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We obtain a new type of conserved quantity of Mei symmetry for the motion of mechanico–electrical coupling

dynamical systems under the infinitesimal transformations. A criterion of Mei symmetry for the mechanico–electrical

coupling dynamical systems is given. Simultaneously, the condition of existence of the new conserved quantity of Mei

symmetry for mechanico–electrical coupling dynamical systems is obtained. Finally, an example is given to illustrate

the application of the results.
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1. Introduction

Symmetries play a very important role in the
fields of mathematics, physics and mechanics. It is
well known that the methods of finding conserved
quantity by using symmetry are mainly: Lie symme-
try, Noether symmetry and Mei symmetry. The Lie
symmetry is an invariance of a differential equation
and Noether symmetry is an invariance of Hamilton
action.[1−15] In recent years, with continual attention
on the Lie group and Noether theory, many impor-
tant results have been obtained and the properties
of mechanico–electrical dynamical systems are stud-
ied by using the Lie group analysis method.[10,16−20]

A new invariance was studied by Mei in 2000. Mei
symmetry is an invariance under which transformed
physical quantities such as Lagrangians, Hamiltioni-
ans, non-potential generalized forces and generalized
constrained forces, etc. still satisfy original dynamical
equations. Mei symmetry has been studied many use-
ful results have been obtained as given in Refs. [21]–
[25], also in the mechanico–electrical systems.[26,27]

However, all the symmetries are nearly induced by Lie
symmetry and Mei symmetry. Fang gives new con-
served quantities of Mei symmetry of the holonomic
mechanical system.[28]

Recently, we have investigated a new type of con-

served quantity for mechanico–eleclectrical coupling
dynamical systems, which is induced directly from
Mei symmetry. The criterion of Mei symmetry for
mechanico–electrical coupling dynamical systems is
given. The new conserved quantity of the system is
obtained. The results will have more general signifi-
cances. Finally, there will be an example to illustrate
the results.

2. Equations of motion of the

mechanico electrical coupling

dynamical systems

A mechanico–electrical dynamical system cou-
ples a mechanical process to an electromagnetic pro-
cess. The mechanical part consisting of N particles
is described by n generalized coordinates qs (s =
1, 2, . . . , n); the electrodynamic part corresponds to m

electrical circuits composed of linear conductors and
capacitors. For the circuit k, we denote the current
by ik, the electromotive potential by uk, the capacitor
charge by ek (with ėk = i̇k), the resistance by Rk and
the capacitance by Ck. Then the Lagrangian of the
mechanico–electrical system is

L = T (q, q̇)− V (q) + We(q, ė)−Wm(q, e), (1)
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where

We =
1
2

m∑

k=1

e2
k

Ck
, Wm =

1
2

m∑

k=1

m∑
r=1

Lkrikir (2)

are, respectively, electric field energy and the mag-
netic field energy of the m-th circuit; T and V are,
respectively, the kinetic energy and potential energy.
In Eq. (2) Lkr (with k 6= r) is the mutual inductance
between the k-th and the r-th circuits, and Lkk is the
self-inductance of the k-th return circuit.

The Lagrange–Maxwell equations are




d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs − ∂F

∂q̇s
(s = 1, 2, . . . , n),

d
dt

∂L

∂ėk
− ∂L

∂ek
= uk − ∂F

∂ėk
(k = 1, 2, . . . , m),

(3)

where Qs (s = 1, 2, . . . , n) are general non-potential
forces. They express a system of n + m ordinary dif-
ferential equations. The dissipative function F of the
system is given by

F = Fe(ė) + Fm(q, q̇), (4)

where the electric dissipative function is

Fe =
1
2

m∑

k=1

Rki2k =
1
2

m∑

k=1

Rkė2
k, (5)

and Fm is the dissipative function of the viscous fric-
tional damping force. Both ∂F/∂q̇s and ∂F/∂ėk are
dissipative forces.

3. The Mei symmetry of the sys-

tem

We want to gain a new type of conserved quantity
of the system under infinitesimal transformations. So,
first we introduce the infinitesimal transformations as

t∗ = t + εξ0(t, q, q̇, e, ė),

q∗s (t∗) = qs(t) + εξs(t, q, q̇, e, ė),

e∗k(t∗) = ek(t) + εηk(t, q, q̇, e, ė), (6)

where ε is an infinitesimal parameter, ξ0, ξs, and ηk

are infinitesimal generators.

Then introducing the Euler operator

Es =
d
dt

∂

∂q̇s
− ∂

∂qs
, (7)

equation (3) can be written as

Es(L) = Qs − ∂F

∂q̇s
, Ek(L) = uk − ∂F

∂ėk
. (8)

The criterion equation of Mei symmetry for the
mechanico–electrical systems is

Es[X(1)(L)] = X(1)

(
Qs − ∂F

∂q̇s

)
,

Ek[X(1)(L)] = X(1)

(
uk − ∂F

∂ėk

)
, (9)

where

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+ ηk

∂

∂ek
+ (ξ̇s − q̇sξ̇0)

∂

∂q̇s

+ (η̇k − ėk ξ̇0)
∂

∂ėk
. (10)

If the infinitesimal generators ξ0, ξs, and ηk of
Mei symmetry and a gauge function GM = GM(t, q, q̇)
satisfy the following equation

X(1)(L)ξ̇0 + X(1)[X(1)(L)]

+ X(1)

(
Qs − ∂F

∂q̇s

)
(ξs − q̇sξ0)

+ X(1)

(
uk − ∂F

∂ėk

)
(ηk − ėkξ0) + ĠM = 0, (11)

the Mei symmetry leads to the Mei conserved quantity

IM = X(1)(L)ξ0 +
∂X(1)(L)

∂q̇s
(ξs − q̇sξ0)

+
∂X(1)(L)

∂ėk
(ηk − ėkξ0) + GM

= const. (12)

Now there is a new expression of the conserved
quantity of Mei symmetry. For the mechanico–
electrical coupling dynamical systems Eq. (3), if the
infinitesimal generators ξ0, ξs, and ηk of Mei symme-
try and a gauge function G = G(t, q, q̇) satisfy the
following condition

∂X(1)(L)
∂t

+
∂L

∂q̇s
ξ̇s +

∂L

∂ėk
η̇k +

∂L

∂qs
ξs +

∂L

∂ek
ηk −X(1)

(
Qs − ∂F

∂q̇s

)
q̇s −X(1)

(
uk − ∂F

∂ėk

)
ėk

+
(

Qs − ∂F

∂q̇s

)
ξs +

(
uk − ∂F

∂ėk

)
ηk + Ġ = 0, (13)
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there is a new conserved quantity of Mei symmetry for the system

I = X(1)(L)− ∂X(1)(L)
∂q̇s

q̇s − ∂X(1)(L)
∂ėk

ėk +
∂L

∂q̇s
ξs +

∂L

∂ėk
ηk + G = const. (14)

Proof

dI

dt
=

∂X(1)(L)
∂t

+
∂X(1)(L)

∂qs
q̇s +

∂X(1)(L)
∂ek

ėk +
∂X(1)(L)

∂q̇s
q̈s +

∂X(1)(L)
∂ėk

ëk

− d
dt

[
∂X(1)(L)

∂q̇s

]
q̇s − ∂X(1)(L)

∂q̇s
q̈s − d

dt

[
∂X(1)(L)

∂ėk

]
ėk − ∂X(1)(L)

∂ėk
ëk

+
d
dt

(
∂L

∂q̇s

)
ξs +

∂L

∂q̇s
ξ̇s +

d
dt

(
∂L

∂ėk

)
ηk +

∂L

∂ėk
η̇k + Ġ

=
∂X(1)(L)

∂t
+

∂X(1)(L)
∂qs

q̇s +
∂X(1)(L)

∂ek
ėk − d

dt

[
∂X(1)(L)

∂q̇s

]
q̇s − d

dt

[
∂X(1)(L)

∂ėk

]
ėk

+
d
dt

(
∂L

∂q̇s

)
ξs +

∂L

∂q̇s
ξ̇s +

d
dt

(
∂L

∂ėk

)
ηk +

∂L

∂ėk
η̇k + Ġ

=
∂X(1)(L)

∂t
+

∂L

∂q̇s
ξ̇s +

∂L

∂ėk
η̇k + Es(L)ξs +

∂L

∂qs
ξs + Ek(L)ηk +

∂L

∂ek
ηk

− Es[X(1)(L)]q̇s − Ek[X(1)(L)]ėk + Ġ

=
∂X(1)(L)

∂t
+

∂L

∂q̇s
ξ̇s +

∂L

∂ėk
η̇k +

∂L

∂qs
ξs +

∂L

∂ek
ηk +

(
Qs − ∂F

∂q̇s

)
ξs +

(
uk − ∂F

∂ėk

)
ηk

− X(1)

(
Qs − ∂F

∂q̇s

)
q̇s −X(1)

(
uk − ∂F

∂ėk

)
ėk + Ġ

= 0.

When Qs− ∂F/∂q̇s = 0, uk − ∂F/∂ėk = 0, according
to the above theorem, if the infinitesimal generators
ξ0, ξs, and ηk of Mei symmetry and a gauge function
G = G(t, q, q̇) satisfy Eq. (13), i.e.

∂X(1)(L)
∂t

+
∂L

∂q̇s
ξ̇s +

∂L

∂ėk
η̇k +

∂L

∂qs
ξs

+
∂L

∂ek
ηk + Ġ = 0, (15)

it can lead to the new conserved quantity Eq. (14)
of the Mei symmetry of mechanico–electrical coupling
dynamical systems. Now, an example is given to illus-
trate the result.

4. An example

There is an electrocircuit of capacitor and the ca-
pacitor plate is connected to a spring with elastic co-
efficient k. Free vibration along vertical direction is
considered between capacitor plates, under action of
gravity, elastic and electric field forces. Let A denote
the plate area. The power of the system is supplied by
electromotive force U . Take coordinates q and electric
charge e as generalized coordinates. The kinetic en-

ergy of the system is T = q̇2/2, the spring potential en-
ergy is V = kq/2, the magnetic energy is Wm = ė2/2
and the electric energy of the capacitor is We = Ae/2.

Here we study the momentum dependence of ca-
pacitor plate movement symmetry.

Then the Lagrangian of the system is

L =
1
2
q̇2 +

1
2
ė2 − 1

2
kq − 1

2
Ae. (16)

The dissipative function is

F =
1
2
kq̇2 +

1
2
Rė2, (17)

and the non-conservative generalized force is

u = Rė. (18)

So the equation of motion of the system is

q̈ +
1
2
k + kq̇ = 0, ë +

1
2
A = U. (19)

According to the above theory, we choose the infinites-
imal generators

ξ0 = ξ = η = 1. (20)

Substituting it into Eqs. (8), (9), and (10), we can
obtain

X(1)(L) = −1
2
k − 1

2
A, X(1)[X(1)(L)] = 0,
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Es[X(1)(L)] = Ek[X(1)(L)] = 0. (21)

Clearly, the infinitesimal generators meet Eq. (9).
Substituting Eq. (21) into Eq. (11), we have the gauge
function

GM = c (22)

with c = const.
According to Eq. (12), the conserved quantity is

IM = −1
2
k − 1

2
A + c = const. (23)

Now substituting Eq. (21) into Eq. (13), the gauge
function is obtained

G =
(

1
2
k +

1
2
A− U

)
+ kq + Re. (24)

The new conserved quantity of Mei symmetry for the
mechanico–electrical system is

I = −1
2
k − 1

2
A + q̇ + ė

+
(

1
2
k +

1
2
A− U

)
t + kq + Re

= const. (25)

Clearly, the conserved quantity equation (25) is
different from the original conserved quantity Eq. (23).

So we have obtained the new form of a con-
served quantity of Mei symmetry for the motion of
mechanico–electrical systems and at the same time,
the definition and criterion are also gained.
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