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Feasible schemes for quantum swap gates of optical
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Feasible schemes for implementing quantum swap gates of both coherent-state qubits and photonic qubits are
proposed using a A-type atomic ensemble trapped in a bimodal optical cavity. In both protocols, the decoherence
from atomic spontaneous emission is negligible due to the fact that the excited states of the atoms are adiabatically
eliminated under large detuning condition and the swap gates can be created in a single step. In our schemes, the
required atoms—cavity interaction time decreases with the increase of the number of atoms, which is very important in

view of decoherence. The experimental feasibilities of the schemes are also discussed.
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1. Introduction

Quantum computers implement computational
tasks based on the fundamental principle of quantum
mechanics. This new type of quantum information
processor takes the advantage of superposition prin-
ciple and quantum entanglement to solve many prob-
lems, such as factoring a large number and search-
ing data in an array more efficiently than the present

(1.2 Over the last decade, ex-

conventional computers.
tensive research interest has been stimulated in both
theoretical and practical aspects of quantum comput-
ers. It has been shown that the quantum logical gates
are the essential building blocks of a quantum com-
puter, and any quantum computational network can
be decomposed into a series of basic quantum logic
gates. Various different physical systems have been
proposed for implementing quantum logic gates in re-
cent years, such as cavity quantum electrodynamics
(CQED),*~ 1% nuclear magnetic resonance (NMR), 11
quantum dots,['213] and superconducting quantum in-
terference devices (SQUID).M4—16]

Among these systems being explored for hard-
ware implementations of quantum computers, CQED
is almost an alternative qualified candidate since the
atoms trapped in cavity own relatively long decoher-
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ence time and the strong coupling between atoms and
photons guarantees quantum state coherent manipu-
lation and control.l7l In the realm of CQED accord-
ing to the difference in interaction between the atoms
and cavity fields, there are two kinds of schemes for
designing quantum logic gates, i.e., single atom quan-
tum gate and atomic ensembles quantum gate. In
the second one, atomic ensembles can collectively en-
hance the coupling strength due to the many-atom
interference effects. In recent years, some theoreti-
cal models about implementing a quantum logic gate
with an N-type,['8) M-type, ') or V-type2921 con-
figuration of atomic ensembles have been reported.
Moreover, the atomic ensemble can be used to realize
frequency down (or up)-conversions of bimodal cavity
field.?2=25] On the other hand, the swap gate, one of
the basic two-qubit quantum gates, plays an impor-
tant role in quantum information processing, partic-
ularly in information transmission and entanglement
swapping. However, for constructing such a gate with
elementary gates from the universal set, one needs
three Control-Not gates or three conditional phase
gates plus six Hadamard gates.26:271 This complicated
procedure will decrease the efficiency of quantum com-
putation.
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Recently, two schemes have been reported for re-
alizing quantum swap gates of qubits, the Fock pho-
tonic states!?)) and coherent states,?!) with V-type
atomic ensembles in cavities. In the present paper, we
show that the quantum swap gates of both coherent-
state qubits and photonic qubits can be implemented
only by one step with A-type atomic ensemble trapped
in a bimodal optical cavity. The purpose for the di-
rect construction of swap gates is to save a great many
of quantum resources in practical quantum informa-
tion processing and reduce the number of required
unitary operations. Our schemes have the following
advantages. (i) It requires only commonly addressing
the atoms inside the optical cavity, which provides
a convenience in experiment. (i) During the opera-
tion, the atoms are always populated in ground states.
Thus the decoherence arising from the atomic sponta-
neous emission is effectively suppressed. (iii) The re-
quired atoms—cavity interaction time is inversely pro-
portional to the number of atoms. This can produce
any atom—field coupling in principle as long as one
can let enough atoms interact with the cavity modes,
which can help to choose a desired reasonable time to
avoid decoherence.

2. A swap gate for coherent-state
qubits

The system under consideration is composed of N
identical three-level atoms in a A-configuration placed
inside a bimodal cavity. The concrete atomic level
structure and corresponding transitions are shown in
Fig. 1, including one excited states |e), and two stable
ground states |g) and |s). The transitions |g) — |e)
and |s) — |e) couple to the cavity modes with coupling
constants g and g, respectively.

Al

lg)

Fig. 1. Involved level structure of the A-type three-level
atoms and the corresponding atomic transitions.

The classical fields (relevant frequencies are wg,
and wg ) drive dispersively the atomic transitions
lg) — le) and |s) — |e) with Rabi frequencies (2,
and 2, respectively. The Hamiltonian of the system
can be written as?* (assuming A = 1)

H = Ho + Hilnt + Hi%m

N
Hy = w;LaLah + wvazav + Z (wele) kx €]
k=1
+wolg)kr (gl + ws|s)rr(sl),
N
Hbe = (gnanle)ir(gl + goasle)rr(s| + Hee),
k=1
N
Hi =Y (Qne” ontle)(g]
k=1
+ e i9mt|e) (s| + Hoe), (1)

where ap and a, are the annihilation operators as-
sociated with two cavity modes, respectively. In the
following, we assume that g, g,, 2, and {2, are real
numbers for simplicity. Then the Hamiltonians de-
scribing the atom—field interaction in the interaction
picture are

N
He}ff = Z(ghaheiAt|e>k:k<g|
k=1

+ goave At el (s| + Hec),
N

Hip = Z(QheﬂAq@kk@\
k=1

+ 2pe” 1A e) i (s| + Heoc). (2)

The detunings for associated atomic transitions are
— ws and A’ =
W, —We — Wy = W, — Wy — ws. Considering the
large detuning conditions that A > vNgn, VNg,
and A’ > (2, (2,, the excited level |e) can be adia-
batically eliminated. Then we can derive the corre-
sponding Hamiltonian H'; as follows:

A = we —wp — Wy = We — Wy

N 2
g
Hpg=-Y Uaiahlgmwl
k=1
2
+ gzvalav\8>kk<s|
9nGv

A

(ahaolgyin(s| +Ho)[.  (3)

The first two terms on the right-hand side in the above
equation correspond to the photon-number-dependent
Stark shifts, while the third and fourth terms describe
the Raman transitions between |g) and |s). At the
same time, H gﬁ can be replaced by the effective Hamil-
tonian
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A o 02
Hig = Z [A,|g>kk<g| + A )k (5]
k=1
2,8,
+— (9 (sl + ) lg]) |- (4)
Using the two dressed states, that is, |£);, =

(l9)k & [8)k)/V/2, the effective Hamiltonians H; and
HZ; can be conveniently rewritten as

N
1 _
Hly = —3 Z[XhaThah(Ik + o +oy)
k=1
+Xva:r;av(lk - UI:_ - U}Z)
4

""_X(alba'u(ak -
+apal (0} +oif —op))], (5)

ol +op)

and
eff_Z;u’Ika_Jk (6)

where xn = g7 /A, xo = 5/A, X = gngu/ A, i =
QA" py = Q2/A' and p = 2,0,/A". Here we
have adopted the form of Pauli’s matrices in the new
dressed basis, i.e.,

Iy = [+ kr{+] + [ =Drr (=1,
ok = ekl — =)=,
or = ) re(FI- (7)

Then, the time evolution of the whole system is gov-
erned by the Schrodinger equation

RILI0)

o2 = (Hip + HE)|W(2). ®)

For the sake of further simplifying the dynamics of the
system, we perform the transformation e Hffft,[28*31]
thus the effective Hamiltonian of this system takes the

form

.2 g2
Heff — elHefftH;‘H,e lHefft

N
=—c [(Xha;rﬂh + xoabay) I

+><( v+ apal)of]. (9)

We assume all the atoms are initially in the state |—)g,
then the effective Hamiltonian becomes

Heff =

bao)| =) (=1l (10)
(8) is

o—i0(alavtanal)gidialangidzala, ,

k
(Xhahah + Xva

Thus, the time evolution operator of Eq.
Ut) = e~ i Hetit —

where 0 = Nxt/2, ¢1 = Nxnt/2, ¢p2 = Nx,t/2. For
simplicity, we assume that the coupling strengths of
the two cavity modes are equal, so that 8 = ¢1 = ¢o
throughout the present paper. When U (0, ¢1, ¢2) acts
on the four initial two-qubit coherent states, the exact
evolution of this system is obtained by choosing the
interaction time t = 7/N,

U(0; 61, ¢2)[ =)k (le) +|=a))a(|)+|=a))s
= [+ =a))a(|)+] =),

U(0; 61, 92)| )k (le)+|=a))a(le) — [=))s
= [2(l) = [=a))alla)+|=a))s,

U(8, 91, 62)| =)k (l) = [=))alla)+[=))s
= |=hk(la)+=a))ale) = |=a))s,

U(8, 61, d2)|=)r(le) = [=))a(l) = |=a))y
= |=)k(la) = |=a))a(la) = [=))p. (11)

We encode the diagonal states |0p) and [1p) of
two-coherent cavity—fields as logic zero and one
states, where |0) = A, (a)(Ja)+|—a)) and [11) =
N (a)(Ja) — |—a)), with the normalized factors be-
ing A (a)=(2 4 2e2¢")=1/2 [21] Thys equation (11)
describes a two-coherent states qubit swap gate oper-
ation based on the new basis of coherent cavity—fields

|=)&[0L)al0L)e — [=)k|0L)al0L)e,
|=)k10L)allL)e — [=)k[1L)alOL)s
|=)&l1L)al0L)e — [=)k|0L)allL)e,
|=)kll)alle)e — | =)kllr)allr)e- (12)

If all the atoms are initially in the state |+)g, then
the time evolution becomes U(t) = e~ iHeit
eif(alavtanal)gidralangigzalay Choosing the experi-
mental parameter t = 47/ Ny, we can obtain the two-
qubit swap gate:

b (13)

In the above analyses we have not take into account
the influence of decoherence on the scheme. The
main decoherence channels in cavity QED commonly
arise from atomic spontaneous emission and cavity
decay.[3? In our scheme, the excited atomic level |e)
does not participate in the atom-—cavity interaction
due to the large detuning. Therefore, the sponta-
neous emission from atomic excited states can be ig-
nored. However, in order to realize the swap gate, the
two coherent states in two modes must exchange their
information, thus the cavity decay should become a
dominant noise source in the gate operation. In order
to confirm this point, we discuss the time evolution
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of the system under the cavity loss and perform a di-
rect numerical calculation for the fidelity of the swap
gate. The conditional Hamiltonian under the dissipa-
tion dynamics can be well suitable for evaluating the
effects on the gate fidelity, which is governed by

i
Heff - § Z ’fmajnamy

m=h,v

Hcon =

where £, (m € h,v) denotes the decay rate of
the cavity mode. For simplicity, we assume k; =
Ky 1n the numerical simulation. The calculated re-
lation of the fidelity can be determined by F =
(Wo|U* p(t)U| W0),133] where p(t) represents the tem-
poral density matrix reduced by tracing out the cavity
mode part, | ¥y) denotes the initial atomic state, and
U describes the swap gate. Without loss of generality,
we suppose that the two coherent states are initially

in the general form of

| W) = [cospAy(a)(la)a + |—)a)
+ sinypA_(a)(la)a — |=a)a)]
® [cos p A (@) (Jo)s + |[—ar))
+ sinp A (a)(|a)y —[—a))],  (14)
where ¥, p € [0,27). We plot the fidelity of the two-

qubit swap gate versus the magnitude of o with dif-
ferent x values in Fig. 2.

Fidelity

Fig. 2. Fidelity of the swap gate of the quantum qubits
encoded in the coherent states versus both x/g and a.
Other common parameters are kK, = Ky = K, gn, = gv = g,
N =10%, A =103g.

It can be seen that the gate fidelity is not changed
much as the value of « increases, but it monotonically
decreases when k/g grows, which is in good agreement
with the above-mentioned analysis. It should be noted
that figure 2 well demonstrates the feasibility of the
present scheme, as the fidelity keeps an ultrahigh level
even when k/g reaches 0.2.

3. Swap gate for photonic qubits

In this section, we will show that this model can
be used to realize a swap gate for photonic qubits,
if the bimodal cavity—fields are initially prepared in
the Fock states. The difference is that the two cav-
ity modes have different detunings A and A, (4,
and A, denote h mode and v mode, respectively), i.e
Ay # A,. We choose the detunings A, — Ay, = §, and
Ap, A, > 6, then the Hamiltonian in Eq. (3) can be
replaced by

N 1.2
/ g
1l = =3 [Bafanlhatol + Lalals)usts

k=1
+ghAg” (af avei®|g) (s + Hoc) . (15)

On the other hand, the Hamiltonian in Eq. (4)
keeps the same form.
cedure to that in Egs.

Implementing a similar pro-
(5)-(9), we perform the

.2’
transformation[28—31 ei Herrt with

eff_zlu Iy + of)

in dressed basis, the effective Hamiltonian of the whole
system reduces to
1
A t _+ ipt —
off T 75 Z[Xhahah(1k+e” +e o)
k=1
1ltt + _ e*l,uto.k—)

1;415 ++e iut k_)
™ ay))]. (16)

Under the condition u > xn, Xv, X, 0, the high rapid
oscillating terms in Eq. (16) can be neglected. This
leads to the following effective Hamiltonian:

+ Xva:r;av (Ik —¢€
+ X(a,tavei (g7 —

ta—idt( 2 ipt 4+
+apale (of +e'Moy —

N

1
b = —5 > lOwmakan + xoalau)
k=1

_i_X(aIlav iot

+apale” No7].  (17)
In order to further simplify the dynamics of the sys-
tem, we need to take further approximations. Per-
forming the unitary transformation U = e~ 14? with

1 N
5 Z Xhahah + XvaTav)Ik
k=1

l\D

on the second part of the above-mentioned effective
Hamiltonian, i.e., x(a}a,ei® +apale™ 1)o7
choosing 7 = N(xn — Xv)/2, we can obtain a new

Hamiltonian to be

and

eff_

N
Z a a,ele=mt

k=1

l\’)\»—t
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+ apale™10=Mh57], (18)

With the choice of parameter n = §, the Hamiltonian
is finally simplified into

N

1 z
= -5 Z X(a};av + apal)of. (19)
k=1

Using such a Hamiltonian (Eq. (19)) we can real-
ize a swap gate operation very conveniently.[25-34 For
this purpose we take our initial field of bimodal cavity
to be in Fock state, i.e., [1(0))total = |+)x @ (|1)a]v)s),
and the time evolution of the whole system can be eas-
ily expressed as

|1/}(t)>total

ol A(a};av-&-ahul)";t|w(0)>total

= P()[$(0))sotal, (20)

where we have defined A = Nx/2. The operator P(t)
directly acts on the two-mode Fock state of the cavity-
field, this can lead tol2%-34]

1
Vhlv!
x (al cos A\t + ial sin At)”]0),|0)s.(21)

P(t)|h)q|v)y = (af cos Mt + ia] sin At)"

Supposing that h, v = 0 or 1 initially, after the inter-
action time t;,; = 7/2\ we can realize the swap gate
for photonic qubits using the operator of P(7/2)) as
follows:

b = |+)k[0)al0)e,

b — i +H)k[1)a|0)s,

b — 1[+H)k|0)a1)s,

b = —|+)kl1)al Lo (22)

all

|
|1

—_ = —~ =

It is worthwhile noticing that the non-standardized
phase factors that can be eliminated by an appropriate
setting of the phase of subsequent logic operations.!"

It is necessary to give a brief discussion on the
influence of decoherence during the gate operation
process to examine how large the efficiency for our
method is.
that in Section 2 to evaluate the fidelity of the swap
gate and the photon loss, with resort to the condi-

We now perform an analysis similar to

tional Hamiltonian.3%] This effective non-Hermitian
Hamiltonian can be expressed as

A
Héon = _5( ;,a’u +a’haj'1)|+><+|

—% Z Ko Q. (23)

m=h,v

For the initial state of the system

120) =TT, 140 ® (00 + [1),)(0)s + [1)5)/2.

we plot the fidelity of the photonic qubit swap gate
versus /g as shown in Fig. 3(a). From that, it can be
seen that the gate fidelity monotonically drops when
k/g grows during the gate implementation. How-
ever, the fidelity remains exceeding 99.95% when /g
is smaller than 2x10~!. Due to a quantum jump
figire 3(b) shows the numerical calculation Pss =
1 — (P|UT(t)U(t)| %) of the photon loss after a full
gate operation as a function of x/g. The photon loss is

proportional to x/g on the assumption that g, = g,.

T T T T T T
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2 \
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Fig. 3. Fidelity and photon loss of swap gate of the quan-
tum qubits encoded in the Fock photonic states versus x/g
in (a) and (b), respectively. Other common parameters are
Kh =Ko =K, gh = go =g, N =10%, and A = 103g.

4. Discussion and conclusion

We now give a brief discussion of the experi-
mental feasibilities of the proposed schemes within
current cavity QED. First, according to recent
experiments?937 we can assume Cs atoms trapped
in an optical cavity to meet the required level struc-
tures for our proposals. The ground states |g) and |s)
may correspond to Zeeman levels of |F =3,m =1)
and |F' =3, m = —1) of 6S;/, respectively, while the
excited state |e) is denoted by the hyperfine level
|F" =3,m’" = 0) of 6P3/5. Because the many-atom in-
terference effects result in the collective enhancement
of the atom—cavity coupling, the presented schemes
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do not require a strong-coupling regime, which re-
laxes the dependence of the experiment parameters
(mainly in strong coupling). It is noticed that in the
case of atomic ensemble, the operation speed of the
above swap gate is proportional to 1/N (N is the num-
ber of atoms). So the gate operation process can be
greatly speeded up with the large number of atoms,
compared with that in the single atom scheme. This
makes it possible to complete the swap gates in a
reasonable time. For instance, according to the con-
cerned experiment parameters i.e., g/27 = 34 MHz
and k/2m = 4.1 MHz reported in Refs. [36] and [37]
choosing the number of the atoms N = 10* and the
detuning A = 103g the required atom—cavity—field in-
teraction time is about 1.5 ns. Obviously, it is much
shorter than the lifetime 0.01 s of the high-@ supercon-
ducting cavity and the lifetime of the atom 0.03 s.[1%!

Furthermore, the atoms have no probability to pop-
ulate in the excited states and so the atomic sponta-
neous emission can be strongly suppressed.

In summary, we have proposed two schemes to re-
alize two-qubit quantum swap gates only by one step
with the context of cavity QED. Based on the large
detuning interaction of a three-level A-type atom as-
semble with two cavity modes and two classical fields,
the excited states of the atoms can be adiabatically
eliminated. Thus the schemes are insensitive to atomic
spontaneous emission. In the presence of a large num-
ber of atoms, our scheme may relax the requirements
for the strong coupling condition due to the collective
enhancement of the coupling parameter. In particular,
the required atom—field interaction time decreases as
the atomic number increases, which is very important
in view of decoherence.
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