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Motivated by recent developments in quantum fidelity and fidelity susceptibility, we study relations among Lie

algebra, fidelity susceptibility and quantum phase transition for a two-state system and the Lipkin–Meshkov–Glick

model. We obtain the fidelity susceptibilities for SU(2) and SU(1, 1) algebraic structure models. From this relation,

the validity of the fidelity susceptibility to signal for the quantum phase transition is also verified in these two systems.

At the same time, we obtain the geometric phases in these two systems by calculating the fidelity susceptibility. In

addition, the new method of calculating fidelity susceptibility is used to explore the two-dimensional XXZ model and

the Bose–Einstein condensate (BEC).
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1. Introduction

Fidelity, one of the most intriguing features of
quantum information science,[1] has been widely stud-
ied in recent years.[2−14] The quantum phase transi-
tion (QPT), driven purely by quantum fluctuations
and occurring at zero temperature, is believed to be
an important concept in condensed matter physics.[15]

In a quantum many-body system, the QPT is driven
purely by the quantum fluctuation in ground state.
The wave function of the ground state can have an
abrupt change as the system varies across the phase
transition point. Therefore, an approach to quantum
phase transition based on the quantum-information
concept of fidelity has been put forward.[2] However,
the calculation of the ground-state fidelity is tedious
except that for a few specific models.[2,16] Recently,
a neater and simpler formalism of fidelity to critical
phenomenon was introduced,[17] for the so-called fi-
delity susceptibility, to signal the whole QPT. The
main advantage of this approach lies in the fact that
the fidelity is a purely Hilbert-space geometrical quan-
tity and no prior knowledge of the structure of the
considered system is required for its use. As shown

in Ref. [17], the fidelity susceptibility is intrinsically
related to the dynamic structure factor of the driv-
ing Hamiltonian that is evaluated though the scheme
based on some numerical techniques including the ex-
act diagonalization and the density matrix renormal-
ization group. On the other hand, Zhang and Tian[18]

employed Lie algebra to evaluate the fidelity suscepti-
bility, and show its high efficiency.

In the present paper, we investigate, in a general
framework, how the differential form of the fidelity
susceptibility can be established in terms of the gen-
eral Lie algebra. As will be seen below, under certain
conditions, the differential form is an effective tool in
detecting the critical points of the QPT. To demon-
strate this, analytic formulas for the fidelity and the
fidelity susceptibility are derived for the SU (2) and
SU (1, 1). By using these formulas, the fidelity and
the fidelity susceptibility can be easily calculated for
a large class of many-body systems, as long as the
Hamiltonian of the system can be rewritten as the
form of [see the following]. Applying our general for-
mulas to the two-state system, we can show the fidelity
susceptibility of the system in terms of SU (2). At the
same time, the geometric phase, which is also an ef-
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fective indicator in detecting the QPT,[19−22] can be
obtained by calculating the fidelity susceptibility. On
the other hand, according to the general expression
of the differential form of the fidelity susceptibility,
one can also expect the same results as those from
the Lipkin–Meshkov–Glick (LMG) model in terms of
SU (1, 1). Furthermore, we extend this differential
form of fidelity susceptibility to other physics models.

2. Formulism

The general Hamiltonian of quantum many-body
systems reads

H (λ) = H0 + λHI, (1)

where HI is the driving Hamiltonian and λ denotes
its strength. The fidelity is the absolute value of
the overlap between two ground states |Ψ0 (λ)〉 and
|Ψ0 (λ + δλ)〉, i.e.,[2]

F (λ, λ + δλ) = |〈Ψ0 (λ)|Ψ0 (λ + δλ)〉| (2)

with δλ being a small deviation. Extracting the lead-
ing term of the fidelity, the fidelity susceptibility can
be obtained as[17]

χF (λ) =
∑

n 6=0

|〈Ψn (λ)|HI |Ψ0 (λ)〉|2
[En (λ)− E0 (λ)]2

, (3)

where En (λ) denote the eigenvalues, and |Ψn (λ)〉
(n = 1, 2, 3, . . . ) are the corresponding normalized
eigenvectors. These eigenstates comprise a set of or-
thogonal complete bases in the Hilbert space.

Given a physical system, the Hamiltonian can be
written as

H =
∑

i

εiHi +
∑
α

(λαEα + λ∗αE−α), (4)

where εi and λα (i and α = 1, 2, 3, . . .) are the coupling
parameters and {Hi, Eα, E−α} are the Cartan–Weyl
basis of a semi-simple Lie algebra. Using the unitary
operator

Û (ξα (λ)) = exp

[∑
α

(ξαEα − ξ∗αE−α)

]

with ξα being parameters, the Hamiltonian can be
turned into the diagonal form

Û† (ξα) HÛ (ξα) =
∑

i

ηiHi. (5)

Therefore, the eigenstate of Hamiltonian in Eq. (4) is
|Ψ〉 = Û (ξα) |ref〉, where |ref〉 is the direct product of

normalized eigenstates of Hi. Then the absolute value
of the overlap between |Ψ (λ)〉 = Û (ξα (λ)) |ref〉 and
|Ψ (λ + δλ)〉 = Û (ξα (λ + δλ)) |ref〉 is

F =
∣∣∣〈ref| Û† (ξα (λ)) Û (ξα (λ + δλ)) |ref〉

∣∣∣ . (6)

According to the general relation between fidelity and
fidelity susceptibility, F = 1 + 1

2 (δλ)2 χ (λ) + · · · , the
expression of the fidelity susceptibility is given by[18]

χ (λ) = −〈ref|
(
Û†∂λÛ

)2

|ref〉

−
∣∣∣〈ref|

(
Û†∂λÛ

)
|ref〉

∣∣∣
2

. (7)

3. Two-state system

The two-state system is the simplest quantum
system which can be calculated exactly.

Furthermore, the two-state system possesses sev-
eral typical quantum properties. So we study it first.
The Hamiltonian of a two-state system can be written
as

H = −B · σ, (8)

where B is an external magnetic field and σ =
(σx, σy, σz) are Pauli matrices.

By means of the generators of the algebra SU (2):
J+ = 1

2σ+, J− = 1
2σ− and Jz = 1

2σz which satisfy
the usual commutation relations [J+, J−] = 2Jz and
[Jz, J±] = ±J±, we can rewrite H as

H = −2B cos θJz −B sin θei φJ+ −B sin θei φJ−. (9)

Introducing the unitary operator

Û (θ, φ) = exp
(
−θ

2
e− i φJ+ +

θ

2
ei φJ−

)
,

the Hamiltonian in Eq. (8) can be diagonalized as

Û† (θ, φ) HÛ (θ, φ) = −BJz. (10)

Here θ and φ can be regarded as adiabatic parameters.
For simplicity and without loss of generality, we fix θ

first and have

Û† (θ, φ) ∂φÛ (θ, φ)

= i
2

sin θ
(
e− i φJ+ + ei φJ−

)
+ 2 i sin2 θ

2
Jz,

and
∣∣∣〈ref|

(
Û† (θ, φ) ∂φÛ (θ, φ)

)
|ref〉

∣∣∣
2

= sin4 θ

2
.
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Finally we obtain the fidelity susceptibility of spin-1
2

subjected to an external magnetic field as

χF =
1
4

sin2 θ. (11)

Since 〈ref|
(
Û† (θ, φ) ∂φÛ (θ, φ)

)
|ref〉 is just the

Berry adiabatic connection, which contributes a
Pancharatnam–Berry phase[23,24] to the spin as the
magnetic field rotates adiabatically around cone di-
rection, we obtain the Berry phase as

γ (θ, φ) = − i
∫ 2π

0

dφ 〈ref|
(
Û† (θ, φ) ∂φÛ (θ, φ)

)
|ref〉

= ±π (1− cos θ) . (12)

The results of Eqs. (11) and (12) are in agreement
with those in Ref. [25], which verify the reliability of
our method.

4. Lipkin Meshkov Glick model

The LMG model[26−28] was originally introduced
in nuclear physics. It provides a simple description of
the tunneling of bosons between two degenerate lev-
els and can thus be used to describe many physical
systems, such as two-mode Bose–Einstein condensates
(BEC)[29] and Josephson junctions.[30] Recently the
entanglement in this model has attracted much in-
terest because of available numerical calculations and
plentiful phase diagrams.[31] In the thermodynamic
limit, its phase diagram can be simply established by
a semiclassical approach.[32] For a finite large number
N of particles, it was studied by the 1/N expansion in
the Holstein–Primakoff single boson representation[33]

and by the continuous unitary transformation.[34]

The Hamiltonian of the LMG model can be writ-
ten as

H = − λ

N

∑

i<j

(
σi

xσj
x + γσi

yσj
y

)− h
∑

i

σi
z

= −2λ

N

(
S2

x + γS2
y

)− 2hSz +
λ

2
(1 + γ)

= − λ

N
(1 + γ)

(
S2 − S2

z −
N

2

)
− 2hSz

− λ

2N
(1− γ)

(
S2

+ + S2
−

)
, (13)

where the σκ (κ = x, y, z) are the Pauli matrices;
Sκ =

∑
i σi

κ/2 with S± = Sx + iSy; λ and h are the
spin–spin interaction strength and the effective exter-
nal field, respectively; N is the total spin number and
1/N ensures that the free energy per spin is finite in

the thermodynamical limit. It is understood that H

preserves the magnitudes of the total spin and the
parity P = Πiσ

i
z, i.e.,

[
H, S2

]
= 0, [H, P ] = 0,

for all values of the anisotropy parameter γ. Specially,
in the isotropic case γ = 1, one has [H, Sz] = 0, so that
H is diagonal in the eigenbasis of S2 and Sz. We adopt
the 1/N expansion method corresponding to the large
N limit. We first use the Holstein–Primakoff boson
representation of the spin operator[33] in the S = N/2
subspace, given by

Sz = S − a†a =
N

2
− a†a,

S+ = S†− =
(
2S − a†a

)1/2
a

= N1/2

(
1− a†a

N

)1/2

a, (14)

where the standard bosonic creation and annihilation
operators satisfy

[
a, a†

]
= 1. This representation is

well adapted to the computation of the low-energy
physics with

〈
a†a

〉
/N ¿ 1.

The next step consists in inserting these expres-
sions into Eq. (13) and expanding the argument of the
square roots. Keeping these terms of order (1/N)−1,
(1/N)−1/2 and (1/N)0 yields (h ≥ 1)

H = −hN + (2h− 1− γ) a†a

− [(1− γ)/2]
(
a†2 + a2

)
. (15)

In order to analyse the fidelity susceptibility of
the above equation, we transform Eq. (15) into the
form of SU (1, 1) according to the ideas in Ref. [35].
We first introduce the generators of SU (1, 1), namely,

K+ =
1
2
a†2, K− =

1
2
a2, Kz =

1
4

(
2a†a + 1

)
. (16)

Substituting Eq. (16) into Eq. (15), one can have

H = −hN − 1
2

(h− γ − 1) + 2 (2h− γ − 1) Kz

+ (γ − 1) K+ + (γ − 1) K−, (17)

which consists with Eq. (4). Here we do not show the
diagonalization of SU (1, 1) algebraic structure model
explicitly, but interested readers are recommended to
refer to Ref. [18]. We simply quote the main re-
sult that is related to the fidelity susceptibility of the
SU (1,1) algebra model. After all the procedures, the
fidelity susceptibility of SU (1, 1) algebraic structure
model becomes

χSU(1,1) =
1
8

[(
∂θ

∂λ

)2

+ sinh2 θ

(
∂φ

∂λ

)]
. (18)
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Assuming that tanh θ = (1 − γ)/(2h − 1 − γ), the fi-
delity susceptibility is represented by

χF =
(1− γ)2

32 (1− h)2 (h− γ)2
,

which is in agreement with the result in Ref. [36].

Fig. 1. Fidelity susceptibility as a function of h and

γ. The divergent character of χF is clearly displayed as

h → 1.

Fig. 2. Fidelity susceptibility as a function of h for

γ = 0.5 in large N limit.

The above derivation is valid only for h ≥ 1,
the calculation for 0 < h < 1 is actually similar
to the above case. When 0 < h < 1, tanh θ =
(h2 − γ)/(2− h2 − γ), the fidelity susceptibility is
then obtained accordingly as χF = h2/8

(
1− h2

)2.
Thus we obtain the fidelity susceptibility of the
anisotropic LMG model in the large N limit. As
shown in Figs. 1 and 2, it is obvious that χF is di-
vergent at h=1 where the LMG model shows that
the second-order phase transition is independent of
anisotropy γ, which was well described by a mean-
field approach.[34] Through the calculation of fidelity
susceptibility, we have found the geometric phase. For
illustration, we consider the system which has a rota-
tion g(φ) around the new z direction. The Hamil-
tonian becomes H (φ) = g (φ)Hg+ (φ) with g (φ) =

ei φSz . Then equation (15) can be written as

H = −hN + (2h− 1− γ)a†a

− [(1− γ)/2](a†2e−2 i φ + a2e2 i φ). (19)

The geometric phase of the ground state, accumulated
by varying the angle φ from 0 to π, is described by
β = − i

∫ π

0
dφ 〈g |∂/∂φ| g〉.[19] Finally we obtain the

geometric phase as

βg = − i
∫ π

0

dφ 〈1, 0 |U (θ, φ) ∂φU (θ, φ)| 1, 0〉

= − i
∫ π

0

(
−2 i sinh2 θ

2

)
dφ

= π (1− cosh θ) . (20)

The above derivation is also valid only for h ≥ 1.
When 0 < h < 1, tanh θ = (h2 − γ)/(2− h2 − γ).
Therefore we can have the geometric phase of the
LMG model in the thermodynamic limit. One can
find that βg is also divergent at h = 1, which is equal
to the fidelity susceptibility in indicating the quantum
phase transition in Figs. 3 and 4.

Fig. 3. Geometric phase as a function of h and γ. It is

obvious that βg is divergent at h = 1 and independent of

γ.

Fig. 4. Geometric phase as a function of h with parameter

γ = 0.5.
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5. Other models

In this section, we generalize the new method
of calculating fidelity susceptibility to other quantum
many-body models. As there exist no exact analyt-
ical results of the fidelity susceptibility of the two-
dimensional XXZ model and the Bose–Einstein con-
densate, we expect the following results can induce
more wonderful ideas or results.

5.1.Two-dimensional XXZ model

The Hamiltonian of the XXZ antiferromagnetic
model reads

Hxxz =
∑

〈ij〉

(
Sx

i Sx
j + Sy

i Sy
j + ηSz

i Sz
j

)
, (21)

where Sα
i (α = x, y, z) are the spin-1/2 operators

at site i and η = Jz/Jx (Jx = Jy) is a dimension-
less parameter characterizing the anisotropy of the
model. The summation runs over all the nearest
neighbours on a square lattice. We begin with the two-
sublattice model and Holstein–Primakoff transforma-
tion as follows:[33]

S+
a =

√
2Sa†

(
1− a†a

2S

)1/2

, S−a =
(
S+

a

)+
,

S+
b =

√
2Sb†

(
1− b†b

2S

)1/2

, S−b =
(
S+

b

)+
,

Sz
a = −S + a†a, Sz

b = S − b†b,

where a† and a (or b† and b) are the boson creation
operator and the boson annihilation operator on sub-
lattice A (or sublattice B), respectively. The particle
numbers na = a†a and nb = b†b may not exceed 2S.
Transforming the operators into those in momentum
space, we rewrite the Hamiltonian as

Hxxz = −2ηzNS2 + 2zS
∑

k

Hk, (22)

where z is the coordination number of the lattice and
Hk is in the form of

Hk = η
(
a†kak + b†kbk

)
+ γk(akbk + a†kb†k).

Here γk = z−1
∑
R

ei K·R with R being a vector relating

an atom with its nearest neighbour. We can rewrite
Hk in the SU (1,1) form as

Hk = 2ηAk
z + γk(Ak

+ + Ak
−), (23)

by means of the generators of the algebra SU (1,1):
Ak

+ = a†kb†k, Ak
− = akbk and Ak

z = 1
2

(
na

k + nb
k + 1

)
.

Taking a similar transformation of Hk, we obtain the
unitary operator U = exp(ξkAk

+−ξkAk
−) with tan ξk =

−γk/η. Within the spin-wave theory framework, we
obtain the unitary operator and then calculate the fi-
delity susceptibility of the model in two dimensions.
Substituting tanh θ = γk/η and e− iΦ = γk/γk = 1
into Eq. (18), one can obtain

χ =
∫

(η∂λγκ − γκ∂λη)2

32 (η2 − γ2
κ)2

dK

(2π)3
. (24)

5.2. Fidelity susceptibility for BEC

The standard description of the Bose–Einstein
condensate is given via an order parameter field Ψ(x).
The Hamiltonian takes the standard form

H [Ψ ] =
∫

d3x

[
~2

2m
|∇Ψ (x)|2 + U (x) |Ψ (x)|2

]

+
1
2

∫
d3x

∫
d3yΨ∗ (y)Ψ∗ (x)

×V (x, y)Ψ (y)Ψ (x) . (25)

As in Ref. [35], equation (25) can be rewritten in
the form of SU (1,1) algebra

H = 2
[
σ0A

0
3 +

1
2

(
u0A

0
+ + u∗0A

0
−

)]

+
∑

k 6=0

[
σkAk

3 +
1
2

(
ukAk

+ + u∗kAk
−

)]− E∗, (26)

where

σ0 ≡ ε0 +
1
2

∑

k 6=0

(V0 + Vk)(〈nk〉+ 〈n−k〉),

u0 ≡ V0

〈
a2
0

〉
+

∑

k 6=0

Vk 〈aka−k〉,

uk ≡ Vk

〈
a2
0

〉
, σk ≡ εk + 〈n0〉 (V0 + Vk),

and

E∗ =
1
2
[V0|

〈
a2
0

〉 |2 + σ0]

+
1
2

∑

k 6=0

[(σk − εk)(〈nk + n−k〉+ σk]

+
1
2

∑

k 6=0

(uk

〈
a†ka†−k

〉
+ u∗

k
〈aka−k〉).

Introducing the generators of the algebra SU(1, 1)
A0

3 = 1
2 (n0 + 1

2 ), A0
+ = a†20 /2, A0

− = a2
0/2, and

Ak
3 = 1

2 (nk + n−k + 1), Ak
+ = a†ka†−k, Ak

− = aka−k,

we can calculate the fidelity susceptibility of H0 =
2[σ0A

0
3 + 1

2 (u0A
0
+ + u∗0A

0
−)]. From this equation, we

can obtain

U = exp(ξ0A
0
+ − ξ∗0A0

−), and ξ0 = r exp(iφ).
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According to the same procedures as those in the two-
dimensional XXZ model, we can obtain the fidelity
susceptibility of the H0 as follows:

χ0 =
[σ0(u0∂λu∗0 + u∗0∂λσ)− 2|u0|2∂λσ]2

32|u0|2(σ2
0 − |u0|2)2

− (σ2
0 − |u0|2)(u∗0∂λu0 − u0∂λu∗0)

2

32|u0|2(σ2
0 − |u0|2)2 .

Similarly the fidelity susceptibility of the Hk can be
obtained as

χk =
[σk(uk∂λu∗k + u∗k∂λσ)− 2|uk|2∂λσk]2

32|uk|2(σ2
k − |uk|2)2

− (σ2
k − |uk|2)(u∗k∂λuk − uk∂λu∗k)2

32|uk|2(σ2
k − |uk|2)2 .

6. Conclusions

We have established the differential form of the
fidelity susceptibility in terms of the general Lie alge-
bras. Meanwhile we investigated the geometric phase
which can also show the phase transition point. There-
fore, we constructed the relation between fidelity sus-
ceptibility and geometric phase. We also applied
the differential form of fidelity susceptibility to other
physics models. In particular, we focus on the SU(2)
and SU (1, 1) algebras. The forms of the fidelity sus-
ceptibilities of SU (2) and SU (1, 1) algebra can be
used not only to evaluate the fidelity susceptibility eas-
ily, but also to build a relationship between quantum
information theory and the Lie algebra in quantum
many-body physics.
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