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In a scale-free network, only a minority of nodes are connected very often, while the majority of nodes are connected

rarely. However, what is the ratio of minority nodes to majority nodes resulting from the Matthew effect? In this paper,

based on a simple preferential random model, the poor–rich demarcation points are found to vary in a limited range,

and form a poor–rich demarcation interval that approximates to k/m ∈ [3, 4]. As a result, the (cumulative) degree

distribution of a scale-free network can be divided into three intervals: the poor interval, the demarcation interval and

the rich interval. The inequality of the degree distribution in each interval is measured. Finally, the Matthew effect is

applied to the ABC analysis of project management.
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1. Introduction

The Matthew effect,[1] that is, “the rich get richer
and the poor get poorer” phenomenon, has been re-
garded as the inequality phenomenon of the social
wealth distribution for a long time. The famous “80–
20 rule”, Lorenz curve and Gini coefficient have been
widely used to describe these inequality phenomena.
But, how did the Matthew effect come into being? In
1965, Price proposed the “cumulative advantage” of
citation networks, and found that both their in-degree
and out-degree obey the power-law distribution.[2]

In 1999, Barabási and Albert[3] observed the decay-
ing power-law distribution in the World Wide Web
(WWW), i.e., p(k) ∼ k−r, and proposed the scale-free
model (BA model). The Matthew effect of networks
shows the heterogeneity. Hu and Wang[4] defined a
heterogeneity index to quantify the degree heterogene-
ity of any given network. Wu et al.[5] proposed a nor-
malized entropy of rank distribution for the hetero-
geneity measure of scale-free networks.

In reality, many technological networks[6−9] often
revealed the scale-free behaviour. That said, some
modular engineering networks[10−12] exhibited both
the power-law and the exponential behaviours. How-

ever, one may want to know whether a specified node
in a scale-free network belongs to the poor or the rich.
This key question will be analysed in this paper. In
Section 2, the BA model is reestablished as a sim-
ple preferential random model in order to analyse the
Matthew effect. In Section 3, the poor–rich demarca-
tion of the “rich-get-richer” phenomenon is proposed.
In Section 4, the connectivity (degree) density is in-
troduced to measure the poor–rich degree of each in-
terval. In Section 5, the application of the Matthew
effect in project management is presented. In section
6, conclusions are drawn from the present study.

2. Preferential random model

To describe the growing network dominated by
the preferential random mechanism, the attachment
probability of the preferential random model is de-
fined on the basis of BA model[3] as follows:

Π (ki) = r
ki

N−1∑
j

kj

+ (1− r)
1

N − 1
. (1)

When r = 0, it becomes the growing random model
(Model A[13]). When 0 < r < 1, it will be dominated
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by the preferential random mechanism. When r = 1,
it becomes the BA model.[3]

According to the Barabási–Albert continuum the-
ory, the degree distribution p(k) and the cumulative
degree distribution Pc(k) of this model can be ob-
tained respectively as follows:

(i) when r = 0,

p(k) =
e

m
e−k/m, and

Pc(k) =
∫ ∞

k

p(k) = e1−k/m; (2)

(ii) when 0 < r ≤ 1,

p(k) =
(2m)(m + A)2/r

rm
(k + A)−(1+2/r), and

Pc(k) = (
k + A

m + A
)−2/r, (3)

where A = 2m(1/r−1). The degree of each node in an
actual network is always not constant, but varying in
a certain range. However, the parameter m in scale-
free model is generally regarded as the average degree
〈m〉 of all nodes in actual networks for simplicity.

3. Interval division of “rich-get-

richer” phenomenon

First, the measuring criterion of the “rich-get-
richer” phenomenon should be determined. In
Ref. [13], the evolution of the growing random model is
dominated only by the random mechanism with a uni-
form probability. However, there still exists the poor–
rich difference rather than the “rich-get-richer” phe-
nomenon in the growing random model when r = 0,
because the older nodes each tend to have a greater
connectivity.[14] In the model, the degree of each node
depends on its “seniority” (time of life), which is usu-
ally considered to be the equity phenomenon. On this
basis, the “rich-get-richer” phenomenon of scale-free
networks is investigated.

For Eqs. (2) and (3), let x = k/m(≥ 1), then
Pc(k) can be written as

Pc(x, r = 0) = e1−x and

Pc(x, r 6= 0) =
(

x + B

1 + B

)−2/r

, (4)

where B = A/m = 2/r − 2.

3.1.Continuity of cumulative degree dis-

tribution

In order to obtain the extreme limit of Eq. (4)
under the condition of r → +0 and Pc(x, r → +0) =

lim
r→+0

(1+ x−1
2/r−1 )−2/r, let S = 2/r−1

x−1 , then we will have

Pc(x, r → +0) = Pc(x, r = 0). (5)

Thus Pc(x, r) is continuous in the closed interval r ∈
[0, 1].

3.2. Intersection of cumulative degree

distribution

Since there exists at least one point of intersec-
tion (1, Pc(1)) between the curves Pc(x, r 6= 0) and
Pc(x, r = 0), at the intersection point there exists

Pc(x, r 6= 0)− Pc(x, r = 0) = 0. (6)

By Taylor’s mean value theorem, at the intersection
point, the following expressions can be obtained:

x = 1 and
x− 1
B + 1

− 1
2
ξ−2

(
x− 1
B + 1

)2

=
r(x− 1)

2
, (7)

where 1 < ξ < 1 + (x− 1)/(B + 1). When 0 < r ≤ 1,
we have

x = 1 + 2ξ2(B + 1)
(

1− r(1 + B)
2

)
> 3− r ≥ 2. (8)

Thus curves Pc(x, r 6= 0) and Pc(r = 0) have at least
another intersection point somewhere at x > 3− r.

When r = 0, the preferential mechanism does not
play a role, but there is still a poor–rich difference in
the evolving network, which originates from the “se-
niority” or the pure “cumulative advantage”[1] rather
than the preferential mechanism. Therefore, the in-
tersection points at x > 3 − r can be regarded as
the poor–rich demarcation points. Moreover, a set
of poor–rich demarcation points generated with the
continuous parameter r > 0 will form a continuous
poor–rich demarcation interval.

3.3.Poor rich demarcation point

For the cumulative degree distribution curve of
a preferential random model, it is difficult to ob-
tain the analytic solution of its poor–rich demarcation
point. However, by a geometric method (Monte Carlo
method or numerical analysis), the poor–rich demar-
cation point (x ≈ 3.51, Pc(x, r = 1) ≈ 0.081) of BA
model can be obtained according to Pc(x, r = 1) =
x−2 and Pc(x, r = 0) = e1−x. In Fig. 1, Pc(x, r 6= 0)
intersects with Pc(x, r = 0) at the marked points, as r
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values equal 0.2, 0.5, 0.8 and 1, respectively. Accord-
ing to Eq. (8), x > 3− ≥ 3 when r → 0.

Fig. 1. Points of intersection between Pc(x, r 6= 0) and

Pc(x, r = 0).

3.4.Poor rich demarcation interval

Since Pc(x, r 6= 0) intersects with Pc(x, r = 0),
there must be F (x, r) = Pc(x, r 6= 0)− Pc(x, r = 0) =
0 and

ln
(

x + B

1 + B

)
=

r

2
(x− 1)

at the intersection points, where r ∈ [0, 1]. The first
partial derivatives ∂F/∂r and ∂F/∂x of F (x, r) with
respect to r and x can be obtained respectively as
follows:

∂F

∂r
=

(
x + B

1 + B

)−2/r 2
r2

×
[

ln
(

x + B

1 + B

)
+

2
r

1− x

(x + B)(1 + B)

]
, (9)

and

∂F

∂x
= e1−x −

(
x + B

1 + B

)−2/r 2
r(x + B)

. (10)

For the values of ∂x/∂r at the intersection points,
there exist only three possibilities: ∂x/∂r=0, ∂x/∂r <

0 and ∂x/∂r > 0.
i) If

∂x

∂r
= − ∂F/∂r

∂F/∂x
= 0,

then x = 2 + 2/(2− r) (or x = 1) under the known
condition of

ln
(

x + B

1 + B

)
=

r

2
(x− 1).

Thus, for any r ∈ [0, 1], there is always x ∈ [3, 4].
Although actual intersection points in waists are lo-
cated in the closed interval x ∈ [3, 4], the monotonic
relationship between Pc(x, r) or x and r cannot be
determined according to ∂x/∂r = 0.

ii) If ∂x/∂r < 0, then x > 2 + 2/(2− r) > 4
for any r ∈ [0, 1] under the condition of ∂F/∂x > 0
and ∂F/∂r > 0, but ∂x/∂r < 0 is not true under the
condition of ∂F/∂x < 0 and ∂F/∂r < 0.

iii) If ∂x/∂r > 0, then 3− r < x < 3 + r/(2− r),
i.e., x ∈ [3, 4] for any r ∈ [0, 1] under the condition of
∂F/∂x > 0, ∂F/∂r < 0 and x > 3− r, but ∂x/∂r > 0
is not true under the condition of ∂F/∂x < 0 and
∂F/∂r > 0. According to Eq. (4), Pc(x, r) mono-
tonically decreases with x, so y(x, r) ∈ [e−3, e−2] for
x ∈ [3, 4].

Since the coordinate variable x of actual inter-
section point located in the interval x ∈ [3, 4] mono-
tonically increases with random variable r according
to iii) and Subsection 3.3, x ∈ [3, 4] can be regarded
as a poor–rich demarcation interval. In Fig. 2, the
whole defined interval x ∈ [1,∞) of Eq. (4) is divided
into three intervals: the poor interval x ∈ [1, 3), the
(poor–rich) demarcation interval x ∈ [3, 4], and the
rich interval x ∈ (4,∞), where the demarcation inter-
val is the fluctuant interval of the poor–rich demarca-
tion points.

Fig. 2. Poor–rich demarcation intervals of the preferen-

tial random model, shown in plots (a) and (b) on log–log

scales, respectively.

4. Measure of inequality of the

degree distribution

To evaluate the poor–rich degree of each inter-
val, degree density, as an indicator, is defined, which
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means the multiple of the average degree, and it equals
1 in the whole defined interval. The inequality phe-
nomenon of the degree distribution of the preferential
random model under two extreme conditions of r = 0
and r = 1 can be measured through three intervals.
The same measurement can also be applied under the
condition of 0 < r < 1.

(I) Node ratio: To measure the relative number
of individuals in the interval k ∈ (am, bm), the node
ratio is defined as follows:

F (am ≤ k < bm) = Pc(k = am)− Pc(k = bm).(11)

(II) Degree ratio: The mathematical expectation
of the degree of a node in the interval k ∈ (am, bm) is

generally written as

E(am < k < bm) =
∫ bm

am

kp(k)dk, (12)

and then the degree ratio can be defined as the nor-
malized degree mathematical expectation

pE(am < k < bm) =
E(am < k < bm)
E(−∞ < k < ∞)

. (13)

(III) Degree density: In order to measure the rel-
ative poor–rich degree of individuals in a certain in-
terval, the degree density is defined as follows:

PE(am < k < bm) =
pE(am < k < bm)
F (am ≤ k < bm)

. (14)

According to Eqs. (11), (13) and (14), Table 1 shows the poor–rich degrees of the growing random model
(r = 0) and the BA model (r = 1) in three intervals. The degree densities of the growing random model
resulting from the “seniority” can be obtained to be 0.84, 1.7 and 2.48 respectively, while these of the BA model
from the “seniority” plus the preferential mechanism are 0.75, 1.69 and 3.97. There exists obviously a stronger
inequality phenomenon between the three intervals for the BA model, which is the so-called “the poor aid the
rich” phenomenon.

Table 1. Node ratios and poor–rich degrees of the growing random and BA models.

defined interval poor interval demarcation interval rich interval

k ∈ [m,∞) k ∈ [m, 3m) k ∈ [3m, 4m] k ∈ (4m,∞)

growing random model

node ratio 1 1− e−2 e−2 − e−3 e−3

degree ratio 1 1− 2e−2 2e−2 − 2.5e−3 2.5e−3

degree density 1 0.84 1.7 2.48

BA model

node ratio 1 8/9 7/144 1/16

degree ratio 1 2/3 1/12 1/4

degree density 1 0.75 1.69 3.97

5. Application of the Matthew ef-

fect in project management

5.1.ABC analysis of project manage-

ment

The importance of all modules in an engineering
system can be classified as A, B and C levels, which
is consistent with the ABC classification of human re-
sources (HR): the elementary (class A), the intermedi-
ate (class B) and the senior (class C). As a result, the
team leader of a project can assign the development
tasks with different importances to engineers at differ-
ent levels as shown in Fig. 3. The number 1 represents
an employee at a certain level, who is capable of per-

forming the corresponding task, while the number 0
is on the contrary. Obviously, the optimal scheme lies
on the diagonal.

Fig. 3. ABC analysis of HR and task distributions.
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5.2.Application examples

The “rich-get-richer” phenomenon and intersec-
tions of the out-degree (kout) and in-degree (kin) dis-
tributions of the directed configuration network[15] of
an industrial steam turbine are shown in Fig. 4, where
the out-degree and the in-degree distributions re-
veal the exponential and power-law behaviours respec-
tively. In engineering areas, the exponential behaviour
of the out-degrees of a system originates from the
modularization design technology in nature, while the
power-law one of its in-degrees results from reusabil-
ity.

In this paper, the weights of a system are ne-
glected, or hypothetically proportional to the corre-
sponding degrees. Table 2 shows the poor–rich differ-
ence of the system in Fig. 4. The out-degree ratio Eout

in each interval is approximately proportional to node
ratio N , and the average out-degree 〈kout〉 varies in
a small interval, which is conducible to the workload
equilibrium. However, the in-degree ratio Ein and the
average in-degree 〈kin〉 show a stronger Matthew ef-
fect due to reusability. The difference between out-
degree and in-degree behaviours can be verified by
their Pearson correlation coefficient which is obtained
to be –0.014539793. In Table 2, the HR assignment
is controlled by Fig. 3, where three HR schemes are

proposed, and the quality and quantity of HR are pro-
portional to 〈kin〉 and Eout respectively.

Fig. 4. Cumulative in-degree and out-degree distributions

of the turbine directed configuration network on log–linear

(a) and log–log (b) scales.

Table 2. Application of the Matthew effect to the ABC analysis of modular systems.

[0,+∞) [0, 3m) [3m, 4m] [4m, +∞) remark

turbine JGSJ

N 1 0.954 0.012 0.034

Eout 1 0.966 0.011 0.023 ∝ workload

〈kout〉 3.5 3.55 3.16 2.38 ∝ 〈workload〉
Ein 1 0.422 0.041 0.537 ∝ reusability

〈kin〉 3.5 1.55 12.29 55.17 ∝ 〈reusability〉

HR

scheme 1 A B C
HR quantity∝ Eout

scheme 2 A+B+C A+B C
HR quality∝ 〈kin〉

scheme 3 A B+C

6. Conclusions

In this paper, it is found that the cumulative out-
degree and in-degree distribution curves of some ac-
tual modular systems often intersect at the poor–rich
demarcation point. All points of intersection between
the cumulative degree distribution curves Pc(x, r 6= 0)
and Pc(x, r = 0) of the preferential random model
form a poor–rich demarcation interval. The poor–rich
demarcation points and intervals are closely related to

parameter r. From the micro perspective, any node
in the poor interval has chances to enter into the rich
interval in the evolving process of networks. From
a macro perspective, each interval does not change
with time (network size) due to x = k/m. As a re-
sult, the quantitative relationship between the minor-
ity and the majority in a scale-free network can be
determined. Furthermore, the Matthew effect can be
applied to the project management of engineering sys-
tems.
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