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We numerically study the dynamics of spiral waves in the excitable system with the excitability modulated by

a rectangle wave. The tip trajectories and their variations with the modulation period T are explained by the corre-

sponding spectrum analysis. For a large T , the external modulation leads to the occurrence of more frequency peaks

and these frequencies change with the modulation period according to their specific rules, respectively. Some of the

frequencies and a primary frequency f1 determine the corresponding curvature periods, which are locked into rational

multiplies of the modulation period. These frequency-locking behaviours and the limited life-span of the frequencies in

their variations with the modulation period constitute many resonant entrainment bands in the T axis. In the main

bands, which follow the relation T/T12 = m/n, the size variable Rx of the tip trajectory is a monotonic increasing

function of T . The rest of the frequencies are linear combinations of the two ones. Due to the complex dynamics, many

unique tip trajectories appear at some certain T . We find also that spiral waves are eliminated when T is chosen from

the end of the main resonant bands. This offers a useful method of controling the spiral wave.
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1. Introduction

Spiral waves are typical examples of spatiotem-
poral patterns in macroscopic systems driven far from
thermodynamic equilibrium. They exist extensively
in excitable and self-oscillating media. For example,
cardiac muscle,[1] platinum with oxidation of CO,[2]

liquid crystal subjected to electric or magnetic field,[3]

the slime mould dictyostelium discoideum,[4] and re-
acting chemical systems.[5] The dynamics of spiral
wave have aroused considerable interest, which is at-
tributed not only to the characteristics of nonlinear-
ity and far-from-equilibrium, but also to its extensive
destructions/applications. For example, spiral waves
and spatiotemporal chaos from repetitious breakup
of spiral waves in cardiac muscle may be the leading
mechanism of tachycardia and ventricular fibrillation,
respectively. Spiral waves in the brain are believed
to be associated with epilepsy. Therefore, there are
many “hot” research topics for spiral waves. For ex-
ample, spiral dynamics, breakup mechanics of spiral
waves,[6−8] and controling of spiral waves[9−17] and so

on.
The responses of spiral waves to noise, feedback

signal and external forcing is another important topic.
Fluctuations in excitable media have been used as
initiators of new spatial structures,[18−20] where the
presence of random perturbations has been found
to be necessary for the creation and the sustained
maintenance of coherent structures. Noise perturba-
tion can also lead to the occurrence of the transi-
tions and synchronization[21,22] in activator–inhibitor
media. The transitions include the appearance of
oscillatory behaviours in excitable media and noise-
induced excitable behaviours in bistable and oscilla-
tory systems. In the sub-excitable media, optimal
amount of noise supports the propagation of struc-
tures such as spirals,[23,24] irregular waves,[25,26] trav-
eling pulse,[27] and pulsating spots.[28] Noise can also
induce complex spiral dynamics in a simple model of
excitable medium.[29,30] In particular, noise may in-
duce turbulent-like states driven by spiral breakup.
The types of feedback can be divided into two classes,
local feedback and non-local feedback. Under lo-
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cal feedback control (known as one-channel feedback)
the trajectory of spiral core is attracted to a se-
ries of circular limit cycles centred at the measuring
point.[31−34] It has been observed that two-channel
feedback destroys the regular dynamics seen in one-
channel feedback if the measuring points are suffi-
ciently far apart.[35] In the other types of non-local
feedback, the modulation is proportional to the in-
tegral of the activity in two-dimensional (2D) ex-
citable domains of different shapes[36−41] and on one-
dimensional (1D) lines.[42] The nature of the attrac-
tors has been examined for circular, square, ellip-
tical, triangle, pentagon and rhombus domains and
straight and contour lines. When the domain size and
the line size are significantly smaller than the wave-
length of the spiral wave, the spiral core trajectories
are similar to those for local feedback. However, for
larger domains and long lines, the attractors depend
significantly on the size and shape of the domain.
Spatiotemporal[43] synchronization occurs when the
forcing entrains the internal oscillatory dynamics with
a sequence of frequency-locked regimes that can be
observed as the forcing frequency is varied. A light
gradient, which is both rotationally and translation-
ally invariant in space,[44] can induce a resonance drift
of a spiral wave. Spiral dynamics under direct cur-
rent (DC)[45,46] and alternating current (AC)[47] elec-
tric fields and periodical mechanical deformations of
an elastic excitable medium,[48] also show drift be-
haviours of vortices.

In this paper, we study numerically the be-
haviours of spiral waves in the excitable media, whose
excitability is modulated by a rectangle wave. The
rest of the paper is organized as follows. In Section 2
we describe the mathematical model of the excitable
system with the excitable parameter modulated by a
rectangle wave. In Section 3 we investigate the dy-
namics of spiral wave under the modulation. Spiral
wave is eliminated for some certain modulation pe-
riod and the detailed case is studied in Section 4. In
Section 5 a discussion and conclusion are presented.

2. Model and method

In our study the FizHugh–Nagumo (FHN)
model[49] is used to describe the excitable medium.
The FHN model is a set of two-variable “reaction–
diffusion” equations. This model is generic for ex-
citable systems and can be applied to a variety of
systems. It can reproduce many qualitative charac-
teristics of electrical impulses along nerve and cardiac

fibres, such as the existence of an excitation thresh-
old, relative and absolute refractory periods and the
generation of pulse trains under the action of external
currents. The FHN model reads

∂u

∂t
=

1
ε
[−v − u(u− a)(u− 1)] +∇2u, (1)

∂v

∂t
= −γv + βu− δ, (2)

where variables u(x, y, t) and v(x, y, t), sometimes
called activator and inhibitor, describe membrane
voltage and v-gate, respectively; ε is the time scale
and named excitability parameter; a represents the
threshold for excitation; γ, β and δ are parameters
controling the rest state and dynamics. Here the pa-
rameters a = 0.03, γ = 1.0, δ = 0.0 and β = 2.0 are
fixed. While ε is adjusted by a rectangle wave (shown
in Fig. 1) and its values are chosen as follows:

ε =





ε1, if t ∈ [nT, nT + T/2),

ε2, if t ∈ [nT + T/2, (n + 1)T ),
(3)

where T is the period of a rectangle wave and n =
0, 1, 2, 3, . . . . In numerical simulations the system
Eqs. (1) and (2) are integrated by split operator
method with the time step ∆t = 0.005, the space step
h = 0.1 and a 200 × 200 array. No-flux condition is
chosen. In the following sections, the number of time
steps is used as the unit of time unit.

Fig. 1. Excitable parameter modulated by the rectangle

wave with period T .

3. Spiral-wave dynamics under

rectangle-wave modulation

Switching on a rectangle-wave modulation of the
excitable parameter induces complex meandering and
drifting spiral waves, which exhibit many special tip
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trajectories. We investigate the effect of the mod-
ulation period on tip motion by performing numer-
ical simulation of Eqs. (1) and (2) for various val-
ues of modulation period T . To study the relation
between tip motion and period T , a size variable
Rx = (xmax − xmin)/2, where xmax and xmin are
maximum and minimum x-coordinates of the tip or-
bit respectively, is defined. Figure 2(a) shows Rx as
a function of T when ε1 = 0.002 and ε2 = 0.0046.
The function includes several monotonically increas-
ing parts, which are induced by frequency-locked be-
haviours. The tip trajectories can be explained by
their Fourier spectra. In the Fourier spectra of the
x-coordinate time series of the tip, many frequency
peaks are exhibited and they are labeled by f1, f2, f3,
. . . , where f1 is the frequency with a maximum ampli-

tude between 0.008 and 0.009 (Its value almost does
not change with the period of the modulation and it
is believed to be the primary rotating frequency of a
spiral wave) and the other frequencies f2, f3, . . . fol-
low the order of amplitude from large value to small
one. Let T1 = 1/f1, T2 = 1/f2 and T12 = 1/(f1 + f2),
which means the main path curvature period of the
tip. For several sub-domains on T axis, the modu-
lation period T is close to rational multiples of T12,
i.e., T/T12 = m/n. This indicates that the system
locks in the modulation period and the locking re-
gion with T/T12 = m/n is called as m : n resonant
entrainment band with T/T12 = m/n (also called as
m : n main resonant entrainment band). Several ob-
vious main entrainment bands (T/T12 = 1/1, 2/1 and
4/1) are shown in Fig. 2(b).

Fig. 2. (a) Variation of size variable Rx with modulation period T . There exist several monotonous increasing parts on

the function, which correspond to several main resonant entrainment bands labeled by 1 : 1, 2 : 1 and 4 : 1. (b) T/T12

versus modulation period T , where the bands with T/T12 = 1 : 1, 2 : 1 and 4 : 1 are easily seen. When T is chosen from

the discontinuous parts located at the end of the 1 : 1 and 2 : 1 bands, the initial spiral wave in the system is eliminated by

the modulation. Here ε1 = 0.002 and ε2 = 0.0046.

In the entrainment bands with T/T12 = m/n, the
function Rx(T ) is a monotonically increasing one. Fig-
ure 3 shows four examples of tip trajectories and the
corresponding Fourier spectra in the 1 : 1 band. It is
shown that tip trajectories include just one lobe per
modulation period T taken from this band. In the 1 : 1
band the frequency f2 decreases with the increase of
T , which results in the increase of large circle radius.
In the change the amplitude of f2 increases. Figure 4
shows four examples of tip trajectories and the corre-
sponding Fourier spectra in the 2 : 1 band.

Figure 5 shows the spectra of tip paths for sev-
eral different T values between the entrainment bands
with T/T12 = 2/1 and 4/1. Here the value of f2

increases with the increase of T , so the entrainment
band with T/T12 = m/n cannot be constructed. The
corresponding amplitude, which is the height of the
peak f2, decreases with the increase of T (shown in
Figs. 5(a)–5(e)). When the amplitude decreases to
the value lower than the one of fn (n > 2), the old f2

is replaced by fn (n > 2) and a new f2 appears (shown
in Fig. 5(f)). The new f2 value decreases with the in-
crease of T and it satisfies the entrainment band with
T/T12 = 4/1. The modulation can also lead to the
occurrence of more frequency peaks in tip spectra. In
Fig. 5, the frequencies labeled by the same capital let-
ter belong to a family and they satisfy the same vary-
ing law. The frequencies marked by the capital letter
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A constitute an increasing function of the frequency
versus the modulation period T and the frequency
value at T = 250 approaches zero. While in the B fam-
ily, the frequency is a decreasing function of T and the
modulation period T is four times the path curvature
period given by T1A = 1/(fA +f1). The frequencies in
the C family abide by the law fC = 2fA + fB. When
T = 260, the new frequency fD is generated according
to T/T1D = 4/1 (here T1D = 1/(f1 + fD)), the en-
trainment band with T/T1D = 4/1 is persevered with
in the process of increasing T . When T is further in-
creased, the other new families (marked by E, F and
G) appear by two mechanisms. For these frequencies
labeled by B, D, E and G, they are frequency-locking

(T/T1B = 3/1, T/T1D = 4/1, T/T1E = 5/1 and
T/T1G = 6/1). While for the frequencies labeled by C
and F, they are the linear combinations of the corre-
sponding locking frequencies and f2 (fC = 2fA + fB,
fF = 2fA + fG). We also find the following relation
f1 = 2fA + fD. In the above definition, the ampli-
tude of fn (n > 1) decreases with the increase of n,
so the fn with the smaller n has a larger effect on
the tip path. Here when the frequencies labeled by
the same capital letter are described by fn and the
number n changes with T . For example, fB corre-
sponds to f3 at T = 250, while f5 at T = 280. The
detailed frequency-locking relations, exhibited by fn,
are shown in the figure.

Fig. 3. Four representative tip trajectories on the 1:1 resonant entrainment band ((a)–(d)) and their corresponding Fourier

spectra ((a′)–(d′)). (a) (a′) T = 60, (b) (b′) T = 80, (c) (c′) T = 100, (d) (d′) T = 120. In the band, the size radius Rx is

an increasing function of T . In the corresponding spectrum, the frequency peak f2 decreases with the increase of T . Here

ε1 = 0.002 and ε2 = 0.0046.

Fig. 4. Four representative tip trajectories on the 2:1 resonant entrainment band ((a)–(d)) and their corresponding Fourier

spectra ((a′)–(d′)). (a) (a′) T = 160, (b) (b′) T = 180, (c) (c′) T = 200, (d) (d′) T = 220. On the band, the size radius Rx

is an increasing function of T . In the corresponding spectra, the frequency peak f2 decreases with the increase of T . Here

ε1 = 0.002 and ε2 = 0.0046.
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Fig. 5. Fourier spectra of tip paths for six different T values for studying the varying law of tip trajectories with the

modulation period between the 2 : 1 and 4 : 1 entrainment bands. Here the peak frequencies are doubly marked by the

numerical subscripts 1, 2, 3, . . . and the capital letters A, B, C, . . . . The heights of the frequency peaks f2, f3, . . . follow the

order from small to large. While the frequencies with the same capital letter for different T values constitute a monotonic

function of frequency versus the modulation period, which has a different initial value for a different capital letter and they

follow the law of the same locking-frequency or linear combination. The variations of frequency peaks with T and kinds of

locking-frequency behaviours have been exhibited in the figure. Here ε1 = 0.002 and ε2 = 0.0046.

For a large T , more frequency peaks appear in the spectrum of the tip path. In this case, tip patterns
become more complex and rich. Figure 6 shows six typical examples of complex tip patterns. The tip path
given in Fig. 6(a) shows the coexistence of two types of petals and the corresponding spectrum analysis indicates
that the tip motion is dominated by two frequency-locking behaviours (T/T12 = 2/1 and T/T13 = 3/1). The
patterns, which are not petal orbits or traveling ones, are shown in Figs. 6(b) and 6(f). Figure 6(d) shows a tip
pattern consisting of two flowers, the kind of patterns can also drift along a line under several T values (shown
in Fig. 6(c)). The tip pattern exhibited by Fig. 6(e) is similar to the tip orbit of modulated traveling waves
(MTW) without the periodic modulation, but there exists a great difference between them. Here the tip turns
back from the certain locations in the domain, while the tip of MTW returns only from the no-flux boundary.
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Fig. 6. Six unique patterns of tip trajectories, which are generated due to the appearance of more frequencies and kinds

of locking-frequency behaviours with T = 210 (a), 300 (b), 320 (c) and 334 (d) with ε1 = 0.002 and ε2 = 0.0046 taken in

panels (a)–(d), 440 (e) with ε1 = 0.003 and ε2 = 0.004 and 320 (f) with ε1 = 0.003 and ε2 = 0.005.

4. Eliminating of spiral wave un-

der some modulation periods

We also find that a spiral wave can be eliminated
when the value of the modulation period T is taken
from the ends of the main entrainment bands. The
elimination is generally speedy and it is favoured in a
real application. Figure 4 shows the disappearing pro-
cess of a spiral wave under the parameter modulation.
First, the spiral wave core drifts speedily toward the
boundary along a straight line. When the tip arrives
at the boundary, it is cut off from the body and then
the isolated tip disappears gradually from the no-flux
boundary.

Here transitive modulated traveling waves
(MTW), i.e., solutions whose tip core drifts along
a straight line in a laboratory frame (viewed in a co-
moving frame, the solutions are quasi-periodic), can
be explained by the spectra shown in Figs. 2 and 3.
It has been known from the above discussion that
the decrease of frequency f2 results in the increase of
large circle radius in the main bands. On the end of
the bands f2 is very close to zero and the value of the
large circle radius approaches infinity, so the transitive
MTW appears. This is different from the MTW from
the Barkley model. In the Barkley model, the MTW
state separates the modulated rotating waves (MRW)
states with inward petals from those with outward
petals. The MRW states with outward petals are
such that f2 > f1 and the states with inward petals
are such that f2 < f1, whereas the MTW states need
to satisfy the condition f2 = f1. There exists another
difference between the two kinds of MTW states. For
an MTW from the Barkley model, the tip turns back
to the domain when it reaches the boundary. While
for the transitive MTW from the system Eqs. (1) and

(2) with the parameter modulation, the tip disappears
when it arrives at the boundary.

5. Discussion and conclusion

In the absence of external modulation the system
with the above fixed parameters supports meandering
spiral waves with the tips tracing out a flower pat-
tern with outward petals. The motion of the wave
is quasi-periodic in the laboratory and time-periodic
in a co-rotating frame. The tip motion consists of
a large circle rotating at frequency f rot + kf and an
O(1) rotation with frequency f rot. The rotating wave
rotates clockwise and the large circle is traversed by
the spiral tip counterclockwise, so that the meander-
ing motion has outward petals. In this case two fre-
quencies are observed in the Fourier spectra of the x-
coordinate time series of the tip. External rectangle-
wave modulation of the excitable parameter leads to
relative invariant tori, i.e., invariant tori of the sym-
metry reduced dynamics. This is a form of generalized
meandering or hyper-meandering. In this case, more
frequency peaks appear in the Fourier spectra of the
tip path and they can be divided into two groups.
The frequencies in the first group are correlated with
the modulation frequency 1/T by frequency-locking
behaviours, while the ones in the second group are
generated by the linear combination. These complex
nonlinear mechanisms lead to the appearance of more
rich tip patterns. The frequency f1 is the primary
rotating frequency of the spiral wave, which can be
measured far from the spiral core and it will not dis-
appear when the modulation period T is changed.
While the other frequencies have a limited life-span
∆T in the T -axis, i.e., they are generated at a certain
T and then disappear at T + ∆T . The birth of the
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frequencies is due to the occurrence of a supercriti-
cal Hopf bifurcation, while their deaths correspond to
the subcritical Hopf bifurcation. So the same type
of frequency-locking behaviours can be maintained in
many certain ranges for the modulation period T and
the certain ranges are called as resonant entrainment
bands. In the T/T12 = m/n band, the size of tip orbit
is a monotonically increasing function of T and it is
easy to be explained by spectrum analysis.

Under the rectangle-wave modulation with a cer-
tain period T , which lies in the end of the T/T12 =
m/n band, spiral tip shifts rapidly to the no-flux
boundary and then disappears from here. This of-
fers a method for eliminating spiral waves. The drift

along a straight line is due to f2 → 0 and is different
from MTW in the Barkey model. In the absence of the
parameter modulation, generally, the spiral tip moves
along a cycloidal orbit. When the tip with the smooth
and regular motion approaches the no-flux boundary,
it does not flee away from there. However, this case
can occur in the presence of the excitability modu-
lation. From Fig. 7, we see that the tip trajectory
includes two elementary units, which correspond re-
spectively to the short straight walk and the small
lobe, formed by curling tightly. When the tip arrives
at the boundary, there always exists a chance for the
modulation to make the tip flee away from the bound-
ary along a unit of straight trip.

Fig. 7. Eliminated process of the spiral wave with T = 150, ε1 = 0.002 and ε2 = 0.0046, rectangle-wave modulation

of the excitability applied at t = 0 and the initial state being a spiral wave, at t = 5 (a), 820 (b), 1186 (c), 1758 (d),

1789 (e) and 1797 (f).
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Phys. 79 829

[23] Jung P and Mayer-Kress G 1995 Chaos 5 458

[24] Jung P and Mayer-Kress G 1995 Phys. Rev. Lett. 74 2130

[25] Jung P 1997 Phys. Rev. Lett. 78 1723

[26] Jung P, Cornell-Bell A, Madden K and Moss F 1998 J.

Neurophysiol. 79 1098

[27] Kádár S, Wang J and Showalter K 1998 Nature 391 770

[28] Hempel H, Schimansky-Geier L and Garćıa-Ojalvo J 1999
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