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Based on the Chen chaotic system, this paper constructs a new three-dimensional chaotic system with higher

order nonlinear term and studies the basic dynamic behaviours of the system. The modified generalized projective

synchronization has been observed in the coupled new three-dimensional chaotic system with unknown parameters.

Furthermore, based on Lyapunov stability theory, it obtains the control laws and adaptive laws of parameters to

make modified generalized projective synchronization of the coupled new three-dimensional chaotic systems. Numerical

simulation results are presented to illustrate the effectiveness of this method.
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1. Introduction

Chaos is an ubiquitous and extremely complex
nonlinear phenomenon. Since Lorenz found the first
chaotic attractor (Lorenz chaotic attractor[1]) in the
three-dimensional (3D) autonomous chaotic system
in 1963, chaos has been intensively studied by many
scholars in the last three decades.[2−4] Based on the
Lorenz system, other chaotic systems were proposed
in succession: Chen and Lü chaotic system[5] and Liu
chaotic system,[6] etc. These chaotic systems have
some simple nonlinear term and only have real equilib-
rium points. Furthermore Pecora and Carroll[7] first
proposed a drive-response method to achieve synchro-
nization between two chaotic systems since 1990 and
then other methods have been proposed such as lin-
ear and nonlinear feedback control,[8] sliding mode
control,[9] adaptive control[10,11] and liner matrix in-
equality (LMI) technique,[12] etc.

In this paper, based on the Chen chaotic system
and by changing the nonlinear term of the Chen sys-
tem, a new 3D chaotic system is constructed. This
new 3D chaotic system has higher order nonlinear
terms and 16 equilibrium points, 4 real equilibrium
points and 12 complex equilibrium points. The ba-
sic dynamic behaviours of the system were studied
and through the drive-response method to achieve the
modified generalized projective synchronization in the
coupled 3D chaotic system with unknown parame-
ters. By improving the adaptive laws of parameters

in Ref. [13] and selecting the appropriate Lyapunov
function, we find that the synchronization errors con-
verge faster and the effect of synchronization is better
in comparison with the method in Ref. [13].

2. New 3D chaotic system

In Ref. [5], the Chen chaotic system is given by





ẋ = a(y − x),

ẏ = (c− a)x− xz + cy,

ż = xy − bz,

(1)

where x, y, z are state variables and a = 35, b = 3
and c = 28 are parameters. Chen chaotic attractor
and phase diagrams are shown in Figs. 1(a) and (b).

By changing the nonlinear term and the coeffi-
cients of some terms of Chen system and increasing
the nonlinear terms in the first and second equation
of state of the Chen system, a new 3D chaotic system
is constructed. Higher order nonlinear term is the
most important feature of the new 3D chaotic system,
it can produce multiple equilibrium points. Equations
of state are expressed as:





ẋ = a(y − x)− yz,

ẏ = (x− z)4 − 10xz + cy,

ż = x2 + y2 − bz.

(2)
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Fig. 1. Chaotic attractor for (a) Chen chaotic attractor (3D) and (b) the phase diagram (x–y).

Fig. 2. The chaotic attractor of new chaotic system for (a) chaotic attractor in (x, y, z) space, (b) the phase

diagram (x–y), (c) the phase diagram (x–z) and (d) the phase diagram (y–z).

The three Lyapunov exponents are respectively
taken as

λ1 = 2.8255, λ2 = 0, λ3 = −17.831.

Where x, y and z are state variables and

a = 35, b = 8, c = 28

are parameters. Chaotic attractors and phase dia-
grams of the new 3D chaotic system are shown in
Figs. 2(a)–2(d); and bifurcation diagram of state vari-
able x with the parameter c in Fig. 3. Only the local
maximum and minimum of the state variable x are
drawn in Fig. 3.

Fig. 3. Bifurcation diagram of state variable x with the

parameter c.
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3. Analysis of basic dynamic be-

haviours

3.1.Dissipation and attractor existence

The divergence of the system (2) is defined by

∇ · V =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
= −a + c− b = −15. (3)

Because of ∇ · V < 0, the system (2) is a dissipative
system and converges by the index rate of e−15t.

Volume element V0 shrinks to V0e−15t at the time
of t. When t → ∞, volume element shrinks to 0.
Therefore, all trajectories of the system will be con-
fined to a congregation, whose volume is 0. And the

gradual movement behaviours are fixed in an attrac-
tor.

3.2. Equilibrium and stability

The equilibrium point of system (2) can be found
by solving the following equations:





a(y − x)− yz = 0,

(x− z)4 − 10xz + cy = 0,

x2 + y2 − bz = 0.

(4)

The obtained 16 equilibrium points (correct the result
to keep four decimal digits) are given below:

O(0, 0, 0), P1(−1.7071,−1.7442, 0.7446), P2(3.3397, 3.6607, 3.0693), P3(5.0819, 6.8789, 9.1431),

Q1(27.8255 + 32.2695i,−33.0775 + 22.6764i, 39.1052 + 36.9594i),

Q2(27.8255− 32.2695i,−33.0775− 22.6764i, 39.1052− 36.9594i),

Q3(31.8241 + 47.4640i,−48.3523 + 28.2915i, 37.1852 + 35.6356i),

Q4(31.8241− 47.4640i,−48.3523− 28.2915i, 37.1852− 35.6356i),

Q5(48.6229 + 41.2237i,−40.9901 + 45.3397i, 36.1616 + 36.4843i),

Q6(48.6229− 41.2237i,−40.9901− 45.3397i, 36.1616− 36.4843i),

Q7(40.5722 + 26.4940i,−25.5199 + 36.1135i, 36.4070 + 38.3270i),

Q8(40.5722− 26.4940i,−25.5199− 36.1135i, 36.4070− 38.3270i),

Q9(4.2672 + 2.4346i, 3.9561 + 3.2978i, 2.1321 + 5.8588i),

Q10(4.2672− 2.4346i, 3.9561− 3.2978i, 2.1321− 5.8588i),

Q11(−0.4692− 2.5116i,−0.4142− 2.4166i,−1.4696 + 0.5448i),

Q12(−0.4692 + 2.5116i,−0.4142 + 2.4166i,−1.4696− 0.5448i).

This system has 4 real equilibrium points and 6 pairs
of complex conjugate equilibrium points. In this pa-
per, we only discuss the stability of the system (2) at
4 real equilibrium points.

The Jacobian matrix of the system (2) at the equi-
librium point O(0, 0, 0) is

J0 =



−a a 0

0 c 0

0 0 − b


 . (5)

Thus the corresponding characteristic equation can be
obtained:

f(λ) = (λ + a)(λ− c)(λ + b) = 0. (6)

Three characteristic values can be obtained:

λ1 = −a, λ2 = c, λ3 = −b.

When a = 35, b = 8 and c = 28, λ1 = −35, λ2 = 28
and λ3 = −8. Here λ2 is a positive real number, λ1

and λ3 are two negative real numbers. Therefore, the
equilibrium point O(0, 0, 0) is a saddle point. So, this
equilibrium point O(0, 0, 0) is unstable.

If we make the system (2) stable with respect to
the equilibrium point O(0, 0, 0), a, b, c must satisfy
the following conditions:

a > 0, b > 0, c < 0. (7)

The Jacobian matrix of the system (2) at the equilib-
rium points Pi(xi,0, yi,0, zi,0) (i = 1, 2, 3) is
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Ji =




− a a− zi,0 −yi,0

4(xi,0−zi,0)
3−10zi,0 c −4(xi,0−zi,0)

3−10xi,0

2xi,0 2yi,0 −b


 (8)

with

A= 4(xi,0−zi,0)
3+10xi,0, (9)

B= 4(xi,0−zi,0)
3−10zi,0, (10)

Ji(λ) =




λ + a zi,0 − a yi,0

−B λ− c A

−2xi,0 −2yi,0 λ + b


 . (11)

For equilibrium point P1(−1.7071,−1.7442, 0.7446),
substitute a = 35, b = 8, c = 28 and x1,0 = −1.7071,
y1,0 = −1.7442, z1,0 = 0.7446 into Eqs. (9)–(11), then
A = −76.018, B = −66.393 and characteristic roots
can be obtained as

λ1 = −16.905, λ2 = 0.9527 + 40.654i,

λ3 = 0.9527− 40.654i.

Here λ1 is a negative real number, λ2 and λ3

become a pair of complex conjugate eigenvalues
with positive real parts. The equilibrium point
P1(−1.7071,−1.7442, 0.7446) is a saddle-focus point,
this equilibrium point is also unstable.

For equilibrium point P2(3.3397, 3.6607, 3.0693),
substitute a = 35, b = 8, c = 28 and x1,0 = 3.3397,
y1,0 = 3.6607, z1,0 = 3.0693 into Eqs. (9)–(11), then
A = 33.476, B = −30.614 and characteristic roots can
be obtained as

λ1 = −24.907, λ2 = 4.9537 + 23.352i,

λ3 = 4.9537− 23.352i.

Here λ1 is a negative real number, λ2 and λ3

become a pair of complex conjugate eigenvalues
with positive real parts. The equilibrium point
P2(3.3397, 3.6607, 3.0693) is a saddle-focus point, this
equilibrium point is also unstable.

For equilibrium point P3(5.0819, 6.8789, 9.1431),
substitute a = 35, b = 8, c = 28 and x1,0 = 5.0819,
y1,0 = 6.8789, z1,0 = 9.1431 into Eqs. (9)–(11), then
A = −217.11, B = −359.36 and characteristic roots
can be obtained as

λ1 = 21.098, λ2 = −18.049+76.725i,

λ3 = −18.049− 76.725i.

Here λ1 is a positive real number, λ2 and λ3

become a pair of complex conjugate eigenvalues
with negative real parts. The equilibrium point
P3(5.0819, 6.8789, 9.1431) is a saddle point, this equi-
librium point is also unstable.

3.3.Calculating the Lyapunov dimen-

sion

As is well known, the Lyapunov exponents mea-
sure the exponential rates of divergence or convergence
of nearby trajectories in phase space, the largest value
of positive Lyapunov exponents of this chaotic system
is obtained as λ1 = 2.8255. It is related to the ex-
panding nature of different directions in phase space.

Another one Lyapunov exponent is λ2 = 0. It is
related to the critical nature between the expanding
and the contracting nature of different directions in
phase space.

The third Lyapunov exponent is λ3 = −17.831.
This is a negative Lyapunov exponent. It is related to
the contracting nature of different directions in phase
space.

The Lyapunov dimension of chaos attractors of
this new chaotic system is fraction dimension, it is
described as

DL = j +
1

|λj+1|
j∑

i=1

λi

= 2 +
1

|−17.831| (2.8255 + 0) = 2.1585. (12)

3.4.The impact of system parameters

In this paper, choosing parameters a = 35, b = 8
and changing the value of c, we find that the system
(2) shows different attractors and forms of movement.

(i) When c = −5, the system (2) is stable with re-
spect to the equilibrium point O(0, 0, 0) in Figs. 4(a)
and 4(b).

(ii) When c = 5, the system (2) is stable with
respect to the point M1(1.4809, 1.5049, 0.5573) in
Figs. 5(a) and 5(b).

(iii) When c = 9, the system (2) is stable
with respect to the point M2(1.9423, 1.9989, 0.9718)
in Figs. 6(a) and 6(b).

(iv) When c = 28, the behaviours of the system
(2) exhibit chaotic motion and result in the chaotic
attractor in Figs. 7(a)and 7(b).
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Fig. 4. The phase diagram and state trajectories for (a) phase diagram (x–z) and (b) state trajectories of x and z.

Fig. 5. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.

Fig. 6. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.

Fig. 7. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.

040507-5



Chin. Phys. B Vol. 20, No. 4 (2011) 040507

(v) When c = 31.5, the behaviours of the system (2) exhibit quasi-periodic motion and result in the 2D
torus as shown in Figs. 8(a) and 8(b).

Fig. 8. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.

(vi) When c = 33, the behaviours of the system (2) exhibit periodic motion and result in the limit cycle as
shown in Figs. 9(a) and 9(b).

Fig. 9. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.

(vii) When c = 35, the behaviours of the system (2) exhibit periodic motion and result in the simple limit
cycle as shown in Figs. 10(a) and 10(b).

Fig. 10. The phase diagram and state trajectories for (a) phase diagram (x–z), (b) state trajectories of x and z.
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4. Modified generalized projec-

tive synchronization in the

coupled 3D chaotic system

with unknown parameters

Consider the following nonlinear chaotic systems:

ẋ = F (x), (13)

ẏ = F (y) + u, (14)

where x, y ∈ Rn are state variables; F is differentiable
function of Rn → Rn and u is a controller.

The system (13) is a driving system and the sys-
tem (14) is a response system. The following definition
is modified generalized projective synchronization er-
ror:

e = y − Jx, (15)

where

e = (e1, e2, e3, . . . , en)T and J = diag {j1, j2, . . . , jn} .

If there is a constant ji 6= 0 (i = 1, 2, . . . , n), so
that

lim
t→∞

e = lim
t→∞

[y(t)− Jx(t)] = 0, (16)

where J is a matrix of scale factor.
Then we said that the system (13) and the system

(14) achieve to generalized synchronization.
In this paper, we choose the following new 3D

chaotic system as a driving system:




ẋ1 = a(x2 − x1)− x2x3,

ẋ2 = (x1 − x3)4 − 10x1x3 + cx2,

ẋ3 = x2
1 + x2

2 − bx3.

(17)

The response system is:




ẏ1 = a1(y2 − y1)− y2y3 + u1,

ẏ2 = (y1 − y3)4 − 10y1y3 + c1y2 + u2,

ẏ3 = y2
1 + y2

2 − b1y3 + u3,

(18)

where x = (x1, x2, x3)T and y = (y1, y2, y3)T are state
variables; a, b, c and a1, b1, c1 are unknown param-
eters of the driving system and the response system
respectively; u = (u1, u2, u3)T is a controller.

Referring Ref. [13], we can write the driving sys-
tem and the response system in the following form:




ẋ1

ẋ2

ẋ3


 =




− x2x3

(x1 − x3)4 − 10x1x3

x2
1+x2

2




+




x2 − x1 0 0

0 0 x2

0 −x3 0







a

b

c


 , (19)

and



ẏ1

ẏ2

ẏ3


 =




− y2y3

(y1 − y3)4 − 10y1y3

y2
1+y2

2




+




y2 − y1 0 0

0 0 y2

0 −y3 0







a1

b1

c1


 +




u1

u2

u3


. (20)

With

g(x) =




− x2x3

(x1 − x3)4 − 10x1x3

x2
1+x2

2


 ,

G(x) =




x2 − x1 0 0

0 0 x2

0− x3 0


 , Φ =




a

b

c


 ;

g(y) =




− y2y3

(y1 − y3)4 − 10y1y3

y2
1+y2

2


 ,

G(y) =




y2 − y1 0 0

0 0 y2

0 −y3 0


 ,

Φ1 =




a1

b1

c1


 and u =




u1

u2

u3


 .

The error system between the driving system (19)
and the response system (20) can be expressed as

ė = ẏ − Jẋ

= g(y) + G(y)Φ1 − Jg(x)− JG(x)Φ + u. (21)

The problem of generalized synchronization of the
original system transforms into the stability of the er-
ror system.

In this paper, we choose the controller in the fol-
lowing form:

u = −g(y) + Jg(x)−G(y)Φ

+JG(x)Φ −N(f(t))e, (22)

where N is a constant and N > 0, f(t) = |sin(10t)|+1
and f(t) ≥ 1.

Then f ′(t) can be defined in the following form:
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f ′(t) =





10 cos(10t), sin(10t) > 0,

−10 cos(10t), sin(10t) < 0,

10, sin(10t) = 0+,

− 10, sin(10t) = 0−,

(23)

where f ′(t) ∈ [−10, 10].
Now, by substituting g(x), G(x), g(y), G(y) and Φ into Eq. (22), we can express the control laws as follows:





u1 = y2y3 − j1x2x3 − a(y2 − j1x2 − e1)−Nf(t)e1,

u2 = −(y1 − y3)4 + j2(x1 − x3)4 + 10[y1y3 − j2x1x3]− ce2 −Nf(t)e2,

u3 = −(y2
1 + y2

2) + j3(x2
1 + x2

2) + be3 −Nf(t)e3.

(24)

Choose the adaptive law of unknown parameters Φ1

in the following form:

Φ̇1 = −Nf(t)[G(y)]Te, (25)

where N is a constant and N > 0, N controls the
speed of convergence of parameters Φ1.

For the error system (21), we choose the Lya-
punov function as

V =
Nf(t)

2
eTe +

1
2
ΨTΨ > 0, (26)

where Ψ = Φ1 − Φ and Ψ̇ = Φ̇1.
Substituting control law (22) into Eq. (21), we

can express the error system by the following formula:

ė = G(y)Ψ −Nf(t)e. (27)

In this paper, substituting G(y) and Ψ into
Eq. (27), we can express the error system by the fol-
lowing formula:





ė1 = (a1 − a)(y2 − y1)−Nf(t)e1,

ė2 = (c1 − c)y2 −Nf(t)e2,

ė3 = −(b1 − b)y3 −Nf(t)e3.

(28)

Then, taking the derivation of Eq. (26) with respect
to time, we obtain

V̇ =
Nf ′(t)

2
eTe

+
Nf(t)

2
(ėTe + eTė) +

1
2
(Ψ̇TΨ + ΨTΨ̇)

=
Nf ′(t)

2
eTe +

Nf(t)
2

[(ΨT[G(y)]T

−Nf(t)eT)e + eT(G(y)Ψ −Nf(t)e)]

+
1
2
[−Nf(t)eTG(y)Ψ + ΨT(−Nf(t)[G(y)]Te)]

=
Nf ′(t)

2
eTe−N2f(t)2eTe

≤ N(5−N)eTe. (29)

If N > 5, then V ′(t) < 0 and then lim
t→∞

e(t) = 0. Fi-
nally the generalized synchronization will be accom-
plished.

5. Simulation results

In what follows, by calculating system error e, we
find that numerical simulation results can illustrate
the effectiveness of this method to accomplish modi-
fied generalized projective synchronization in the cou-
pled new 3D chaotic system with unknown parame-
ters.

In this section, synchronization between the driv-
ing system (19) and response system (20) is demon-
strated. The value of initial conditions of the driving
system and the response system are

(x1(0), x2(0), x3(0)) = (1, 2, 3),

(y1(0), y2(0), y3(0)) = (10, 10, 10).

Choose unknown parameters of the driving system

Φ = (a, b, c)T = (35, 8, 28)T

and the value of initial conditions of unknown param-
eters of the response system

Φ1(0) = (a1(0), b1(0), c1(0))T = (10, 10, 10)T.

Case 1 Choose J = diag{1,−1,−2} and N = 8,
to accomplish modified generalized projective syn-
chronization in the coupled new 3D chaotic system
with unknown parameters. Numerical simulation re-
sults are shown in Figs. 11(a)–11(f).
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Fig. 11. (a) Time waveforms of state trajectories x1 and y1; (b) time waveforms of state trajectories x2 and

y2; (c) time waveforms of state trajectories x3 and y3; (d) time waveforms of synchronization errors e; (e) time

waveforms of unknown parameters Φ1; (f) time waveforms of Lyapunov function.

Case 2 Choose J = diag{1,−1,−2} and N = 30, to accomplish modified generalized projective synchro-
nization in the coupled new 3D chaotic system with unknown parameters. Numerical simulation results are
shown in Figs. 12(a)–12(f).
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Fig. 12. (a) Time waveforms of state trajectories x1 and y1; (b) time waveforms of state trajectories x2 and

y2; (c) time waveforms of state trajectories x3 and y3; (d) time waveforms of synchronization errors e; (e) time

waveforms of unknown parameters Φ1; (f) time waveforms of Lyapunov function.

From the above numerical simulation results, the
limit of the error vector e(t) = (e1, e2, e3)T asymp-
totically approaches zero. So, through the drive-
response method, we accomplish the modified general-
ized projective synchronization in the coupled new 3D
chaotic system with unknown parameters and the un-
known parameters Φ1 = (a1, b1, c1)T asymptotically
approaching Φ = (a, b, c)T. By increasing the con-
trol parameter N , we make the synchronization errors
converge faster and synchronization effects be better.
The unknown parameters Φ1 = (a1, b1, c1)T converge
faster to Φ = (a, b, c)T and Lyapunov function also
converges faster.

6. Conclusion

First, based on the Chen system and other chaotic
system and by changing nonlinear terms and param-

eters of the Chen system, a new 3D chaotic system is
constructed. Through researching into the basic dy-
namic behaviours of the new 3D chaotic system, we
found that the new 3D chaotic system has abundant
dynamic behaviours and has 4 real equilibrium points
and 6 pairs of complex conjugate equilibrium points.
Second, Lyapunov stability theory has been used and
the control laws u(t) and adaptive laws of parame-
ters are designed to accomplish the modified gener-
alized projective synchronization in the coupled 3D
chaotic system with unknown parameters. Third, by
improving the controller u(t) and the adaptive laws of
parameters in Ref. [13] and selecting the appropriate
Lyapunov function, we find that the synchronization
errors converge faster and the effect of synchronization
is better in comparison with the method in Ref. [13].
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