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This paper studies the problem of linear matrix inequality (LMI) approach to robust stability analysis for stochastic

neural networks with a time-varying delay. By developing a delay decomposition approach, the information of the delayed

plant states can be taken into full consideration. Based on the new Lyapunov–Krasovskii functional, some inequality

techniques and stochastic stability theory, new delay-dependent stability criteria are obtained in terms of LMIs. The

proposed results prove the less conservatism, which are realized by choosing new Lyapunov matrices in the decomposed

integral intervals. Finally, numerical examples are provided to demonstrate the less conservatism and effectiveness of

the proposed LMI method.
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1. Introduction

In the past two decades, neural networks (NNs)
have received increasing interest owing to their ap-
plications in various areas such as aerospace, de-
fense, robotic, telecommunications, signal processing,
pattern recognition, static image processing, associa-
tive memory and combinatorial optimization.[1] Time-
delay often appears in many physical systems such
as aircraft, chemical, and biological systems. Since
the integration and communication delays are un-
avoidably encountered both in biological and artifi-
cial neural systems, which may result in oscillation
and instability, increasing interest has been focused on
the stability analysis of NNs with time-delays. Fur-
thermore, time delay is frequently a source of oscil-
lation, divergence, or even instability and deteriora-
tion of NNs. Generally speaking, stability results for
delayed NNs can be classified into two types; that
is, delay-independent stability[2] and delay-dependent
stability;[3−9] the former does not include any informa-
tion on the size of delay while the latter employs such
information. For a delay-dependent type, much at-
tention has been paid to reducing the conservatism of
stability conditions. In general, there are two kinds of
disturbances to be considered for the addressed NNs.
They are parameter uncertainties and stochastic per-

turbations. First, uncertainties are frequently encoun-
tered in various engineering and communication sys-
tems. The characteristics of dynamic systems are sig-
nificantly affected by presence of the uncertainty, the
instability in extreme situation.[10] Next, in hardware
implementation of NNs, stochastic disturbances are
nearly inevitable owing to thermal noise in electronic
devices. Due to stochastic disturbances, stability of
the NNs may be affected. Recently, some results on
stability of stochastic NNs with time-varying delays
have been reported in Refs. [11]–[28]. In Ref. [29],
the authors have discussed delay decomposition ap-
proach and tuning parameter α to derive stability re-
sults. A similar concept is followed for stability anal-
ysis of stochastic NNs. To the best of our knowledge,
the robust stability criteria for stochastic NNs with
uncertainties using delay decomposition method has
not been investigated so far.

Motivated by the above discussion, in this paper,
we investigate the problem of LMI approach to robust
stability analysis for stochastic NNs with time-varying
delay. By constructing a new Lyapunov–Krasovskii
functional and employing some analysis techniques,
sufficient conditions are derived for the considered
stochastic system in terms of LMIs and are easily
solved by MATLAB LMI control Toolbox. Numeri-
cal examples are given to illustrate the effectiveness
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and less conservativeness of the proposed method.
Notations Throughout this paper, Rn and

Rn×n denote, respectively, the n-dimensional Eu-
clidean space and the set of all n × n real matrices.
The superscript T denotes the transposition and the
notation X ≥ Y (respectively, X > Y ), where X and
Y are symmetric matrices, means that X − Y is posi-
tive semi-definite (respectively, positive-definite). The
In is the n × n identity matrix. | · | is the Euclidean
norm in Rn. Moreover, let (Ω ,F ,P) be a complete
probability space with a filtration {Ft}t≥0 satisfying
the usual conditions (i.e. filtration contains all P-null
sets and is right continuous). The notation ∗ always
denotes the symmetric block in one symmetric matrix.
Sometimes, the arguments of a function or a matrix
will be omitted in the analysis when no confusion can
arise.

2. Problem description and pre-

liminaries

Consider the following Hopfield NNs with time-
varying delays described by

ẏi(t) = −ai(yi(t)) +
n∑

j=1

b0
ijgj(yj(t))

+
n∑

j=1

c1
ijgj(yj(t− τ(t))) + Ii,

i = 1, 2, . . . , n, (1)

or equivalently the vector form

ẏ(t) = −Ay(t) + Bg(y(t)) + Cg(y(t− τ(t))) + I, (2)

where y(t) = [y1(t), y2(t), . . . , yn(t)]T ∈ Rn denotes
the state vector associated with n neurons. The
matrix A = diag(a1, a2, . . . , an) is a diagonal ma-
trix with positive entries ai > 0. The matrices
B = (b0

ij)n×n and C = (c1
ij)n×n denote connection

weights, the discrete delayed connection weights of
the j neuron on the i neuron respectively. g(y) =
[g1(y1(t)), g2(y2(t)), . . . , gn(yn(t))]T ∈ Rn is the acti-
vation function with g(0) = 0. The I = [I1, I2, . . . , In]
is a constant external input.

In order to obtain our main results, the following
assumptions are always made throughout this paper.

Assumption 1 The activation function gj(·)
j = 1, 2, . . . , n, is continuous and bounded which sat-

isfies the following inequality:

0 ≤ gj(s1)− gj(s2)
s1 − s2

≤ lj , ∀s1, s2 ∈ R, s1 6= s2,

where L = diag(l1, l2, . . . , ln) > 0 is a positive diago-
nal matrix.

Assumption 2 The time-varying delays τ(t) sat-
isfy

0 ≤ τ(t) ≤ η, τ̇(t) ≤ µ,

where η and µ are constants.
Assuming that y∗ = (y∗1 , y∗2 , . . . , y∗n)T is an equi-

librium point of system (2), one can derive from sys-
tem (2) that transformation x(t) = y(t) − y∗ trans-
forms system (2) into the following system:

ẋ(t) = −Ax(t) + Bf(x(t)) + Cf(x(t− τ(t))), (3)

where x(t) is the state vector of the transformation
system, fj(xj(t)) = gj(xj(t) + y∗j ) − gj(y∗j ), with
fj(xj(0)) = 0 for i = 1, 2, . . . , n. Note that the func-
tion fj(·), j = 1, 2, . . . , n, satisfies the following con-
dition

0 ≤ fj(xj)
xj

≤ lj , fj(0) = 0,∀xj 6= 0,

j = 1, 2, . . . , n. (4)

Consider the following Hopfield NNs with parameter
uncertainties and stochastic perturbations as follows:

dx(t) = [−A(t)x(t) + B(t)f(x(t))

+C(t)f(x(t− τ(t)))]dt

+ [W1(t)x(t) + W2(t)x(t− τ(t))

+W3(t)f(x(t))

+W4(t)f(x(t− τ(t)))]dw(t), (5)

x(t) = φ(t),∀t ∈ [−η, 0],

where w(t) denotes a one-dimensional Brownian mo-
tion satisfying E{dw(t)} = 0 and E{dw(t)2} = dt.
The matrices A(t) = A + ∆A(t), B(t) = B + ∆B(t),
C(t) = C + ∆C(t), W1(t) = W1 + ∆W1(t), W2(t) =
W2 + ∆W2(t), W3(t) = W3 + ∆W3(t) and W4(t) =
W4 + ∆W4(t), where A = diag(a1, a2, . . . , an) has
positive entries ai > 0, W1, W2, W3 and W4 are con-
nection weight matrices with appropriate dimensions.
In this system, the parametric uncertainties are as-
sumed to be of the form:

[∆A(t) ∆B(t) ∆C(t) ∆W1(t) ∆W2(t) ∆W3(t) ∆W4(t)]

= HF (t)[E1 E2 E3 E4 E5 E6 E7], (6)
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where H and Ei (i = 1, . . . , 7) are known as real con-
stant matrices of appropriate dimensions

FT(t)F (t) ≤ I. (7)

It is assumed that all elements of F (t) are Lebesque
measurable. The matrices ∆A(t),∆B(t),∆C(t),
∆W1(t),∆W2(t),∆W3(t) and ∆W4(t) are said to be
admissible if equations (5)–(7) hold. The φ(t) ∈
C([−η, 0];Rn) is the initial function and f(x) =
[f1(x1), f2(x2), . . . , fn(xn)]T ∈ Rn is the activation
function with f(0) = 0.

Now, we give the following lemmas which are es-
sential for the proof of main results.

Lemma 1 (Schur Complement) Given constant
matrices Ω1, Ω2 and Ω3 with appropriate dimensions,
where ΩT

1 = Ω1 and ΩT
2 = Ω2 > 0, then

Ω1 + ΩT
3 Ω−1

2 Ω3 < 0,

if and only if

 Ω1 ΩT

3

∗ −Ω2


 < 0, or


−Ω2 Ω3

∗ Ω1


 < 0.

Lemma 2[30] For any vector x, y ∈ Rn, matrices
A,P are real matrices of appropriate dimensions with
P > 0, FT(t)F (t) ≤ I and scalar ε > 0, the following
inequalities hold:

(i) HF (t)N + NTFT(t)DT ≤ ε−1DDT + εNTN ;
(ii) if P−1 − ε−1HHT > 0, then

(A + HF (t)N)TP (A + HF (t)N) ≤ AT(P−1 −
ε−1HHT)−1A + εNTN .

Lemma 3[31] For any n × n constant matrix
M > 0, any scalars a and b with a < b and a vec-
tor function x(t) : [a, b] −→ Rn such that integrations
concerned are well defined, then the following inequal-
ity holds:

[ ∫ b

a

x(s)ds

]T

M

[ ∫ b

a

x(s)ds

]

≤ (b− a)
[ ∫ b

a

x(s)TMx(s)ds

]
.

3. Main results

Defining two new state variables for the stochastic
NNs (5),

y(t) = [−A(t)x(t) + B(t)f(x(t))

+C(t)f(x(t− τ(t)))], (8)

and

g(t) = [W1(t)x(t) + W2(t)x(t− τ(t))

+W3(t)f(x(t)) + W4(t)f(x(t− τ(t)))], (9)

we have

dx(t) = y(t)dt + g(t)dw(t). (10)

Moreover, the following equality holds,

x(t)− x(t− τ(t))

=
∫ t

t−τ(t)

dx(s)

=
∫ t

t−τ(t)

y(s)ds +
∫ t

t−τ(t)

g(s)dw(s). (11)

The following theorem gives the mean-square asymp-
totic stability results for stochastic NNs (5) without
uncertainty.

Theorem 1 For given scalars η (0 < η), α

(0 < α < 1) and µ, the equilibrium solution of stochas-
tic NNs (5) is globally asymptotically stable in the
mean square if there exist positive-definite matrices
P = PT > 0, Rl = RT

l > 0, l = 1, 2, 3, Qj = QT
j >

0, j = 1, 2, 3, 4, diagonal matrices D1 > 0 and D2 > 0
such that the following LMIs hold:

R1 + (1− µ)R3 > 0, R2 + (1− µ)R3 > 0, (12)

Π1 =




Π11 Π12 0 0 Π15 PC −ATU1 WT
1 P

∗ Π22 Π23 0 0 D2L 0 WT
2 P

∗ ∗ Π33 Π34 0 0 0 0

∗ ∗ ∗ −Q2 − 1
(1−α)η R2 0 0 0 0

∗ ∗ ∗ ∗ Q4 − 2D1 0 BTU1 WT
3 P

∗ ∗ ∗ ∗ ∗ −(1− µ)Q4 − 2D2 CTU1 WT
4 P

∗ ∗ ∗ ∗ ∗ ∗ −U1 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −P




< 0, (13)
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Π2 =




Π11 0 Π (1)
13 0 Π15 PC −ATU2 WT

1 P

∗ Π (1)
22 Π (1)

23 Π (1)
24 0 D2L 0 WT

2 P

∗ ∗ Π (1)
33 0 0 0 0 0

∗ ∗ ∗ −Q2 − 1
(1−α)η R2 0 0 0 0

∗ ∗ ∗ ∗ Q4 − 2D1 0 BTU2 WT
3 P

∗ ∗ ∗ ∗ ∗ −(1− µ)Q4 − 2D2 CTU2 WT
4 P

∗ ∗ ∗ ∗ ∗ ∗ −U2 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −P




< 0, (14)

where

Π11 = Q1 + Q3 − PA−ATPT − 1
αη

(R1 + (1− µ)R3), Π12 =
1

αη
(R1 + (1− µ)R3),

Π15 = PB + D1L, Π22 = −(1− µ)Q3 − 1
αη

(R1 + (1− µ)R3)− 1
αη

R1,

Π23 =
1

αη
R1, Π33 = −Q1 + Q2 − 1

αη
R1 − 1

(1− α)η
R2, Π34 =

1
(1− α)η

R2,

Π (1)
13 =

1
αη

(R1 + (1− µ)R3), Π (1)
22 = −(1− µ)Q3 − 1

(1− α)η
(R2 + (1− µ)R3)− 1

(1− α)η
R2,

Π (1)
23 =

1
(1− α)η

(R2 + (1− µ)R3)T, Π (1)
24 =

1
(1− α)η

R2,

Π (1)
33 = −Q1 + Q2 − 1

αη
(R1 + (1− µ)R3)− 1

(1− α)η
(R2 + (1− µ)R3),

U1 = (αη)R1 + (1− α)ηR2 + αηR3, U2 = (αη)R1 + (1− α)ηR2 + ηR3.

Proof Consider the Lyapunov–Krasovskii func-
tional

V (t) = V1(t) + V2(t) + V3(t), (15)

where

V1(t) = xT(t)Px(t),

V2(t) =
∫ t

t−αη

xT(s)Q1x(s)ds

+
∫ t−αη

t−η

xT(s)Q2x(s)ds

+
∫ t

t−τ(t)

xT(s)Q3x(s)ds

+
∫ t

t−τ(t)

fT(x(s))Q4f(x(s))ds,

V3(t) =
∫ 0

−αη

∫ t

t+θ

yT(s)R1y(s)dsdθ

+
∫ −αη

−η

∫ t

t+θ

yT(s)R2y(s)dsdθ

+
∫ 0

−τ(t)

∫ t

t+θ

yT(s)R3y(s)dsdθ.

Then, it can be obtained by Ito’s formula that

dV (t) = LV (t)dt + 2xT(t)Pg(t)dw(t), (16)

where

LV1(t) = 2xT(t)Py(t) + gT(t)Pg(t), (17)

LV2(t) ≤ xT(t)Q1x(t)− xT(t− αη)Q1x(t− αη)

+xT(t− αη)Q2x(t− αη))

−xT(t− η)Q2x(t− η) + xT(t)Q3x(t)

− (1− µ)xT(t− τ(t))Q3x(t− τ(t))

+ fT(x(t))Q4f(x(t))

− (1− µ)fTx(t− τ(t))Q4fx(t− τ(t)),(18)

LV3(t) ≤ yT(t)((αη)R1 + (1− α)ηR2 + τ(t)R3)y(t)

−
∫ t

t−αη

yT(s)R1y(s)ds

−
∫ t−αη

t−η

yT(s)R2y(s)ds

− (1− µ)
∫ t

t−τ(t)

yT(s)R3y(s)ds. (19)

From condition (4), for any

D1 = diag{d11, d21, . . . , dn1} > 0

and
D2 = diag{d12, d22, . . . , dn2} > 0,

it is clear that
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0 ≤ −2
n∑

j=1

dj1fj(xj(t))[fj(xj(t)− ljxj(t)]

− 2
n∑

j=1

dj2fj(xj(t− τ(t)))

× [fj(xj(t− τ(t)))− ljxj(t− τ(t))]

= 2xT(t)D1Lf(x(t))− 2fT(x(t))D1f(x(t))

+ 2xT(t− τ(t))D2Lf(x(t− τ(t)))

− 2fT(x(t− τ(t)))D2f(x(t− τ(t))). (20)

Now, we estimate the upper bound of the last three
terms in inequality (19) as follows:

Case 1 If 0 ≤ τ(t) ≤ αη, we obtain

−
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

−
∫ t−τ(t)

t−αη

yT(s)R1y(s)ds

−
∫ t−αη

t−η

yT(s)R2y(s)ds. (21)

From Ref. [28], we can obtain

−1 = −(αη)−1τ(t)− (1− (αη)−1τ(t))). (22)

Since R1 + (1−µ)R3 > 0, by using Eqs. (11), (22) and Lemma 3, we can obtain an upper bound of the integral
term

∫ t

t−τ(t)
yT(s)(R1 + (1− µ)R3)y(s)ds as follows:

−
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

= −(αη)−1τ(t)
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

−(αη)−1(1− (αη)−1τ(t)))(αη)
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

≤ −(αη)−1τ(t)
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

−(αη)−1(1− (αη)−1τ(t)))τ(t)
∫ t

t−τ(t)

yT(s)(R1 + (1− µ)R3)y(s)ds

≤ −(αη)−1

[ ∫ t

t−τ(t)

y(s)ds

]T

(R1 + (1− µ)R3)
[ ∫ t

t−τ(t)

y(s)ds

]

−(αη)−1(1− (αη)−1τ(t))
[ ∫ t

t−τ(t)

y(s)ds

]T

(R1 + (1− µ)R3)
[ ∫ t

t−τ(t)

y(s)ds

]

≤ −(αη)−1

[ ∫ t

t−τ(t)

y(s)ds

]T

(R1 + (1− µ)R3)
[ ∫ t

t−τ(t)

y(s)ds

]

= −(αη)−1[x(t)− x(t− τ(t))−
∫ t

(t−τ(t))

g(s)dω(s)]T

×(R1 + (1− µ)R3)[x(t)− x(t− τ(t))−
∫ t

(t−τ(t))

g(s)dω(s)]

= −(αη)−1

(
[x(t)− x(t− τ(t))]T(R1 + (1− µ)R3)[x(t)− x(t− τ(t))]− 2[x(t)− x(t− τ(t))]T(R1 + (1− µ)R3)

×
∫ t

(t−τ(t))

g(s)dω(s) +
[ ∫ t

(t−τ(t))

g(s)dω(s)
]T

(R1 + (1− µ)R3)
[ ∫ t

(t−τ(t))

g(s)dω(s)
])

. (23)

By making use of a similar method as introduced above, an upper bound of the terms − ∫ t−τ(t)

t−αη
yT(s)R1y(s)ds

and − ∫ t−η

t−αη
yT(s)R2y(s)ds can be estimated as follows:

−
∫ t−τ(t)

t−αη

yT(s)R1y(s)ds ≤ −(αη)−1

(
[x(t− τ(t))− x(t− αη)]TR1[x(t− τ(t))− x(t− αη)]

−2[x(t− τ(t))− x(t− αη)]TR1

×
∫ t−τ(t)

t−αη

g(s)dω(s) +
[ ∫ t−τ(t)

t−αη

g(s)dω(s)
]T

R1

[ ∫ t−τ(t)

t−αη

g(s)dω(s)
])

, (24)
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−
∫ t−αη

t−η

yT(s)R2y(s)ds ≤ −(η − αη)−1

(
[x(t− αη)− x(t− η)]TR2[x(t− αη)− x(t− η)]

−2[x(t− αη)− x(t− η)]TR2

∫ t−αη

t−η

g(s)dω(s)

+
[ ∫ t−αη

t−η

g(s)dω(s)
]T

R2

[ ∫ t−αη

t−η

g(s)dω(s)
])

. (25)

Substituting relations (17)–(25) into Eq. (16), we have

dV (t) ≤ ξT(t)Π1ξ(t)dt + 2δ(t)dw(t), (26)

where

δ(t) = xT(t)Pg(t) + (αη)−1[x(t)− x(t− τ(t))]T(R1 + (1− µ)R3)
∫ t

(t−τ(t))

g(s)dω(s)

+ (αη)−1[x(t− τ(t))− x(t− αη)]TR1

∫ t−τ(t)

t−αη

g(s)dω(s)

+ (η − αη)−1[x(t− η)− x(t− αη)]TR2

∫ t−η

t−αη

g(s)dω(s).

Taking the mathematical expectation on both sides of relation (26), there exists a positive scalar λ1 > 0 such
that

E[dV (t)] ≤ E(ξT(t)Π1ξ(t)) ≤ −λ1E‖x(t)‖2. (27)

Case 2 If αη ≤ τ(t) ≤ η, we obtain

−
∫ t

t−αη

yT(s)(R1 + (1− µ)R3)y(s)ds−
∫ t−αη

t−τ(t)

yT(s)(R2 + (1− µ)R3)y(s)ds−
∫ t−τ(t)

t−η

yT(s)R2y(s)ds. (28)

Noticing that R1 + (1 − µ)R3 > 0, R2 + (1 − µ)R3 > 0, we can obtain an upper bound of the integral term
− ∫ t

t−αη
yT(s)(R1 + (1− µ)R3)y(s)ds as

−
∫ t

t−αη

yT(s)(R1 + (1− µ)R3)y(s)ds ≤ −(αη)−1

(
[x(t)− x(t− αη)]T(R1 + (1− µ)R3)[x(t)− x(t− αη)]

− 2[x(t)− x(t− αη)]T(R1 + (1− µ)R3)
∫ t

t−αη

g(s)dω(s)

+
[ ∫ t

t−αη

g(s)dω(s)
]T

(R1 + (1− µ)R3)
[ ∫ t

t−αη

g(s)dω(s)
])

. (29)

By using−1 = −(η−αη)−1(τ(t)−αη)−(1−(η−αη)−1(τ(t)−αη)), −1 = −(η−αη)−1(η−τ(t))−(1−(η−αη)−1(η−
τ(t))) and Lemma 3, an upper bound of the terms− ∫ t−αη

t−τ(t)
yT(s)(R2+(1−µ)R3)y(s)ds, − ∫ t−τ(t)

t−η
yT(s)R2y(s)ds

are obtained

−
∫ t−αη

t−τ(t)

yT(s)(R2 + (1− µ)R3)y(s)ds ≤ −(η − αη)−1

(
[x(t− αη)− x(t− τ(t))]T(R2 + (1− µ)R3)

× [x(t− αη)− x(t− τ(t))]− 2[x(t− αη)− x(t− τ(t))]T

× (R2 + (1− µ)R3)
∫ t−αη

t−τ(t)

g(s)dω(s) +
[ ∫ t−αη

t−τ(t)

g(s)dω(s)
]T

× (R2 + (1− µ)R3)
[ ∫ t−αη

t−τ(t)

g(s)dω(s)
])

, (30)

−
∫ t−τ(t)

t−η

yT(s)R2y(s)ds ≤ −(η − αη)−1

(
[x(t− τ(t))− x(t− η)]TR2[x(t− τ(t))− x(t− η)]
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− 2[x(t− τ(t))− x(t− η)]TR2

∫ t−τ(t)

t−η

g(s)dω(s)

+
[ ∫ t−τ(t)

t−η

g(s)dω(s)
]T

R2

[ ∫ t−τ(t)

t−η

g(s)dω(s)
])

. (31)

Substituting relations (17)–(20) and (29)–(31) into Eq. (16), we have

dV (t) ≤ ξT(t)Π2ξ(t)dt + ζ(t)dw(t), (32)

where

ζ(t) = 2xT(t)Pg(t) + 2(αη)−1[x(t)− x(t− αη)]T(R1 + (1− µ)R3)
∫ t

t−αη

g(s)dω(s)

+ 2(η − αη)−1[x(t− αη)− x(t− τ(t))]T(R2 + (1− µ)R3)
∫ t−αη

t−τ(t)

g(s)dω(s)

+ 2(η − αη)−1[x(t− τ(t))− x(t− η)]TR2

∫ t−τ(t)

t−η

g(s)dω(s).

Taking the mathematical expectation on both sides of relation (32), there exists a positive scalar λ2 > 0
satisfying

E[dV (t)] ≤ E(ξT(t)Π2ξ(t)) ≤ −λ2E‖x(t)‖2. (33)

The Π1 and Π2 are defined in Theorem 1 with

ξT(t) = [xT(t) xT(t− τ(t)) xT(t− αη) xT(t− η) fT(x(t)) fT(x(t− τ(t)))].

Thus if Πi < 0, (i = 1, 2) then the stochastic sys-
tem (5) is globally asymptotically stable in the mean-
square. The proof is completed.

Remark 1 In the proof of Theorem 1, the inter-
val [t− η, t] is divided into two subintervals [t− η, t−
αη] and [t − αη, t], the information of delayed state
x(t− αη) can be taken into account.

Remark 2 In this paper, the LMIs (12)–(14) ob-
tained for Case 1 and Case 2 by considering integral
terms such as

−
∫ t

t−αη

yT(s)R1y(s)ds−
∫ t−αη

t−η

yT(s)R2y(s)ds

and

−(1− µ)
∫ t

t−τ(t)

yT(s)R3y(s)ds

are different from those of Refs. [11]–[17] and this may
lead to less conservatism.

Now, we will discuss the following Theorem 2 to
study robust stability analysis for stochastic NNs (5).

Theorem 2 For given scalars η (0 < η), α

(0 < α < 1) and µ, the equilibrium solution of stochas-
tic NNs (5) is globally robustly asymptotically sta-
ble in the mean square if there exist positive-definite
matrices P = PT > 0, Zl = ZT

l > 0, l = 1, 2, 3,
Qj = QT

j > 0, j = 1, 2, 3, 4, diagonal matrices D1 > 0,
D2 > 0 and scalars εi > 0, (i = 1, 2) such that the fol-
lowing LMIs hold:

R1 + (1− µ)R3 > 0, R2 + (1− µ)R3 > 0, (34)




Ξ1 P̂H Γ1U1 0 ε1Γ2 Γ3P 0 ε2Γ4

∗ −ε1I 0 0 0 0 0 0

∗ ∗ −U1 U1H 0 0 0 0

∗ ∗ ∗ −ε1I 0 0 0 0

∗ ∗ ∗ ∗ −ε1I 0 0 0

∗ ∗ ∗ ∗ ∗ −P PH 0

∗ ∗ ∗ ∗ ∗ ∗ −ε2I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε2I




< 0, (35)
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


Ξ2 P̂H Γ1U2 0 ε1Γ2 Γ3P 0 ε2Γ4

∗ −ε1I 0 0 0 0 0 0

∗ ∗ −U2 U2H 0 0 0 0

∗ ∗ ∗ −ε1I 0 0 0 0

∗ ∗ ∗ ∗ −ε1I 0 0 0

∗ ∗ ∗ ∗ ∗ −P PH 0

∗ ∗ ∗ ∗ ∗ ∗ −ε2I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε2I




< 0, (36)

where

Ξ1 =




Π̂11 Π12 0 0 Π15 PC

∗ Π22 Π23 0 0 D2L

∗ ∗ Π33 Π34 0 0

∗ ∗ ∗ −Q2 − 1
(1−α)η R2 0 0

∗ ∗ ∗ ∗ Q4 − 2D1 + ε1E
T
2 E2 0

∗ ∗ ∗ ∗ ∗ −(1− µ)Q4 − 2D2 + ε1E
T
3 E3




,

Ξ2 =




Π̂11 0 Π (1)
13 0 Π15 PC

∗ Π (1)
22 Π (1)

23 Π (1)
24 0 D2L

∗ ∗ Π (1)
33 0 0 0

∗ ∗ ∗ −Q2 − 1
(1−α)η R2 0 0

∗ ∗ ∗ ∗ Q4 − 2D1 + ε1E
T
2 E2 0

∗ ∗ ∗ ∗ ∗ −(1− µ)Q4 − 2D2 + ε1E
T
3 E3




,

P̂ = [P 0 0 0 0 0]T, Γ1 = [−AT 0 0 0 BT CT]T, Γ2 = [−E1 0 0 0 E2 E3]T,

Ga3 = [WT
1 WT

2 0 0 WT
3 WT

4 ]T, Γ4 = [E4 E5 0 0 E6 E7]T, Π̂ = Π11 + ε1E
T
1 E1.

Proof Replacing A, B, C, W1, W2, W3

and W4 in LMIs (12) to (14) with A + HF (t)E1,
B + HF (t)E2, C + HF (t)E3,W1 + HF (t)E4,W2 +
HF (t)E5,W3 + HF (t)E6,W4 + HF (t)E7 and using
Lemmas 1 and 2, we obtain the LMIs (34) to (36).
Therefore the proof is completed.

4. Numerical examples

In this section, we will give numerical examples
showing the effectiveness of established theories.

Example 1 Consider the system (5) with the
following matrices

A =


 4 0

0 5


 , B =


 0.4 −0.7

0.1 0


 ,

C =


 −0.2 0.6

0.5 −0.1


 , W1 =


 0.5 0

0 0.5


 ,

W2 =


 0 −0.5

−0.5 0


 , W3 =


 0.1 0

0 0.1


 ,

W4 =


 0.1 0

0 0.1


 , H =


 0.1

−0.1


 ,

L = 0.5I, E1 = [0.2 0.3],

E2 = [0.2 − 0.3], E3 = [−0.2 − 0.3],

E4 = E5 = E6 = E7 = [0.1 0.1],

f(x(t)) = 0.5 tanh(x(t)).

For this system, when the differential of τ(t) is un-
known, applying Theorem 2 in Refs. [12] and [18],
we find that the equilibrium solution of the stochas-
tic neural network (5) is robustly exponentially sta-
ble in the mean square for any delay τ(t) satisfying
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0 < τ(t) ≤ 0.5730 and 0 < τ(t) ≤ 0.7056. However,
using Theorem 2 and taking R3 = Q3 = Q4 = 0,
we can obtain the allowable bound as η = 1.3346 for
(α = 0.5).

Specially, when ∆W1(t) = ∆W2(t) = W3 =
∆W3(t) = W4 = ∆W4(t) = 0, the system is same
as the one in Ref. [14]. It is shown in Ref. [14]
that the uncertain stochastic neural network is glob-
ally stable in mean square for the maximum allowed
time delay being 0.4109. In Refs. [12] and [17]–[19],
the maximum allowable upper bounds are obtained as
0.6196, 0.6740, 0.7795 and 0.8269 respectively. How-
ever, using Theorem 2 and taking R3 = Q3 = Q4 = 0,
we can obtain the allowable bound as η = 1.5187
for (α = 0.5). The system (5) is robustly asymp-
totically stable in mean square. Therefore, for this
example, the results given in this paper are less con-
servative than those in Refs. [12], [14] and [17]–[19].
The response of the state trajectories for the stochas-
tic NNs (5) which converges to zero asymptotically in
the mean square are given in Fig. 1.

Fig. 1. State trajectories for Example 1 with η = 1.3346

and initial conditions (−0.25, 0.5).

Example 2 Consider the following uncertain
stochastic NNs

dx(t) = [−(A + ∆A(t))x(t)

+ (C + ∆C(t))f(x(t− τ(t)))]dt

+ [∆W1(t)x(t)

+∆W2(t)x(t− τ(t))]dw(t), (37)

where

A =




2.2 0 0

0 2.4 0

0 0 2.6


 ,

C =




0.3 −1.8 0.5

−1.1 1.6 1.1

0.6 0.4 −0.3


 ,

H =




0.1 0 0

0 0.5 0

0 0 0.3


 ,

E1 = 0.6I, E3 = E4 = E5 = 0.2I.

It was reported in Ref. [15] that the system (37) with
the above matrices is robustly asymptotically stable
in mean square when 0 < h ≤ 0.8. However, us-
ing Theorem 2, taking R3 = Q3 = Q4 = 0 and
f(x(t)) = 0.3 tanh(x(t)), we can obtain the allowable
bound as η = 2.1084 (α = 0.5) when L = 0.3I. It
is found that the equilibrium solution of uncertain
stochastic NNs (37) is globally robustly asymptoti-
cally stable in the mean square. In the case of

C =




0.5 0.6 0.9

1.7 1.9 1.8

1.3 1.5 1.9


 ,

it was reported in Ref. [16] that the delay-dependent
stability conditions in Ref. [15] were not feasible and
delay-dependent stability conditions in Ref. [16] were
satisfied for h = 0.8. However, using Theorem 2, tak-
ing R3 = Q3 = Q4 = 0 and f(x(t)) = 0.2 tanh(x(t)),
we can obtain the allowable bound as η = 1.9857
(α = 0.5) when L = 0.2I. This implies that the sys-
tem (37) is globally robustly asymptotically stable in
the mean square. The response of the state trajec-
tories for the stochastic NNs (37) which converges to
zero asymptotically in the mean square are given in
Fig. 2.

Fig. 2. State trajectories of Example 2 with η = 2.1084

and initial conditions (−5, −3, −9).
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Example 3 Consider the following stochastic
system[24]

dx(t) = [−(A + ∆A(t))x(t) + (B + ∆B(t))f(x(t))

+ (C + ∆C(t))f(x(t− τ(t)))]dt

+σ(t, x(t), x(t− τ(t)))dw(t), (38)

where

A =




1.5 0 0

0 0.5 0

0 0 2.3


 ,

B =




0.3 −0.19 0.3

−0.15 0.2 0.36

−0.17 0.29 −0.3


 ,

C =




0.19 −0.13 0.2

0.26 0.09 0.1

0.02 −0.15 0.07


 ,

W1 = W2 = 0.1I, H = 0.1I, E1 = E2 = E3 = I,

f(x(t)) = 0.5 tanh(x(t)).

When Kp =diag{1, 1, 1},Km =diag{−0.5,−0.5,−0.5},
it is proved in Refs. [24] and [28] that the system
is feasible with maximum allowable upper bound
η = 2.2471 and for any η > 0 respectively. For the case
of Kp = diag{1.2, 0.5, 1.3}, Km = diag{0, 0, 0}, in
Refs. [24] and [28], it is found that the obtained allow-
able upper bounds are 9.6876, 19.9261 if µ = 0.85 and
2.3879, 4.6364 if µ is unknown respectively. However,
our results, for the case of L = 0.5I, when µ = 0.85
and unknown µ holds for any η > 0, (0 < α < 1)
and 5.0161 (α = 0.2), which shows that Theorem
2 improves the feasible region of stability criterion.

Fig. 3. State trajectories of Example 3 with η = 5.0161

and initial conditions (−0.7, 0.6, −0.9).

The response of the state trajectories for the stochas-
tic NNs (38) which converges to zero asymptotically
in the mean square is given in Fig. 3.

Example 4 Consider the following uncertain
stochastic NNs with time-varying delays:

dx(t) = [−Ax(t) + Bf(x(t))

+Cf(x(t− τ(t))]dt

+ [∆W1(t)x(t)

+∆W2(t)x(t− τ(t))]dw(t), (39)

where

A =


 1 0

0 1


 , B =


 −1 2

1 −2


 ,

C =


 −2 4

2 −4


 , H =


 1 0

0 1


 ,

W1 = W2 = W3 = W4 = 0,

E1 = E2 = E3 = E5 = E7 = 0,

E4 = 0.01I, E5 = 0.02I,

f(x(t)) = 0.5 tanh(x(t)).

When L = 0.5I, the obtained delay upper bounds
by Theorem 2 are listed in Table 1. It is clear that
these results are significantly improved in compari-
son with those obtained in Refs. [12], [17], [19] and
[28]. This implies that the system (39) is globally ro-
bustly asymptotically stable in the mean square. The
response of the state trajectories for the stochastic
NNs (39) which converges to zero asymptotically in
the mean square is given in Fig. 4.

Fig. 4. State trajectories of Example 4 with η = 0.3851

and initial conditions (−0.7, 0.4).
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Table 1. Maximum allowable upper bound of η with

different µ.

µ = 0.5 µ = 1.1

η η

Ref. [12] 0.264 –

Ref. [17] 0.264 0.195

Ref. [19] 0.273 –

Ref. [28] 0.284 –

Theorem 2 0.3851 (α = 0.4) 0.2584 (α = 0.4)

5. Conclusion

In this paper, we have dealt with the problem
of robust stability analysis for stochastic NNs with
time-varying delay. By developing a delay decom-
position approach and defining Lyapunov–Krasovskii
functional, we find that new LMI-term is concerned
more exactly and presents less conservative results.
From the numerical comparisons, significant improve-
ments over the recent existing results have been ob-
served.
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