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In this paper, we investigate some exact soliton solutions for a generalized variable-coefficients nonlinear

Schrodinger equation (NLS) with an arbitrary time-dependent linear potential which describes the dynamics of soliton

solutions in quasi-one-dimensional Bose—Einstein condensations. Under some reasonable assumptions, one-soliton and

two-soliton solutions are constructed analytically by the Hirota method. From our results, some previous one- and two-

soliton solutions for some NLS-type equations can be recovered by some appropriate selection of the various parameters.

Some figures are given to demonstrate some properties of the one- and the two-soliton and the discussion about the

integrability property and the Hirota method is given finally.
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1. Introduction

The construction of exact solutions for a given
nonlinear evolution equation is an important topic
in the study of nonlinear physical phenomena. In
recent years, with the availability of symbolic com-
putation systems like Mathematica or Maple, there
has been much work on it and many sophisti-
cated methods have been proposed. We can cite
the Darboux transformation,!! inverse scattering
transformation,? Lie group method,®~7 CK direct
method and modified CK method,®=1% symmetry
group direct method,[*1=16] Hirota method,*” var-
ious tanh methods,'823] the formal variable sepa-

(24-26] yarious sub-equation expan-

ration approach,
sion methods,?7732 and so on. Among them, the
Hirota method is one of the powerful methods in
searching for the exact solution of nonlinear evolu-
tion equations.®3735 In the present paper, we ex-
plore some exact solutions for a generalized variable-
coefficients nonlinear Schrédinger (NLS) equation by
the Hirota method.

It is well known that the Gross—Pitaevskii (GP)
equation has either dark or bright solitons depend-
ing on the repulsive or attractive nature of the inter-
A dark soliton in
Bose-Einstein condensate (BEC) is a macroscopic ex-

atomic interactions, respectively.
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citation of the condensate which is characterized by
a local density minimum and a phase gradient of the
wave function at the position of the minimum.[% A
bright soliton in BEC is expected to have the bal-
ance between the dispersion and the attractive mean-
field energy.l®”l Several methods have been used to
obtain the soliton solutions of GP equation with dif-
ferent potentials,®8~43] and the dynamics of the exci-
tation of the condensate was discussed. When the
longitudinal dimension of the BEC is much longer
than its transverse dimension which is the order of
its healing length, the GP equation can be reduced
to the quasi-one-dimensional (quasi-1D) regime. This
trapped quasi-low-dimensional*¥ condensate has of-
fered a useful tool for investigating the nonlinear ex-
citations such as solitons and vortices, which is more
stable than that in the three-dimensional (3D) case,
where the solitons suffer the transverse instability and
the vortices can bend. So it is very important to study
the soliton excitations in quasi-low-dimensional BECs
both in theory and in experiment.

In the present paper, we consider a generalized
variable-coefficients nonlinear Schérdinger equation
with an arbitrary linear time-dependent potential as
follows:

ou 0%u

. ou o 2 _
e +b(t) 92 + h(®)|ulu + v(z,t)u =0, (1)
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where v(x,t) = zv1(t) + v2(t). In Bose-Einstein con-
densations (BECs), b(t) is a parameter related to ki-
netic energy, h(t) is a scattering length of attractive in-
teraction [h(t) > 0] or repulsive interaction [h(t) < 0]
between atoms, v (t) is a parameter related to non-
linear potential and wvy(t) is a small parameter re-
lated to the feeding of condensate from the thermal
cloud.!*?l While in the context of nonlinear optics, b(t)
is group velocity dispersion parameter, h(t) is related
to the Kerr nonlinearity, and v;(t) and vs(t) are in-
homogeneous parameters related to phase modulation
and phase loss/gain respectively. (291 Under some spe-
cial parameters of {b(t), v1(t), v2(t), h(¢t)}, the study of
nonlinear wave propagation for Eq. (1) is of great in-
terest and has a wide range of applications.[*4~%8] For
example, Li et al.[*”] constructed one- and two-solitons
for the following equation:

Ou  10%u
Yo 202
by Hirota method; in Ref. [48], the authors investi-
gated one- and two-solitons of Eq. (1) with vy(¢) =0
and {b(t),v2(t), h(t)} being all constants by a Dar-
boux transformation; in Ref. [49], Khawaja derived

+ vy (H)u + plu)*u =0 (2)

some classes of exact solitonic solutions of Eq. (1) with
b(t) = 1,v1(t) = —1,v2(t) = 0,h(t) = £1 by a Dar-
boux transformation.

The rest of the present paper is organized as fol-
lows. In Section 2, first, we transform Eq. (1) into a
bilinear form; then on the basis of the bilinear form,
the general one- and two-soliton solutions are con-
structed successfully under some reasonable assump-
tions. With some special parameters, the soliton solu-
tions obtained in Ref. [47] can be recovered by our re-
sults. Furthermore, some figures are given to demon-
strate the evolutions and the stabilities of one- and
two-solitons and the discussion about the integrabil-
ity property and the Hirota method is also performed.
In Section 3, a short summary and discussion are pre-
sented.

2. Soliton solutions

2.1. One-soliton solution
According to the Hirota method, the solution of
Eq. (1) is assumed to be

where g = g(z,t) is a complex function and f = f(x,t)
is a real function. With this transformation, equation

(1) becomes
f(iDy +bDZ +v)g- f +g(hgg —bD7f - f) =0, (4)

where the overbar denotes complex conjugate, and the
bilinear derivative operator is defined as

" 0 aN" [0 a\"
D'Dig- f = (83:_833’> (&—&J g(z,1)
'f(m/at/)|ac:x’,t:t’- (5)

Many attempts show that equation (4) can be decou-

pled into
(iD; +bD2 4+ v)g- f =0,
bDZ(f - f) = hgg. (6)
We now assume that
g=xg1. [=1+x*f1, (7)

where y is a parameter. Substituting Eq. (7) into
Eq. (6), then collecting the coefficients of the different
powers of y, we have

x: (iD; +bD? +v)gy -1 =0, (8)
X2 2bD320f1 -1 =hgi1q1, (9)
x*: (iDy +bD% +v)gy - f1 =0, (10)
x': Difi-fi=0. (11)

Employing definition (5), the above equations can
be expressed in detail. In order to satisfy Eq. (8) we
can assume that g; has the form

g1 = expi. (12)
Substituting Eq. (12) into Eq. (8), we have
in1¢ + bz + b3, +v =0, (13)

It is necessary to point out that there are some
difficulties in acquiring general solutions of the above
equation. For convenience, we assume

m = p1(t)z + ki (1), (14)

with the time-dependent functions pq(t) and k1 (t) to
be determined. With the restriction of Eq. (9) and
Eq. (11), we have

fi=exp(m +m + An), (15)
where
A h(t)
Aj=h—2> a=MD
H (p1 +p1)? 2b(t)

Substituting solutions Eq. (12) and Eq. (15) into
Eq. (10), we obtain the equations of p;(¢) and k1 (t) as

(ip1s +v1)x + ik + bpT + vy = 0. (16)
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We can obtain the following conditions from
Eq. (16):

ipi +v1 =0,

iky, + bp? + vy = 0. (17)
From the above results, we can also have

lp_lt — U1 = Oa

iky, — bp? — vy = 0. (18)

Then we solve the above two equations, we obtain
the expressions to be

t
o= i/ n(F)dr + &,
0

- / [b(r)p3(7) + va(r)] d7 + &, (19)
0

where & and & are complex parameters. With
Egs. (12), (15) and (3), after absorbing x = 1, the
bright one-soliton solution of Eq. (1) can be derived

as
exp m

~ I4exp(m +m+ An)’

Remark 1 From the one-soliton solution (20) of

Eq. (1), if setting b(t) = 1/2,h(t) = p,v2(t) = 0,
we can immediately derive a one-soliton solution for
9) in Ref. [47].
However, to our knowledge, other one-soliton solutions

(20)

Eq. (2), which is the same as solution (1

from Eq. (20) are not reported earlier.

In the following, the evolution of one-soliton solu-
tion (20) with some different parameters are given in
Figs. 1(a) and 1(b), where U = |u|?.

In order to consider the stability of one-soliton
(20),
Eq. (1) as follows:

first we can derive the variation equation of

1wy +b(t)Wa +v(, ) w+h(t)u?w* +2u*w = 0, (21)

where w = w(z,t) and v is a solution from Eq. (20).
Usually, it is easy to investigate the stability of a static
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solution. However, the solutions u from Eq. (21) are
time-dependant, so it is difficult to give a thorough
analysis of the stability of u. In the present paper, we
directly solve the initial-boundary problem of Eq. (21)
numerically. If we can verify the stability for many
enough initial values, then we can prove the stabil-
ity of u. For real problems, we generally select some
initial values to illustrate the stability of solutions.

As shown from Figs. 2 and 3, all of the quantities
are oscillatory surrounding some fixed values, which
suggests that the considered solution is stable. At the
same time, it is necessary to point out that in order
to guarantee the accuracy of numerical solutions of w,
we solve Eq. (21) within a short time compared with
time in Fig. 1.
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Fig. 1. Evolutions of one-soliton solution (20) with pa-
rameters being (a) vi(t) = 3sin(0.5t), b(¢t) = 2sin(0.5t),
va(t) = sech(t)/2, h(t) = 0.2b(t), & = 0.1 + 0.1i,
€= 0.140.1i; (b) v1(t) = 0.1sin(0.01¢), b(t) = 0.2¢/(1 +
0.01¢2)+0.1, va(t) = sin(t), h(t) = 0.2b(t), & = 0.140.1i,
€ =0.1+0.1i.
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Fig. 2. Evolutions of perturbation and energy of interaction of u and w, where H = f—LL \w\2dm, M = ffL (uw* +

u*w)/2dx, u is the same as the solution in Fig. 1(a). Input initial values are (a)

sin(57z/L); (c)
and L = 100.

w(z,0) = sin(107x/L); (d)
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w(zx,0) = sin(wz/L); (b) w(z,0) =

w(z,0) = sin(rz/L); boundary conditions are w(—L,t) = w(L,t) = 0

Fig. 3. Evolutions of perturbation and energy of interaction of v and w, where H = fLLf |lw|?dz, M = fLLf [(uw™* +

u*w)/2]dx, u is the same as the solution in Fig. 1(b).

(b) w(z,0) = sin(57x/(L2 — L1)); (c)

Input initial values are (a)
w(z,0) = sin(10mx /(L2 — L1); (d) w(z,0) = sin(wz/(L2 — L1); boundary

conditions are w(L1,t) = w(L2,t) = 0,L1; = 600 and Lo = 720.

2.2. Two-soliton solution

In this subsection, we will analyse the expressions

of two-soliton solutions of Eq. (1). So we now assume
that the forms of g and f in Eq. (6) are as follows:

9=x91+x’02, fF=1+X"fi+x"fo (22)

By employing the same procedure as the previ-

ous one, we obtain the following set of equations from
Eq. (6), corresponding to the different powers of x

: (iDy +bD? +v)g, -1 =0,
: D2f1-1=\g1dn,

w(z,0) = sin(mx/(L2 — L1);

P e S S e P
o) [=2]

(iD¢ +bD2 +v)(g1 - f1 + g2+ 1) =0, (25)
bD2f1 - f1 +2bD2fy - 1 = h(g1G2 + g241), (26)
. (iDy +bD% +v)(g1- fa+g2- f1) =0, (27
: D2f1 - f2 = Agag, (28)
. (iDy +bD2 +v)gs - f2 = 0, (29)
. D2fy- fo=0. (30)

In order to construct the two-soliton solution of

Eq. (1), as discussed in the one-soliton solution, we

can solve the equations from Eq. (23) to Eq. (30) in

turn for acquiring the expressions of g and f. We
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assume that g; has the form

g1 = exXp 1 + exp s,

nj = p;i(H)r + k;(t), (31)

where the time-dependent functions p;(t) and k;(t),
j = 1,2 are to be determined. Substituting Eq. (31)
into Eq. (23), we have

[(ip1t + v1)x + ikys + bp? + vl exp i
+ [(ipar + v1)x + iko + bp2 + vo]exprp = 0, (32)

which implies that

lpjt +v = 07

ikjs + bp; 4 v2 =0, (33)
where j = 1,2. So we also obtain

ipjt —v1 =0,

ikj; — bp;* — vy = 0. (34)

From the above equations, one can find the solu-
tions

t
pj = 1/ 1)1(7)d7+§j1,
0

by =i / B () + oa(r)]dT + €, (35)
0

where &;; and ;5 (j = 1,2) are complex parameters in
general. Combining Eq. (31) with Eq. (24) we obtain
the expression of f; as

f1 = exp(mi1 + A1) + exp(mor + Ao1)
+ eXp(7T12 + A12) + eXp(?T22 + Azz), (36)

where

A _
20 TJmn = Pm + Dn,

Ayn =1n
(Ymn)

f, = 2 Re {()\(51 +03+01) \2B?
(1 +720)% 35 (1 +21)?

Tmn = Nm + Mn,s (ma n=1, 2)

With the help of Egs. (31) and (36), we can sim-
plify Eq. (25) into

igot + bgaza + Vg2

20032 N (A3 4+ A2

_ ( B i t(’7121 2721)>€Xp(7fl1+772)
V11721 11721

n (25)\52 _’_i>\t(7%2+’7%2)

V12722 7%27%2

) exp(n + ma2)

A A

+ 1—; exp(n + m11) + 1—; exp(n + m12)
1 V12

A S A
+ 1—; exp(ne + mo1) + th exp(n2 + m22), (37)
Y21 V22

where 8 = ps — p1, which shows that the expression

of g» has the form

g2 = 1 exp(mi1 + 12) + 62 exp(maz + M)
+ 0z exp(n + m11) + daexp(m + m12)

+ 55 exp(772 +’/T21) +56 exp(ng +7T22), (38)
where the parameters §; (j = 1,2,...,6) are given as
(V4 s 26\ (2
01t + 2601711721 =1 t(%; 2721) + 0 ;
V11721 V11721
A + 73] | 20A32
02t + 2002712722 = 1 t[%; 2722] 0 ;
V12722 V12722
. )\t . )\t
03¢ + 2063711 = 1—5, Oar + 2b0ay12 = i—5-,
11 Yi2
. )\t . )\t
55,5 + 2[)55’}/21 = IT, 56t + 2b56722 = IT. (39)
Y21 Y22

Now we have obtained the expressions of g1, ¢o
and f; in Eq. (22). Substituting Eqgs. (31), (36) and
(38) into Eq. (26) we obtain

A Red A Red,
) x exp(m11 + 71'21)} + 723 exp(2m1) + 726 exp(2ma2)
271 2759

N8~ p)?

[)\(2 Red; + 2 Reds) A (B + B)?
(711 + 722)?

- 7%27%1(711 + Y22)? - 7%17%2(711 + Y22)?
A(05 + 06 + d2)

] x exp(m11 + m22)

)\2[32

+ 2he exp(zm)| + 2 e

473,

So the two-soliton solution has the form

where

(712 + 722)? Yaov32 (12 + Y22)

2) x exp(mig +ma2)|.  (40)

(41)

g = expn +expna + 61 exp(m11 + 12) + 02 exp(ma2 + 1) + 3 exp(n1 + m11)

+04 exp(m + m12) + 05 exp(n2 + m21) + d6 exp(nN2 + m22),

040203-5
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Red
f = 14exp(m1 + A1) + exp(mar + Aa1) + exp(mi2 + Ai2) + exp(mae + A2o) + o2 2 exp(2m11)
11
(61 + 03 + 64) A2 532 ) ] A Redg
+ 2Re — X exp(mi1 + 7 + exp(2m
K (711 +721)? 72217%1(’711 + 721)? P 2) 2’7%2 p(2mz)
{/\(2 Red +2Rebs) __ N(B+F)? X5 P) } exp(m; + m22)
(711 + 722)? Y3771 (1 +722)% 131772 (Y11 + 722)? UL
A(84 + 65) ] [(A(&}, + 86 + 62) A2 ) }
4+ 2Re | ————exp(27 + 2Re — exp(ma + .
[ by, PP (12 47227 Bfana 7)) P2 T

Then from Egs. (39), we can derive

t

(/ My exp | 2711721 de) dr + C1> exp </ —2bvy11721 dT) ;
0
t

/ My exp | 27912722 de) dr + C2> exp </ —2b'ylg'yggd7') ,
0

= (
(
5y = (/ My exp 2712/0tbd7
(
(

Jarre) oo
55 = / Ms exp (291 /O tbd7> dT+C5) exp<
Jarrer) e

06 = /M(;exp 2722/ bdr
0

where ) ) )
M — (i t31) | 2008
1=1 2 2 ’
Y1721 11721
Mo — Ai(Via +30) | 20M6
2 =1 2 2 )
V12722 V12722

Mz = i\/7E, My = iX/7iy, Ms = iX/731, Mg =

N/, (G=1,2,...,
The evolutions of two-soliton solution (41) with

6) are arbitrary constants.

Eq. (42) under some different parameters and ¢; =
0 (¢ =1,2,...,6) are given in Figs. 4(a) and 4(b),
where U = |u?.

Remark 2

(1) If setting ¢; =0 (j =1,2,...
and setting b(t)
two-soliton solution (41), we can obtain a two-soliton

,6) in Eq. (42)
= 1/2,h(t) = p = constant, from

solution for Eq. (2) which is the same as the results
in Ref. [47
lutions (41

]. To our knowledge, other two-soliton so-
) with Eq. (42) of Eq. (1) have not been
reported earlier.

(ii) Tt is known that the integrability for NEEs is
an important topic in nonlinear science research. In
Refs. [49] and [50
grability for two NLS-type equations: Khawaja gave a
Lax pairs for Eq. (1) with b(t) = 1,v1(t) = —1,va(t) =
0, h(t) = £1 and Serkin et al. derived a Lax pair for a
generalized NLS equation with a linear and harmonic

|, the authors investigated the inte-

oscillator potential under an integrable condition.

(
( t t
53 = / M exp (2711 /0 bd7> dr + 63) exp ( /0 —2b711d7> :
(
(
(

—10
—15 —10

Fig. 4. Evolutions of two-soliton solution (41) with
Eq. (42) with parameters being A = 1,11 = 1+ 1,621 =
1—1i,&12 = 1,82 = —i and (a) v1(t) = exp(0.01¢),b(¢t) =
t,va(t) = t; (b) vi(t) = 2sin(2t),b(t) = 3sin(t),v2(t) =
exp(—t).

Now we investigate the integrability of Eq. (1).
After some analysis and computation, we can obtain
the following linear spectral problem:

'(/}t = Vw(xa t)v

Ve = U, t), (43)

where
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162
LH0) g

—i§ pQ
pQ —ig

ia(t)  ih(t)
5 T 1eF

ih(t) ~
% Qu

U , (45)

with the overbar denoting the complex conjugate,
£ = £&(t),p = p(t), Q = qexp((i/2)k(t)a?), p* =
—h(t)/(2b(1)), & = p*(J —(v1(t)/2p*)dt + &), and
k(t) = 2p'p/h(t). From the zero curvature equation

Ut - Vﬁf + [U7 V] = Oa (46)

one can derive Eq. (1) only under the following com-
patibility condition

! I !
(2 (2] s (22 -
h(t) b(t) b(t)

(47)
where prime denotes the derivative with respect to ¢.
Thus equation (1) is integrable under the constraint
of Eq. (47).

In the process of computation by the Hirota
method, we have not imposed any constraint on two-
soliton solution (41) with Eq. (42) obtained in the pa-
per, i.e., solution (41) need not satisfy integrable con-
dition (47). Thus for some non-integrable nonlinear
partial differential equations (PDEs), some exact so-
lutions can be expected to be obtained by the Hirota
method. Of course, for some non-integrable nonlinear

(2000 - £} o - B0,
ig2h(t) wy(t) _ ih(t) “
—172 + i — w% - %‘QF

PDEs, one can use the technique of perturbation the-
ory based on the inverse scattering transformation.®!]

(iii) In order to discuss the real application in
BECs under integrable condition Eq. (47), we set
b(t) = 1/2, then from Eq. (47) we can obtain h(t) =
1/(c1t+c¢p), which can modulate the s-wave scattering
length by using the Feshbach resonance with a tunable

time-dependent magnetic field.

3. Summary and discussion

One- and two-soliton solutions are presented ex-
plicitly for a generalized variable-coefficient nonlin-
ear Schrodinger equation (NLS) with an arbitrary
time-dependent linear potential by the Hirota method.
From our results, some previous one- and two-soliton
solutions for some simple NLS-type equations can be
recovered by some appropriate selections of the var-
ious parameters. Some figures are given to demon-
strate the evolution and stability properties of these
solutions and discussion about the integrability prop-
erty and the Hirota method is also given. The results
in the paper can describe the dynamics of quasi-one-
dimensional Bose-Einstein condensation and optical
soliton communication and will have useful applica-
tions in these fields.
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