
Chin. Phys. B Vol. 20, No. 4 (2011) 040505

Lyapunov exponent calculation of a two-degree-

of-freedom vibro-impact system with

symmetrical rigid stops∗

Li Qun-Hong(李群宏)† and Tan Jie-Yan(谭洁燕)

College of Mathematics and Information Science, Guangxi University, Nanning 530004, China

(Received 14 August 2010; revised manuscript received 16 November 2010)

A two-degree-of-freedom vibro-impact system having symmetrical rigid stops and subjected to periodic excitation

is investigated in this paper. By introducing local maps between different stages of motion in the whole impact process,

the Poincaré map of the system is constructed. Using the Poincaré map and the Gram–Schmidt orthonormalization, a

method of calculating the spectrum of Lyapunov exponents of the above vibro-impact system is presented. Then the

phase portraits of periodic and chaotic attractors for the system and the corresponding convergence diagrams of the

spectrum of Lyapunov exponents are given out through the numerical simulations. To further identify the validity of the

aforementioned computation method, the bifurcation diagram of the system with respect to the bifurcation parameter

and the corresponding largest Lyapunov exponents are shown.
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1. Introduction

In the investigation of nonlinear non-smooth
vibro-impact systems, the spectrum of Lyapunov ex-
ponents plays an important role in determining the dy-
namic characteristics. Also, it is an exponential mea-
sure of average divergence or convergence of nearby
orbits in the phase space.

There have been many results for calculating the
spectrum of Lyapunov exponents of smooth dynam-
ical systems described by differential equations and
discrete mapping systems.[1,2] Wolf et al.[3] presented
the first algorithms to estimate the non-negative Lya-
punov exponents from an experimental time series.
However, for the non-smooth systems, the Jacobian
matrices make no sense at non-smooth points so that
it is more difficult to calculate the spectrum of Lya-
punov exponents of non-smooth systems.

In recent years, some research has been done on
the computation methods of the spectrum of Lya-
punov exponents. Müller[4] added certain transitional
conditions to the linearized equations at the instants
of impacts and applied the classical calculation meth-
ods of Lyapunov exponents to non-smooth systems.

de Souza and Caldas[5] considered a model based al-
gorithm for the calculation of the spectrum of the
Lyapunov exponents of attractors of mechanical sys-
tems with impacts. To implement this algorithm they
introduced a transcendental map that described the
solutions of the integrable differential equations, be-
tween impacts, supplemented with transition condi-
tions at the instants of impacts. Hence, the classi-
cal calculation methods for the spectrum of Lyapunov
exponents of smooth dynamical systems could be ap-
plied to non-smooth systems in this case. Nordmark[6]

analysed the grazing bifurcation by means of the lo-
cal maps. In particular, the derivative formula of the
switch map was given in Nordmark’s paper. Using
the local map, Jin and Lu[7] constructed the Poincaré
map for the whole impact process to avoid the prob-
lem of defining the Jacobian matrices at non-smooth
points. Then according to the method of calculating
the spectrum of Lyapunov exponents of discrete-time
smooth system, they presented a more general method
of calculating the spectrum of Lyapunov exponents of
n-dimensional non-smooth dynamical systems. In ad-
dition, Luo et al.[8] calculated the Lyapunov exponents
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of a two-degree-of-freedom vibro-impact system with
symmetrical rigid stops via the transcendental impact
map. Yue and Xie[9] considered a vibro-impact system
with symmetric two-sided rigid constraints in which
the six-dimensional Poincaré map can be expressed as
the second iteration of another unsymmetric implicit
map. Based on the QR method, the unsymmetric
implicit map was used to calculate all the Lyapunov
exponents. Stefanski[10] investigated the largest Lya-
punov exponent for mechanical systems with impact
using the properties of synchronization phenomenon.
Liu et al.[11] studied the global vector-field reconstruc-
tion of nonlinear dynamical systems from a time series.
Lyapunov exponents and dimension, calculated from
the differential equations of a standard system, were
used for the validation of the reconstruction.

In this paper, we give a further development of
the Lyapunov exponent computing method in Ref. [7].
Compared with Ref. [7] which focused on the systems
with unilateral constraint, this paper deals with a two-
degree-of-freedom vibro-impact system with bilateral
constraints, which possesses the different construction
of the Poincaré map from that of Ref. [7] because the
presence of two-sided stops leads to the complexity of
the Poincaré map. Since there exist many dynami-
cal systems with several constraints in the engineer-
ing fields, it is worth while discussing the calculation of
Lyapunov exponents of these systems so that the com-
plicated dynamics of systems with several constraints
can be obtained.

2. Mechanical model and equa-

tions of motion

A two-degree-of-freedom system having symmet-
rically placed rigid stops and subjected to periodic
excitation is shown in Fig. 1. Displacements of the
masses M1 and M2 are represented by X1 and X2, re-
spectively. The masses are connected to linear springs
with stiffnesses K1 and K2 and linear viscous dash-
pots with damping constants C1 and C2. The masses
move only in the horizontal direction. The excitations
on both masses are harmonic and take the forms of
Pi sin(ΩT + τ), (i = 1, 2). When the displacement X1

of the mass M1 is B (or −B), the mass M1 will hit the
rigid stop A (or C) and the velocity of the mass M1

will change its value and direction. Thus M1 may hit
the stop C (or A) in the consequent moving. The other
mass M2 is not allowed to impact any rigid stop dur-
ing the whole motion. M1 moves between rigid stops

A and C and hits the stops again and again. Damping
in the mechanical model is assumed to be proportional
damping of the Rayleigh type, which in this case im-
plies C1/K1 = C2/K2. The impact is described by a
coefficient of restitution R and it is assumed that the
duration of impact is negligible compared with the pe-
riod of the force.

Fig. 1. Schematic representation of a two-degree-of-

freedom vibro-impact system with symmetrical rigid

stops.

Between any two consecutive impacts (|X1| < B),
the differential equations of motion are given by
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The impacting equations of mass M1 can be written
as

Ẋ1A+ = −RẊ1A−, (X1 = B),

Ẋ1C+ = −RẊ1C−, (X1 = −B), (2)

where the subscripts−,+ denote the values before and
after impact, respectively.

Introduce the following dimensionless quantities:
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then the dimensionless differential equations of motion
without impacting will become
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+


 1 −1

−1 1 + µk








x1

x2





=


 1− f2

f2


 sin(ωt + τ), |x1| < b, (3)

and the impacting equations of mass M1 will be

ẋ1A+ = −Rẋ1A−, (x1 = b),

ẋ1C+ = −Rẋ1C−, (x1 = −b). (4)

Let Ψ represent the canonical modal matrix of
Eq. (3), ω1 and ω2 denote the eigenfrequencies of the
system as impacts do not occur. Taking Ψ as a tran-
sition matrix, the equation of motion (3), under the
transform of variables X = Ψξ, becomes

Iξ̈ + Cξ̇ + Λξ = F̄ sin(ωt + τ), (5)

where X = (x1, x2)T, ξ = (ξ1, ξ2)T, I is a 2 × 2
unit matrix, C and Λ are diagonal matrices, and C =
diag[ 2ζω2

1 , 2ζω2
2 ], Λ = diag[ω2

1 , ω2
2 ], F̄ = (f̄1, f̄2)T =

ΨTPk, Pk = (1 − f2, f2)T. The equations of motion
(3) are solved by using the modal co-ordinates and the
modal matrix approach. The general solution takes
the form

xi(t) =
2∑

j=1

ψij( e−ηj(t−t0)(aj1 cos ωdj(t− t0)

+ bj1 sinωdj(t− t0)) + Aj sin(ωt + τ)

+ Bj cos(ωt + τ)), t0 ≤ t ≤ t1,

xi(t) =
2∑

j=1

ψij( e−ηj(t−t1)(aj2 cos ωdj(t− t1)

+ bj2 sinωdj(t− t1)) + Aj sin(ωt + τ)

+ Bj cos(ωt + τ)), t1 ≤ t ≤ t2, (6)

where it takes the time t1 − t0 and t2 − t1, respec-
tively, for the mass M1 to move from the constraint
A to C and from the constraint C to A, ψij are the
elements of the canonical modal matrix Ψ , ηj = ζω2

j ,

ωdj =
√

ω2
j − η2

j , ajk and bjk (k = 1, 2) are the con-
stants of integration which are determined by the ini-
tial condition and modal parameters of the system.
Aj and Bj are the amplitude parameters, which are
given as

Aj =
1

2ωdj

(
ω + ωdj

(ω + ωdj)2 + η2
j

− ω − ωdj

(ω − ωdj)2 + η2
j

)
f̄j ,

(7)

Bj =
ηj

2ωdj

(
1

(ω + ωdj)2 + η2
j

− 1
(ω − ωdj)2 + η2

j

)
f̄j .

(8)
Let ẋ1 = v1, ẋ2 = v2 and ϕ = ωt, (mod2π),

then equation (5) can be changed into one-order au-
tonomous dynamical system




ẋ1

v̇1

ẋ2

v̇2

ϕ̇




=




v1

−2ζv1 + 2ζv2 − x1 + x2 + (1− f2) sin(ϕ + τ)

v2

2ζv1 − 2ζ(1 + µc)v2 + x1 − (1 + µk)x2 + f2 sin(ϕ + τ)
µm

ω




, (9)

where the analytical expressions of xi and vi (i = 1, 2)
can be obtained by Eq. (6).

3. Poincaré map of the vibro-

impact system and its Jaco-

bian matrix

For convenience of description, we assume that
the oscillator M1 collides with each stop only once at
every one period of the external excitation. Here the
constant phase surface Πϕ before impact is taken as

the Poincaré section, that is,

ΠϕA = {(x1, v1, x2, v2, ϕ)

∈ R4 × S1|ϕ− ϕA = 0}, (10)

ΠϕC = {(x1, v1, x2, v2, ϕ)

∈ R4 × S1|ϕ− ϕC = 0}. (11)

Construct the Poincaré map

P = PC ◦ PA, (12)

where PA : ΠϕA → ΠϕC , PC : ΠϕC → ΠϕA and the
impact surfaces ΣA and ΣC are defined as

ΣA = {(x1, v1, x2, v2, ϕ) ∈ R4 × S1|x1 = b}, (13)
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ΣC = {(x1, v1, x2, v2, ϕ) ∈ R4 × S1|x1 = −b}. (14)

The Poincaré map P is constructed as Eq. (12).
Figure 2 shows the scenario of a trajectory crossing
the Poincaré section in the state space.

Fig. 2. A trajectory crosses the Poincaré section.

Suppose that O (O′) ∈ Π
ϕ ∩ Σ. If a trajectory

in the neighbourhood of O (O′) crosses from the con-
stant phase surface Πϕ to the switch section Σ (or
from the impact section Σ to the switch surface Πϕ),
the corresponding map is said to be a local map.

Let z = (x, ϕ)T ∈ R4 × S1 and F (z) = (f(z), ω)T

be the vector field in the state space R4 × S1, let
h(z) = 0 be the equation of the switch surface and
define a local map PL, then the Jacobian matrix of
PL near the point O(z0) can be denoted as[6]

DPL(z0) = I − F (z0)Dh(z0)
Dh(z0) · F (z0)

, (15)

where I is a 5× 5 unit matrix.
According to the situation of the trajectory in-

tersecting with the impact section Σ, four kinds of
maps are defined: (i) a local map P1 from the con-
stant phase section Πϕ near the point O to the impact
section Σ−; (ii) an impact map P2 from the impact
section Σ− near the point O to the impact section
Σ+ near the point O′; (iii) a local map P3 from the
impact section Σ+ to the constant phase section Πϕ

near the point O′; (iv) a flow map from the constant
phase section Πϕ to the next constant phase section
Πϕ in the non-impact process.

Let

P1A : ΠϕA → Σ−
A , P2A : Σ−

A → Σ+
A ,

P3A : Σ+
A → ΠϕA , P4A : ΠϕA → ΠϕC ,

P1C : ΠϕC → Σ−
C , P2C : Σ−

C → Σ+
C ,

P3C : Σ+
C → ΠϕC , P4C : ΠϕC → ΠϕA . (16)

Now consider the above eight maps with their Ja-
cobian matrices in detail. We use (x1A−, v1A−, x2A−,

v2A−, ϕA−) and (x1A+, v1A+, x2A+, v2A+, ϕA+) to de-
note the instants before and after the impacts on

the impact section ΣA, respectively. It is an instant
impact and the mass M2 is not allowed to impact
any rigid stops, so x1A− = x1A+, x2A− = x2A+,
v2A− = v2A+, ϕA− = ϕA+.

(I) Map P1A and its Jacobian matrix

The map P1A denotes a local map that makes the
trajectory cross from the constant phase section ΠϕA

to the impact section Σ−
A , that is,

P1A : ΠϕA → Σ−
A ,

(x1ϕA
, v1ϕA

, x2ϕA
, v2ϕA

)T

7→ (v1A−, x2A−, v2A−, ϕA−)T. (17)

Here the switch surface Σ−
A is the impact section and

its equation is h(zA) = x1 − b = 0. The Jacobian ma-
trix of the local map P1A can be calculated by Eq. (15)
and vector field (9) as follows:

DP1A =




a11 1 0 0

−v2A−
v1A−

0 1 0

a31 0 0 1

− ω

v1A−
0 0 0




, (18)

where a11 = (2ζv1A− − 2ζv2A− + x1A− − x2A− −
(1 − f2) sin(ϕA− + τ))/v1A− and a31 = (−2ζv1A− +
2ζ(1+µc)v2A−−x1A−+(1+µk)x2A−− f2 sin(ϕA−+
τ))/µmv1A−.

(II) Map P2A and its Jacobian matrix

The map P2A denotes an impact map from the
impact section Σ−

A to the impact section Σ+
A , that is,

P2A : Σ−
A → Σ+

A ,

(v1A−, x2A−, v2A−, ϕA−)T

7→ (v1A+, x2A+, v2A+, ϕA+)T. (19)

The Jacobian matrix of the map P2A can be given
by the instantaneous velocity property of mass M1 as

DP2A =




−R 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




. (20)

(III) Map P3A and its Jacobian matrix
The map P3A denotes a local map from the im-

pact section Σ+
A to the constant phase section ΠϕA ,

that is,

P3A : Σ+
A → ΠϕA ,

(v1A+, x2A+, v2A+, ϕA+)T

7→ (x1ϕA
, v1ϕA

, x2ϕA
, v2ϕA

)T. (21)
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Here the equation of the switch surface is h(zA) =
ϕ − ϕA = 0. The Jacobian matrix of the local map
P3A can be calculated by Eq. (15) and vector field (9)
as follows:

DP3A =




0 0 0 −v1A+

ω
1 0 0 a24

0 1 0 −v2A+

ω
0 0 1 a44




, (22)

where a24 = (2ζv1A+ − 2ζv2A+ + x1A+ − x2A+ − (1−
f2) sin(ϕA+ + τ))/ω and a44 = (−2ζv1A+ + 2ζ(1 +
µc)v2A+−x1A++(1+µk)x2A+−f2 sin(ϕA++τ))/µmω.

(IV) Map P4A and its Jacobian matrix

The map P4A denotes a flow map that makes the
trajectory cross from the constant phase section ΠϕA

to the constant phase section ΠϕC , that is,

P4A : ΠϕA → ΠϕC ,

(x1ϕA
, v1ϕA

, x2ϕA
, v2ϕA

)T

7→ (x1ϕC
, v1ϕC

, x2ϕC
, v2ϕC

)T. (23)

In this non-impact process, no trajectory goes
through the impact section. Thus, its Jacobian ma-
trix can be obtained by the differentiation rule of mul-
tivariate functions and Eq. (6).

Let (x1C−, v1C−, x2C−, v2C−, ϕC−) and (x1C+,

v1C+, x2C+, v2C+, ϕC+) be the instants before and af-
ter impacts on the impact section ΣC , respectively.
It is an instant impact and the mass M2 is not al-
lowed to impact any rigid stops, so x1C− = x1C+,
x2C− = x2C+, v2C− = v2C+, ϕC− = ϕC+.

(V) Map P1C and its Jacobian matrix

The map P1C denotes a local map from the con-
stant phase section ΠϕC to the impact section Σ−

C ,

P1C : ΠϕC → Σ−
C ,

(x1ϕC
, v1ϕC

, x2ϕC
, v2ϕC

)T

7→ (v1C−, x2C−, v2C−, ϕC−)T, (24)

where the switch surface is the impact section Σ−
C and

its equation is h(zC) = x1 + b = 0. The Jacobian ma-
trix of the local map P1C can be calculated by Eq. (15)
and vector field (9) as follows:

DP1C =




c11 1 0 0

−v2C−
v1C−

0 1 0

c31 0 0 1

− ω

v1C−
0 0 0




, (25)

where c11 = (2ζv1C− − 2ζv2C− + x1C− − x2C− −
(1 − f2) sin(ϕC− + τ))/v1C− and c31 = (−2ζv1C− +
2ζ(1+µc)v2C−−x1C−+(1+µk)x2C−−f2 sin(ϕC−+
τ))/µmv1C−.

(VI) Map P2C and its Jacobian matrix

The map P2C denotes an impact map from the
impact section Σ−

C to the impact section Σ+
C , that is,

P2C : Σ−
C → Σ+

C ,

(v1C−, x2C−, v2C−, ϕC−)T

7→ (v1C+, x2C+, v2C+, ϕC+)T. (26)

The Jacobian matrix of the map P2C can be given
by the instantaneous velocity property of mass M1 as

DP2C =




−R 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




. (27)

(VII) Map P3C and its Jacobian matrix

The P3C denotes a local map from the impact
section Σ+

C to the constant phase section ΠϕC , that
is,

P3C : Σ+
C → ΠϕC ,

(v1C+, x2C+, v2C+, ϕC+)T

7→ (x1ϕC
, v1ϕC

, x2ϕC
, v2ϕC

)T, (28)

where the equation of the switch surface is h(zC) =
ϕ − ϕC = 0. The Jacobian matrix of the local map
P3C can be calculated by Eq. (15) and the vector field
(9) as follows:

DP3C =




0 0 0 −v1C+

ω
1 0 0 c24

0 1 0 −v2C+

ω
0 0 1 c44




, (29)

where c24 = (2ζv1C+ − 2ζv2C+ + x1C+ − x2C+ − (1−
f2) sin(ϕC+ + τ))/ω and c44 = (−2ζv1C+ + 2ζ(1 +
µc)v2C+−x1C++(1+µk)x2C+−f2 sin(ϕC++τ))/µmω.

(VIII) Map P4C and its Jacobian matrix

The map P4C denotes a flow map that makes the
trajectory cross from the constant phase section ΠϕC

to the constant phase section ΠϕA , that is,

P4C : ΠϕC → ΠϕA ,

(x1ϕC
, v1ϕC

, x2ϕC
, v2ϕC

)T

7→ (x1ϕA
, v1ϕA

, x2ϕA
, v2ϕA

)T. (30)
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Just as we said before, it is a non-impact process,
no trajectory goes through the impact section. Its Ja-
cobian matrix can be obtained by the differentiation
rule of multivariate functions and Eq. (6).

Since system (9) contains several nonlinear equa-
tions with respect to x1, v1, x2 and v2. Thus it is dif-
ficult to obtain analytic expressions of the entries of
matrices DP4A and DP4C . Let X = (x1, v1, x2, v2)T,
then

DP4A =
∂X

∂XϕA+

∣∣∣∣
ϕ=ϕC−

,

DP4C =
∂X

∂XϕC+

∣∣∣∣
ϕ=ϕA−

. (31)

The numerical solutions of DP4A and DP4C can
be obtained by solving the following initial value prob-
lems: 




d
dt

[
∂X

∂XϕA+

]
=

∂f

∂X

∂X

∂XϕA+

,

∂X

∂XϕA+

∣∣∣∣
ϕ=ϕA+

= I,





d
dt

[
∂X

∂XϕC+

]
=

∂f

∂X

∂X

∂XϕC+

,

∂X

∂XϕC+

∣∣∣∣
ϕ=ϕC+

= I,

(32)

where f represents the vector field of system (9) and
I is the four-dimensional identical matrix.

The Jacobian matrix of the Poincaré map can be
obtained by the derivation chain rule of the compound
function, that is,

DPA = DP4A ◦DP3A ◦DP2A ◦DP1A,

DPC = DP4C ◦DP3C ◦DP2C ◦DP1C . (33)

If the mass M1 impacts both rigid stops m times
in one external excitation period, we can obtain the
Poincaré map by compounding m former maps, that
is,

P = P4 ◦ (PC ◦ PA)m, (34)

where P4 is a smooth flow map mapping the orbit onto
the constant phase section. If after m impacts on both
impact surfaces, the orbit is just on the constant phase
section exactly, then P4 is an identity map. In this
case, the Jacobian matrix of map P can be written as

DP = DP4 ◦ (DPC ◦DPA)m. (35)

Notice that here the Poincaré map for motions con-
tacting with symmetrical rigid stops has been de-
scribed. If unilateral collision is involved in the mo-
tion, the corresponding Poincaré map can be derived
in a way similar to that in the above discussion.

4. Calculation of the spectrum of

Lyapunov exponents of vibo-

impact system

As shown before, the Poincaré map method is
adopted using the Poincaré map P given in Eq. (12):

x(k) = P (x(k−1)), x(k−1) ∈ Πϕ, k ∈ Z. (36)

On the constant phase section Πϕ, one chooses
two nearby points x(0) and x(0) + δx(0), from which
originate the nearby orbits G1 and G2 of discrete dy-
namical system (36). At the time of (k−1), the points
on the basis orbit and the nearby orbit are denoted as
x(k−1)(x(0)) and x(k−1)(x(0) + δx(0)), respectively.

Let δx(k−1)(x(0)) = x(k−1)(x(0) + δx(0)) −
x(k−1)(x(0)). When δx(k−1) is sufficiently small, the
linearized equation of system (36) at the point x(0) is
given as follows:

δx(k) = DP (x(k−1)) · δx(k−1), (37)

where DP (x(k−1)) is the 4 × 4 Jacobian matrix of
Eq. (36) at the point x(k−1).

From formulae (36) and (37), it follows that

δx(k) = DP k(x(0)) · δx(0), (38)

where DP k(x(0)) = DP (x(k−1)) · DP (x(k−2)) · · ·
DP (x(0)).

In order to compute the spectrum of Lyapunov
exponents, we compute the average exponent diver-
gence rate between the basis orbit beginning at the
point x(0) and its nearby orbit along the direction of
u(0) = δx(0)/ ‖ δx(0) ‖ by the following formula:

λ(x(0), u(0)) = lim
k→∞

1
k

ln
‖ δx(k) ‖
‖ δx(0) ‖ , (39)

where ‖ δx(k) ‖ is the norm of δx(k), (k = 0, 1, 2, . . .).
Next we will discuss the calculation of the spec-

trum of Lyapunov exponents of Eq. (9). One can
choose four linearly independent perturbations (δx(0)

1 ,

δx
(0)
2 , δx

(0)
3 , δx

(0)
4 ) and define the vector

(
u

(0)
1 , u

(0)
2 , u

(0)
3 , u

(0)
4

)

=

(
δx

(0)
1

‖ δx
(0)
1 ‖

,
δx

(0)
2

‖ δx
(0)
2 ‖

,
δx

(0)
3

‖ δx
(0)
3 ‖

,
δx

(0)
4

‖ δx
(0)
4 ‖

)
. (40)

Then, taking (u(0)
1 , u

(0)
2 , u

(0)
3 , u

(0)
4 ) as the initial vec-

tor and according to Eqs. (33) and (35), we
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obtain the vector (δx(1)
1 , δx

(1)
2 , δx

(1)
3 , δx

(1)
4 ). Ap-

plying the Gram–Schmidt orthonormalization to
the vector (δx(1)

1 , δx
(1)
2 , δx

(1)
3 , δx

(1)
4 ), the vector

(u(1)
1 , u

(1)
2 , u

(1)
3 , u

(1)
4 ) is obtained, which will be used

as the initial value of the next iteration. The result of
Gram–Schmidt orthonormalization can be described
as follows:



m
(n)
1 = δx

(n)
1 ,

u
(n)
1 = m

(n)
1 / ‖ m

(n)
1 ‖,

m
(n)
2 = δx

(n)
2 − 〈δx(n)

2 , u
(n)
1 〉u(n)

1 ,

u
(n)
2 = m

(n)
2 / ‖ m

(n)
2 ‖,

m
(n)
3 = δx

(n)
3 − 〈δx(n)

3 , u
(n)
1 〉u(n)

1

−〈δx(n)
3 , u

(n)
2 〉 u

(n)
2 ,

u
(n)
3 = m

(n)
3 / ‖ m

(n)
3 ‖,

m
(n)
4 = δx

(n)
4 − 〈δx(n)

4 , u
(n)
1 〉u(n)

1

−〈δx(n)
4 , u

(n)
2 〉u(n)

2 − 〈δx(n)
4 , u

(n)
3 〉 u

(n)
3 ,

u
(n)
4 = m

(n)
4 / ‖ m

(n)
4 ‖,

(41)
where 〈 · , · 〉 denotes the standard scalar product. Fi-
nally, one can approximately obtain the spectrum of
Lyapunov exponents of vibro-impact system (9) for N

sufficiently large to be

λi ≈ 1
N

N∑
n=1

ln ‖m(n)
i ‖, (i = 1, 2, 3, 4). (42)

5. Numerical simulations

When the parameters have the values µk =
5, µm = 2, ζ = 0.05, f2 = 0, ω = 4, R = 0.8, τ = π

and b = 0.1, the time histories of the oscillators M1

and M2 with displacements x1 and x2 are shown in
Figs. 3(a) and 3(b), respectively. Figures 3(c) and
3(d) are the phase portraits of the oscillators M1 and
M2 and figure 3(e) shows the phase portrait in the x1–
x2 plane. The test of the convergence of the iteration
sequences of the spectrum of Lyapunov exponents is
shown in Fig. 3(f). It is seen from Fig. 3(f) that there
are four negative Lyapunov exponents (Here λ1 and
λ2 are too close to be distinguished and so are λ3 and
λ4), which confirms that it is a periodic attractor and
consistent with the phase portrait. For this iteration
sequence, 30000 iterations are taken of which the first
2000 iterations are omitted as the transient process.

When the parameters have the values µk =
4, µm = 6, ζ = 0.5, f2 = 2, ω = 1, R = 0.8, τ = π

and b = 0.2, the time histories of the oscillators M1

and M2 with displacements x1 and x2 are shown in
Figs. 4(a) and 4(b), respectively. Figures 4(c) and
4(d) are the phase portraits of the oscillators M1 and
M2 and figure 4(e) shows the phase portrait in the x1–
x2 plane. The test of the convergence of the iteration
sequences of the spectrum of Lyapunov exponents is
shown in Fig. 4(f). It is seen from Fig. 4(f) that there
are four negative Lyapunov exponents (where λ2 and
λ3 are close enough), which confirms that it is also a
periodic attractor and consistent with the phase por-
trait. For this iteration sequence, 15000 iterations are
taken of which the first 2000 iterations are omitted as
the transient process.

Fig. 3. Periodic attractor of the vibro-impact system. (a) Time history of the displacement of oscillator M1, (b) time

history of the displacement of oscillator M2, (c) phase portrait of oscillator M1, (d) phase portrait of oscillator M2, (e)

phase portrait in x1–x2 plane, (f) convergent sequence in the iteration process of the spectrum of Lyapunov exponents of

the periodic attractor.
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Fig. 4. The periodic attractor of the vibro-impact system. (a) Time history of the displacement of oscillator M1, (b) time

history of the displacement of oscillator M2, (c) phase portrait of oscillator M1, (d) phase portrait of oscillator M2, (e)

phase portrait in x1–x2 plane, (f) convergent sequence in the iteration process of the spectrum of Lyapunov exponents of

the periodic attractor.

When the parameters have the values µk = 2, µm = 2, ζ = 0.5, f2 = 5, ω = 3, R = 0.8, τ = π and b = 0.2,
the time histories of the oscillators M1 and M2 with displacements x1 and x2 are shown in Figs. 5(a) and
5(b), respectively. Figures 5(c) and 5(d) are the phase portraits of the oscillators M1 and M2. The test of
the convergence of the iteration sequences of the spectrum of Lyapunov exponents is shown in Fig. 5(e). It is
seen from Fig. 5(e) that there are three negative Lyapunov exponents (where λ2, λ3 are close enough) and one
positive Lyapunov exponent, which confirms that there is a chaotic attractor and it is consistent with the phase
portrait of the system. For this iteration sequence, 25000 iterations are taken of which the first 5000 iterations
are omitted as the transient process.

Fig. 5. Chaotic attractor of the vibro-impact system. (a) Time history of the displacement of oscillator M1, (b) time

history of the displacement of oscillator M2, (c) phase portrait of oscillator M1, (d) phase portrait of oscillator M2, (e)

convergent sequence in the iteration process of the spectrum of Lyapunov exponents of the chaotic attractor.

To show the correctness of our algorithm for a
wide range of a control parameter, we plot a bifurca-
tion diagram (Fig. 6(a)) and the corresponding largest
Lyapunov exponent (Fig. 6(b)) with the parameters
µk = 5, µm = 2, ζ = 0.05, f2 = 0, R = 0.8, τ = π, b =

0.15 and bifurcation parameter ω changing from 2 to
4. Here we use 8000 iterations for the exponent calcu-
lation, of which the first 3000 iterations are omitted
as the transient process. In these figures, the incre-
ment of parameter ω is taken as 0.001. Obviously,
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the attractor behaviours shown in bifurcation diagram
can be determined by their corresponding largest Lya-
punov exponent values. When the system encounters
bifurcations, the corresponding largest Lyapunov ex-
ponents are equal to zero (Fig. 6(b)), for example, at
ω = 2.008, 2.026, 2.066, 2.101, 2.214, 2.235, 2.45, 3.004,
etc.

Fig. 6. Bifurcation diagram of the system and the largest

Lyapunov exponent as parameter ω changes.

6. Conclusion

The calculation of the spectrum of Lyapunov ex-
ponents of a two-degree-of-freedom vibro-impact sys-
tem having symmetrical rigid stops and subjected to
periodic excitations is performed. With the local map,
the Poincaré map method and the Gram–Schmidt
orthogonalization and normalization method, we ob-
tained the method of calculating the spectrum of Lya-
punov exponents of a vibro-impact system with sym-
metrical rigid stops, which extends the application
range of the method originating from Ref. [7]. Then
the phase portraits of periodic and chaotic attractors
for the discussed system and the corresponding con-
vergence diagrams of the spectrum of Lyapunov expo-
nents are shown via the numerical simulations. Fur-
thermore, the bifurcation diagram of the system with
respect to the bifurcation parameter ω and the cor-
responding largest Lyapunov exponents are given si-
multaneously.
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