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A quantum search algorithm based on
partial adiabatic evolution®
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This paper presents and implements a specified partial adiabatic search algorithm on a quantum circuit. It studies

the minimum energy gap between the first excited state and the ground state of the system Hamiltonian and it finds

that, in the case of M = 1, the algorithm has the same performance as the local adiabatic algorithm. However, the

algorithm evolves globally only within a small interval, which implies that it keeps the advantages of global adiabatic

algorithms without losing the speedup of the local adiabatic search algorithm.
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Quantum adiabatic computation has attracted a
lot of attention in the past decades,'~9! since it was
proposed by Farhi et al.'% A typical quantum adia-
batic algorithm starts with the ground state of the ini-
tial Hamiltonian H;, and evolves slowly to the ground
state of the final Hamiltonian Hy. The system that
implements the algorithm uses the time-dependent
Hamiltonian

H(s(t)) = (1 = s(t))Hi + s(t) Hy. (1)
The running time (evolution time) is essentially deter-

1
r=6(z-), 2
gmin = min[E(1,s) — E(0,s)], (0<s<1), (3)

mined by!]

where E(0,s) and E(1,s) are the two lowest eigen-
values of H(s). By specifying the Hamiltonian H;
and Hy, the adiabatic evolution can be used to solve
many computational problems. In Ref. [3], an adia-
batic algorithm was designed to solve the Deutsch—
Jozsa problem. The algorithm took an exponential
time which provided a quadratic speed up over clas-
sical algorithms for the problem. A modified algo-
rithm proposed by Wei and Ying[¥ improved the per-
formance to constant time. In Ref. [11], quantum adi-
abatic computation was applied to solve random in-
stances of NP-complete problems.

The adiabatic evolution can also be specified to
solve the unstructured search problem which can be

described as follows. Suppose there is an unsorted
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database with N = 2" items, and there is a nonempty
subset S of the items satisfying the condition C(s) = 1
for s € S and C(s) # 1 for s ¢ S. The goal is to find
one item of S. For simplicity, we suppose S contains
only one item throughout this paper. Grover pre-
sented an algorithm!!? to solve this problem which is
quadratically faster than classical algorithms. Roland
and Cerfl'¥ considered the same problem and de-
signed a search algorithm based on local adiabatic evo-
lution, which performs as good as Grover’s algorithm
up to a constant factor.

To solve the search problem, H; and H; are spec-
ified as

H =1 [0)(], (4)

and

Hy =1—[B){Bl, ()

where | N |
|¥) = 7 ; l3), (6)

|3) is the marked item (the only one item contained in
S). Farhi et al.l'% showed that if the adiabatic condi-
tion is satisfied globally (that is, s(t) is a linear func-
tion), its corresponding algorithm performs no better
than the best classical algorithm. However, if the adi-
abatic condition is satisfied locally,[13] that is,

ds
— < eg?(t

a =)
where g(t) = E(1, s(t)) — E(0, s(t)) is the gap between
the two lowest eigenvalues, then its corresponding al-
gorithm took a time steps of O(v/N) to find a marked

vt € [0, 7], (7)
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item. To see this, we solve condition (7) to find

1 N

M) = e /=1

(arctan VN —1(2s —1)

+ arctan vV N — 1) (8)
by using
(s)=4/1—4 1—l s(1—s) 9)
g\s) = N .
This gives
T= 1N arctan v.N — 1 (10)
€N —1

by taking s = 1. We finally obtain
T ~ E\/N

5 (11)

with the approximation N > 1.

We can see that, in the local adiabatic evolution,
s changes slowly when ¢t is close to T/2, and so does
H(s(t)). This results from the small gap of the two
lowest eigenvalues when ¢ is close to T'/2. It can be
imagined that an adiabatic search algorithm may per-
haps make use of this property. A research by Tulsil?
unveils the imagination. In his paper, Tulsi analysed
a kind of quantum adiabatic evolution with a one-
dimensional projector Hamiltonian, and proposed the
partial adiabatic evolution. It was also checked in
the paper that Roland and Cerf’s results could be ob-
tained as a special case of the partial adiabatic evo-
lution. A specified search algorithm based on the
partial adiabatic evolution has been studied in one
of our recent papers,4 which presents better perfor-
mance than the local adiabatic search algorithm when
|S| > 1. Here we focus only on the case that |S| = 1.

The algorithm executes the four following steps.

(i) The initial state is prepared to be |¥);

(ii) At t = 0, the Hamiltonian is suddenly changed
to H(s™) without disturbing the state |¥);

(iii) The Hamiltonian evolves from H(s™) to
H(s™") linearly in time over duration T";

(iv) Measure the state of the system.
Repeat these four steps until we find a marked state.

=

For the algorithm, s~ and st are specified as
s~ = 1/2 - 1/2V/N and st = 1/2 + 1/2V/N. Be-
cause the algorithm evolves adiabatically only within
a small time interval [s,sT], it is called a partial
adiabatic search algorithm. After step (ii), the sys-
tem that implements the algorithm will be still in the
state |[¥). That is, the system state will be the ground
state of H(s™) with probability |(¥|E(0,s))|?. The
adiabatic theorem™® guarantees that it will be the
ground state of H(s*) with probability [(¥|E(0,s7))|?
after step (iii). Measuring the state of the system will
give the ground state of Hy = 1 — |3)(8| with prob-
ability P = |[(¢|E(0,s7))|? x [(B|E(0,s%))[2. The
overall time complexity (evolution time) of the al-
gorithm is T = T'/P. Here, T' = w/g?;,, where
w = st —s~ = 1/v/N. It has been shown that
Jmin = 1/\/N,m but here, we use a different method.
That is, we study the problem in a two-dimensional
Hilbert space.

Multiplying (z| to |Hs|E(s)) = E(s)|E(s)) gives
rise to

(x[Hs|E(s)) = E(s){x|E(s)).
Using (z|3) = 1 and (z|¥) = 1/V/N, we have

(12)

(z|Hs|E(s))
= (z(1 = s)(1 = W) (¥] + s(1 - [B){B|E(s)))
1—s
= (z|E(s)) — W@IE(S)) — s(z|B){(B|E(s))
1—s
(z|E(s)) — 1@ (W[E(s)), (z[B)=0,
= (@lE(s) - VN (W|E(s)) (13)
REEO
So, we can obtain
1—s(P|E(s))
VN 1= E(s)’
@E@) = 15 oo 09

VN
1—E(s)

by using Egs. (12) and (13).
rewritten as

It can be immediately

1—s N -1 1
( —LalBe) + \waE(s»)

(x| E(s))

=

1— E(s) ’
1= < NA_[ 1<a|E(s)> + \/EWE(S») + s(BIE(s))

(15)

1—E(s)
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Let
1-— N -1
A= L=V -1 (16)
N
1—253)
B= 1
— a7
1 —
C—B—i—s:(Ns)—&—& (18)
it can be rewritten as
4 (alB(s) + (BIE(s),  (o]8) =0
a|E(s S z|B) =
1-F 1-F ’
(z|E(s)) = i (s) . & (s) B ) (19)
\
So 1 N 45(1 s)
) F 1—2s)2
\/ (29)
(ol B(s))
N-1 together with Egs. (22)7(25). And then
= > (ale)(z|E(s)) o
=0 gs = \/ (1—2s)2 + % (30)
= (alz) (x| E(s))
(afz)70 When s = 1/2, we finally obtain
1
- S (alz)alE(s)) :
VN -1 555 Gmin = \| 7+ (31)
N -1
= T Qs 5)))- o, = . t can be proven that 1S
T ) AIEGD) + BELEG). (20 So, 7' = OWN). Tt can b hat P i
lower bounded by a constant.! Consequently, T' =
Similarly, O(VN).
1 It is known that global adiabatic algorithms ex-
(BIE(s)) = 1_7E(S)(A<O“E(3)>) +C(BIE(s))). (21) hibit inherent robustness against certain types of
quantum errors.[! It is alo known that the system
Let Hamiltonian of the partial adiabatic search algorithm
D VN _IA= (I1-95)(N-1) 99 evolves adiabatically (globally) within a small inter-
o T N ’ (22) val and changes suddenly outside of the interval with-
1— ) (N -1 . . Ca
Fe N 1B - (1—s)( )) (23) out dlst1.1rb1ng. the 'systern state. .ThIS implies that
N the partial adiabatic search algorithm keeps all ad-
G= A= (I-s)(NV-1) —F (24) vantages of global adiabatic algorithms without losing
N 7 the speedup provided by the local adiabatic search al-
H=(C= (1-s) +s (25) gorithm.
N In the following, we consider how to implement
Equations (20) and (21) become the partial adiabatic search algorithm on a quan-
1 tum circuit. We use the same method exposed in
(a| E(s)) = 1_7E1()(D<04|E(8)>) + F(B|E(s))), (26)  Refs. [16] and [17]. We discretize the evolution by
1 s cutting the time T into R intervals AT = T'/R. Dur-
(BIE(s)) = 1_7E<s)(F<a\E(s)>) + H(B|E(s))). (27)  ingeachinterval [t;_1,t;] (t; = jAT), we approximate

With these two equations, it is easy to obtain the sec-
ular function of H defined by Eq. (1) as

(1-E(s))*—(H+D)(1-E(s))+DH—-F? = 0. (28)
So,
B(s)or = 1—H—D¢\/2(D—Hw

the varying Hamiltonian H(s(¢)) by the constant one
H(s(t;)) = (1 — s(tj))H; + s(tj)Hs. This is equiva-
lent to replacing the Hamiltonian H (s(t)) by H(s'(t)),
where §/(t) is a monotonic function approaching s(t)
but varying at times ¢; only.

The approximation of H(s(t)) by H(s'(t)) is such
that

I (s(t)) = H(s"()]l]2
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= |s'(t) = s(®)|||[ H; — Hel||2
< |s(t+ AT) — s(t)] = fNTT’ (32)

with the fact that

1
WH — Hllo=y1- <1 (33)

Let U(T') and U’(T) be the unitary transforma-
tions induced by the application of the two Hamilto-
nians from ¢ = 0 to ¢ = T. This immediately gives

v vl <2 [ swar e

Using inequalities (32) and (34), we have

2AT
VN’

For each step, we apply the unitary operation

NU(T) = U'(T)ll2 < (35)

—iH;AT _

U/j = e e—i(l—Sj(t)HiAT—iSj(t)HfAT. (36)

Now, we use the Campbell-Baker—Hausdorff approxi-
mation and replace U’; by

U//j — e*i(lij)HiATefiS]‘HfAT. (37)
The error introduced at each step by this approxima-
tion is

U5 = U";lll2 € O(s;(1 — ;) AT?|[|[H;, Hi]l||2

e O (Sj(l — 8])\_/R§> s (38)

where we use

HMﬂMzHMWﬂIWW
- v eo(gF) @
Besides,
H =TTV <=, (@0
when j
NU'; =U"lll. < 1. (41)

Consequently, with relations (35), (38) and (40) we
can see that the number of steps R = O(v/N) is re-
quired in the previous approximation.

In conclusion, a specified quantum adiabatic
search algorithm based on partial adiabatic evolu-
tion is presented in this paper. It is shown that
the algorithm takes O(v/N) time steps to find the
marked item. That is, the algorithm keeps all advan-
tages of global adiabatic algorithms without losing the
speedup provided by the local adiabatic search algo-
rithm. We also study how to implement the algorithm
on a quantum circuit.
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