A(T).
tion of the linear part of Eq. (23) or the initial value
U(z,0). As n tends to infinity, the iteration leads to

the exact solution of Eq. (23), i.e

The extreme variation of correc-

The initial iteration can be used as the solu-

Uz, t) = lim Up(z,t). (25)

n—oo

4. Solution of TFKdV equation

The FKdV equation in space and time has been
solved using the VIM by Momani et all?® The
TFKdV equation represented by Eq. (21) will be
solved using the VIM but in slightly different manner
from that of Momani et al. The iteration correction
functional (24) is used to solve Eq. (21) as follows:[2®]
Acting from the left on Eq. (21) by the fractional

operator D1~ leads to

3
_ Rpl-«a T
B {Aﬂa>£ (€1 + By 0(€m)].
(26)
[21,22]
(t—a)—J
ey Fols8<k (27)

As a < 1, the Riesz fractional derivative fD¥~! is considered as Riesz fractional integral 71~ that is defined

as(21,:22]

CIf(t) =

where oL f(t) and ,I,* f(t) are the left and the right Riemann-Liouvulle fractional integrals, respectively.

SLoL2 (1) - I D) = 5

1 b a—1
@/ drlt — 71 f(r), @ >0, (28)

[21,22]
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The iterative correction functional of Eq. (26) is given as

¢n+1(€7 ) - @

| Bpn-e [A@ €7

/ dr'A(r {(aa,qsn(g,r’)—gfira@n(g,r’)
% W(E7)

T/oz72

=o' (a—1)

3

0° - /
Bafg@n(gﬂ')]}, n >0, (29)

where function @, (£, 7) is considered as a restricted variation function, i.e. §@(¢,7) = 0. The extreme variation
of Eq. (29) using the restricted variation function leads to

30, +1(67) = 60,(67) + [ Ao

P, (&, 7/)

=30, (6) + AR ) — [ dr LA (€7 =0

This relation leads to the stationary conditions 1+ A(7) =

multiplier as A(7') =

Pya(€,7) = 45"(5’7)_/0 dT{ z

+oDre [A@ (€7 )

In physics, if 7 denotes the time-variable, the right
Riemann-Liouville fractional derivative is interpreted
as a future state of the process. For this reason, the
right-derivative is usually neglected in applications,
when the present state of the process does not depend
on the results of the future development.!?) Therefore,
the right-derivative is equal to zero in the following
calculations.

The zero order correction of the solution can be
taken as the initial value of the state variable, which
is taken in this case as

Do(E,7) = P(E, Ap sechQ(cf),

0) = (31)
where Ay = 3v/A and ¢ = £+/v/B are constants.

D (8,7") —

23

¢2(£5 )

Agsech?(c€) + 2Agc sinh(c€) sech(c€)3[4¢2B + (ApA — 12¢? B) sech(c€)?]

(7') = 0, which leads to the Lagrangian

—1. Therefore, the correction functional (29) is given in the form

laa—2

=0 (e —1)

o? )
853¢’ﬂ(§77-):|}7 nZO

(l)%ﬂ—lia P, (¢, T/)

Pn(&,7) + (30)

Substituting this zero order approximation into
Eq. (30) and using the definition of the fractional
derivative (22) lead to the first order approximation

as
@1 (€, 7) = Agsech?(c€) + 2Agcsinh(c€) sech® (c€)
x [4¢2B + (AgA — 12¢2 B) sech?(c£)]
TQ

Substituting this equation into Eq. (30), using defini-
tion (22) and the Maple package lead to the second

order approximation in the form

(e

I'(a+1)

+ 2A0c? sech(c€)?[32¢* B? 4 16¢2 B(5A0 A — 63¢? B) sech(c€)?
+2(343 A2 — 176 Agc? AB + 1680c* B?) sech(c¢)*

—7(A2A?

— 42A0c* AB + 360c¢* B?) sech(c€)"]

2c

(20 +1)

+ 4A%c? sinh(c€) sech(c€)®[32¢* B? + 24c¢2 B(AgA — 14¢® B) sech(c€)?
+ 4(A2A% — 32A0c2 AB + 240¢* B?) sech(c€)*

— 5(A3A? — 24A0c* AB + 144¢* B?) sech(c€)"]

I'2a+1) T3
[FMa+1)PPIr'Ba+1)

(33)

The higher order approximations can be calculated using the Maple or the Mathematica package to the appro-

priate order where the infinite approximation leads to the exact solution.
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5. Results and discussion

For a small but finite amplitude of ion-acoustic
solitary wave in unmagnetized collisionless plasma
consisting of warm ion-fluid and isothermal elec-
trons, we have obtained the Korteweg-de Vries equa-
tion by using the reductive perturbation method.*
The TFKdAV equation has been derived using
Agrawal’s method.[®'% The time fractional opera-
tor in the TFKdV equation is derived in terms of
the Riesz differential operator.28] He’s variational-
iteration methodB is used to solve the derived
TFKdV equation.

P(¢,7)

P(¢,7)

Fig. 1. Profiles for electrostatic potential ¢(&, ) against
position ¢ and time 7 at o = 0.05 and v = 0.4 for (a)
a=1.0 and (b) a = 0.5.

Our motivations are to study the effects of the
ratio of ion temperature to the electron temperature
o and the time fractional order v on the existence of
solitary waves in warm plasma. In Fig. 1 profiles of
the solution of the TFKdV equation each as a solitary
pulse are obtained for two values of the fractional or-
der « =1 and « =1/2. This shows that the present
system admits a solitary wave solution for any time
fractional order approximation.

Figure 2 shows that both the amplitude and the
width of the solitary wave decrease with the increase
of temperature ratio o. The effects of the time frac-
tional order a on the soliton amplitude and width are

shown in Figs. 3 and 4.

P(€,1)

Fig. 2. Curves for electrostatic potential (&, 7) against
position £ at 7 = 1, v = 0.4 and o = 0.5 for different
values of temperature ratio o: curve a for o = 0.01, curve
b for o = 0.03, curve c¢ for o = 0.05, curve d for o = 0.07

and curve e for o = 0.09.

2(0,1)

0.2 0.4 0.6 0.8 1.0

Fig. 3. Curves for electrostatic potential amplitude
&(0, T) against fractional order o at 7 = 1 and o = 0.05
for different values of velocity v: curve a for v = 0.40,
curve b for v = 0.50, curve ¢ for v = 0.60, curve d for
v = 0.70 and curve e for v = 0.80.

1.00 t

0.96

0.92F

®(¢,1)

0.88 b/

0.84

04 0 04 o8
3

Fig. 4. Curves for electrostatic potential @(¢, 7) against
position £ at 7 = 1, v = 0.4 and ¢ = 0.05 for different
values of the fractional order a: curve a for @ = 1, curve
b for a« = 3/4, curve ¢ for o = 1/2, curve d for « = 1/3

and curve e for o = 1/4.
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These figures show that the increase of the frac-
tional parameter « causes the amplitude of the electro-
static potential solitary wave to decrease while leading
the width of the wave to increase. This feature leads
to the fact that the time fractional differentiation can
be used to modulate the electrostatic potential wave
instead of adding a higher order dissipation term to
the KdV equation. 5!

In summery, it has been found that the amplitude
of the ion-acoustic wave and the parametric regime
where the solitons can exist are sensitive to the tem-
perature ratio o and time fractional order .. More-
over, the time fractional order a plays a role of higher
order perturbation in modulating the soliton shape.
The application of our model might be interesting par-
ticularly in some plasma environments, such as the
ionosphere plasma.
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