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Exact propagator for an electron in a quadratic
saddle-point potential and a magnetic field*
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We study the propagator for an electron moving in a two-dimensional (2D) quadratic saddle-point potential, in

the presence of a perpendicular uniform magnetic field. A closed-form expression for the propagator is derived using

the Feynmann path integrals.
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1. Introduction

Owing to rapid progress in the fabrication of semi-
conductor devices,[!! in the past decades there has
been substantial interest in the electron systems in
perpendicular magnetic fields, especially the quan-
tized Hall effect?=¢ and the quantum dots.[7=1% So
it becomes very important to understand the motion
of confined electrons theoretically because now many
physical phenomena can be investigated experimen-
tally.

(11-16] are used

Usually semiclassical techniques
to describe the motion of an electron in two dimen-
sions, which is accurate and unambiguous when the
perpendicular magnetic field is strong. In the semi-
classical approximation, the electron moves along the
lines of a constant potential,'’'2l but when two such
lines come close, the quantum tunneling begins to play
an important role. This phenomenon is very impor-
tant for describing the transition between plateaus in
the quantum Hall effect.!”=21 The barrier between
two equipotentials is well described by a saddle-point
potential.['9:20) We use the potential

m
V(z,y) = 5

with m being the electron mass and a magnetic field

(W2 wia?)

B being along the z axis. To our knowledge, this
model was first employed by Fertig and Halperin!??
to study the tunneling process for an electron in a
two-dimensional (2D) electron gas, under the influ-

ence of strong transverse magnetic field, whereby they
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derived an analytical expression for the transmission
coeflicient through the saddle point and other various
approximate results.

Later, the exact quantum-mechanical propagator
for the special case wy = w, was obtained.[?3-24] How-
ever, for most cases, w, must be not equal to w;.
Therefore in the present paper, we extend the work
of Refs. [23] and [24] to a more general case, obtaining
the analytical expression for the propagator where the
values of w, and w, are not necessarily the same, this
is then the subject of the next section.

2. Derivation of propagator

Choosing a symmetric gauge

1 —By Bz
A=_-B =|—, —
5 xr ( 5 ' 5 ,0),

we have the Hamiltonian

H = (px - % 3:)2 (py - %Ay)2
= +
2m 2m
m
+ E(wzyg - wg‘rQ)a

where ¢ is the speed of light, and e is the electron
charge. The Lagrangian of the corresponding classical

system is

L= %(fﬂ — 0% + weirdr), (1)
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where w, = eB/mc is the cyclotron frequency, r = ()

denotes the component of the electron position vec-

tor perpendicular to the magnetic field B, 7 repre-

sents the transpose of vector r, J = ((1) _01), and
2

@ =(7% %)

It is well known that a propagator for a quadratic

[25—27]

action can be calculated exactly. Thus we have

m
91 h(det D(T))1/2

X eXp (;LS(TTTVOO)), 2)

K(rpT|ro0) =

where S(rrT|rg0) is the classical action and the ma-
trix D(T) is defined as mD~1(T) = —92S/0rr0r.
From the Lagrangian we obtain the equation of mo-
tion as

P+ weJr + 2% = 0. (3)

Following Ref. [28] we will seek the solution of Eq. (3)
in the form r ~ e where the matrix has the struc-

ture (3 ¢'). Substituting this into Eq. (3), we obtain
R? +w.JR+ 2* =0, (4)

which has two solutions R; = ( ;)2 Aol) and Ry =
(ﬁ ’\03), where A1z = (we/2 — 2y F A), doa =

(—we/2 — 2 £ A), with 2y = (W} 4 w})/2w. and
A= \/(wg +w? - w2)? 4 dww? /2.
Thus,

the general solution of Eq. (3) satisfy-

ing the boundary conditions 7(0) = ro = () and
r(T)=rpy=(3%)is
r(t) = @r(0) + r(T), (5)

where the matrix @4 = — A(t) A~ (T)ef1T], and
oty = A(t)AY(T), with A(t) = exp(Rat) — exp(Rit).
To find the explicit expressions of the matrix elements

[eth

in Eq. (5), using the following identities:

A
cosh syt 2 ginh sit
Rit _ S1
et = \ ,
—QSinhslt cosh st
S1
A3 .
cos sot — sin sot
et = 2 . ®
A1,
— sin s9t  cos St
So
where 51 = VA1 da = /2 — (we/2 — A)? and sy =

VAN = O

matrix A(t) as

(we/2 4+ A)?, we can rewrite the

A3
— sin Sot —

cos sot — cosh syt smh s1t
Al = |, £ , ()
— sin sot — smh sit cos sot — cosh syt
52
and the inverse
A A
) 1 cos sot — cosh s1t 2 ginh sit — 23 gin Sot
AT () = ——= A o1 52 : (8)
) | 22 sinh s1t — M gin Sot cos sot — cosh syt
S1 S92
where II(t) is the determinant
1
II(t) = det(A(t)) = 2 — 2 cosh s1t cos sat + —()\1/\4 + A2A3) sinh syt sin sot. 9)
5152
From Egs. (6)—(9), we then obtain
1 ail ai2
h= s , (10)
17(73 ais ai4

where

A
aj] = (SiHhS1TCOSSQT—

Ao A
— (SiHSQTCOSh81T+ 273
s

ALA
+ <1 — cosh 51T cos so1" + 174
S152

52

A
4 sin $9T cosh slT) sinh s1¢
518

sinh 517 cos SQT) sin sot

sinh 517 sin 52T> cosh st
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A A
+ <1 + 273 Sinh 11 sin soT" — cosh s17T" cos 52T> Cos Sat,
S$182

A A
alp = {1(1 — cosh s1T cos s2T') + 23 inh s1T sin SQT:| sinh syt
S1 52

A A
+ [3(1 — cosh s1T cos $5T') — 2L Ginh 51T sin SQT:| sin sot
So S1

A A
+ (1 sinh 17T cos so1" — 23 gin $9T" cosh 81T> cosh syt
S1 52

A A
+ <3 sin so1' cosh 11" — 2 inh s1T cos 32T> Cos Sat,
S9 S1

A A
a1z = Lz(l — cosh s1T cos s2T') + 8—4 sinh 517 sin SQT:| sinh syt
1 2

A A
+ {4(1 — cosh s1T cos $5T') — 22 &inh s1T sin SQT:| sin sot
So S1

A A
+ (2 sinh 171 cos so1" — 2 gin s9T" cosh 31T> cosh syt
S1 52

A A
+ <4 sin so1" cosh s11" — 22 ginh s1T cos 52T> cos Sat,
S9 S1

3 sin s9T cosh $1T) sinh s1¢

a14 = (sinh s17 cos sT —
5152

AAg . .
—< sin s171" cos s91" + sin s9 1" cos s11" | sin st
5182

A2As

+ (1 — cos 11 cos soT" + sinh 517 sin 52T> cosh st

5152

ALA
+ (1 + 1M Ginh 5171 sin so T — cosh s171" cos 82T> cos Sot,
S152

and
1 G21 Q22

@23 A24

where

A1
as = ( 17 Gin soT — sinh slT) sinh s1t 4 (cosh $1T — cos s9T') cosh st
5182

A2
+ ( 273 sinh s1T + sin SQT) sin sot + (cos soT — cosh s1T") cos sat,
51852

A A A
a9y = —l(cosh $1T — cos $9T') sinh 51t + (3 sin s9T — 2 ginh 51T> cosh s;t
S1 52 S1

A A A
+ —3((:05 s9T" — cosh s1T') sin sot + <1 sinh 517 — 23 §in 52T> oS Sat,
S9 S1 52

A A A
a9z = —2(cosh $1T — cos s9T) sinh 1t + <4 sin s9T" — 22 Ginh 31T> cosh s;t
S1 52 S1

A A A
+ —4(008 s9T — cosh s1T') sin sot + (2 sinh s17 — ™ Gin 52T> cos $aot,
S92 S1 52

A2 A
a94 = ( 273 gin soT — sinh slT) sinh s1¢ + (cosh $;T — cos $2T') cosh s1t
5182

A
+ ( 1M Ginh 51T + sin 32T> sin sot + (cos soT — cosh s1T") cos sat.
5152

Having obtained the matrix elements, we can also write solution Eq. (5) as

A A
x(t) = 2 sin s1t + bcos syt + 23 dsin sat + ccos sat,
S1 S2
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and

A A
y(t) = 2 bsin s1t + acos sit + 2 sin sot + d cos sat,

S1 52
where the coefficients
A4
a = — Slnh s1T cos soT — — sin so1 cosh 51T
T) 82
Aoz . .
— cos 511 cos soT + sinh 517 sin s5T
5152

A
T (4 sin 55T — 22 Sinh slT) + yr(cosh $1T — cos SQT)},
S92 S1

1 ALA
b = H(T){xo (1 — cosh s1T cos soT' + % sinh 517 sin 82T>

5152

A1 A
+ Yo ( sinh s17T cos soT' — 23 gin s9T" cosh 51T>
S1 52

A M
+ zp(cosh s1T — cos s2T') + yr <3 sin s9T — — sinh 51T> }
S2 51

1 A2 A
c = H(T){xo <1 + s?sj sinh 17 sin s9 T — cosh ;T cos 52T>

A A
+ 1 (3 sin 55T cosh s;7 — 2% sinh s, T cos 52T>
59 S1

A1 A
+ zp(cos seT — cosh s1T) + yr < sinh 517 — 23 gin 32T> },
S1 52

and

A
d = T) { ( sin so1" cosh 11" — 22 ginh 51T cos SQT)

S1

y0< 1 sinh 5171 sin soT" — cosh s171 cos 32T>
5152

A
+z7 < sinh 517 — ™ gin 52T> + yr(cos soT — cosh slT)}.

51 82

Now, the classical action between points (0,79) and (T, rr) becomes

S(rrT|re0) = %{f(T) (T — #(0) - #(0)}.

Inserting expression (5) into Eq. (26), after lengthy algebraic manipulations one finally obtains

Ao A
S(reT|re0) = T2+ 12) {(23 — 31) sinh 817 cos 59T + <52 4 222

1 52

i

A\
+(y§+y%)[< -4

S1

A2A3

52

— 31) sinh s171 cos so1" + (

S1

+ (zryr — ToYo) { — 28 (2 — 2cosh s1T cos soT + ( — 82> sinh 517 sin SQT)]

+ (xoyr — x7Yo)[4A(cosh 51T — cos $2T')]

S92 S1
Ao A1
+ 2xpxT {<51 — Z 3) sinh s;T — <32 + ; 4) sin 32T:|
1 2

+ 2yoyr [(31 — )\;)\4) sinh s1T — (32 + /\Z)\?’) sin SQT:| }
1 2

For the determinant of the matrix D~!(T’) we obtain
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) sin s91 cosh slT]

+ 82> sin so1" cosh slT]

(22)

(23)

(24)

(25)

(26)
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4A?

det(D™YT)) = T

(28)

Hence, combining Egs. (3), (28), and (29) one can ob-
tain the full expression of the propagator. Various
special cases can be obtained by setting the values of
the parameters. For example, one can easily check
that our result will reduce into those in Refs. [23]
and [24] if w, = w,. In the case w, = 0 we obtain
the propagator for an electron in the saddle point po-
tential, which is the product of two independent one-
dimensional propagators. If we replace w, with jw,,
we obtain the propagator of an electron moving in an
anisotropic quantum dot subjected to a perpendicular

uniform magnetic field.

3. Discussion and conclusions

In this paper, we have presented the details of the
exact evaluation of the propagator for a 2D electron
in a saddle-point potential and a uniform perpendic-
ular magnetic field by making use of path integrals.
The presented result can be employed to study the
behaviour of a tunneling electron and is related to the
transmission coefficient through the saddle point cal-
culated exactly in Ref. [22]. Various other applications
such as obtaining the energy eigenvalues, the magne-
tization and the magnetic susceptibility of the system

will be the topic in our future research.
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