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Control of random Boolean networks via average
sensitivity of Boolean functions*
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In this paper, we discuss how to transform the disordered phase into an ordered phase in random Boolean networks.

To increase the effectiveness, a control scheme is proposed, which periodically freezes a fraction of the network based on

the average sensitivity of Boolean functions of the nodes. Theoretical analysis is carried out to estimate the expected

critical value of the fraction, and shows that the critical value is reduced using this scheme compared to that of randomly

freezing a fraction of the nodes. Finally, the simulation is given for illustrating the effectiveness of the proposed method.
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1. Introduction

Complex systems and networks have become hot
topics in recent years and various ideas have been pro-
posed to deal with complexities resulting from a large
number of elements interacting with each other.l'~4
The Boolean network is one of the important mod-
els of complex systems due to its broad applications
in bio-systems (including gene networks, neuron net-
works and metabolic networks), engineering systems
and social systems.[>~7]

It is known that the random Boolean network
(RBN) was first proposed to handle genetic regula-
tory networks several decades ago by Kauffman,®! and
it was later found to provide a better understanding
of living organisms or complex dynamics whose be-
haviors are determined by thresholds or logic. RBNs
can exhibit various complex phenomena, which can
be roughly classified as two different phases: ordered
and disordered phases. In the ordered phase, the net-
work dynamics tend to be an ordered pattern after a
transient period, while in the disordered phase, the
evolution procedure seems to be unpredictable.

Then, it is natural for people to consider how to
design a control strategy and how to implement the
control in RBNs in order to achieve desired behaviors
of RBNs.
the control of phase transition and chaotic behavior
in RBNs.[B~11] For example, Refs. [10] and [11] de-
veloped methods by freezing an quenched fraction of

In fact, many efforts have been made in
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the nodes for every fixed period of time in order to
suppress the chaos, and a theoretical relation between
the fraction and the period was also derived to en-
sure the Boolean network to behave periodically. In a
follow-up work,'? the control scheme was developed
with freezing a varying fraction of the nodes in ac-
cordance to a known periodic external signal, inspired
by the circadian rhythm. A rough approximation of
the maximal fraction of nodes to be frozen was done
and numerically verified. The maximal fraction of the
nodes to be frozen is relatively large in the existing
results, which may not be effective in practice.

The objective of this paper is to propose a con-
trol scheme to increase the effectiveness by reducing
the number of frozen nodes. To decrease the frac-
tion of the controlled nodes, the average sensitivity,
a known complexity measure of Boolean functions, is
employed since it characterizes each Boolean function
by its ability of propagating damage. Our strategy is
to freeze the high sensitive nodes (that is, the nodes
whose Boolean functions have high average sensitivity
value) prior to the low sensitive nodes. However, this
ordered selection renders the expected average sensi-
tivity (EAS) of the acting nodes to be time-varying,
which makes the expectation of the one-period dam-
age percolation hard to be obtained, and therefore, we
have to find ways to simplify the calculation of EAS.

This paper is organized as follows. Basic concepts
of RBN including EAS are given in Section 2. Then a
new control strategy is given and the critical value of
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max

the fraction of nodes to be frozen (denoted by ) is
analysed for our new method in Section 3. Following
that, simulations for a standard case of RBN are given
to calculate some critical condition or values in order
to verify our analysis. Finally, the concluding remarks
are given.

Notations: Fo = {0, 1} denotes the Galois field of
two elements. The addition of this field is denoted by
@, defined modulo 2. FY stands for the set of vectors
of length N over Fy. If € FY, the ith component of
the vector is denoted by z;. Define u(¥ € FY to be
the unit vector with the ith component being 1 while
all other components being 0. ™y denotes the inner
product of these two vectors with the same length. (a)
denotes the expectation (or expected value) of random
variable a.

2. Preliminaries

In this section, we introduce some basic knowl-
edge related to random Boolean network (RBN). Con-
sider a RBN consisting of N nodes, and each node just
has two (logic) states (usually denoted as 0 and 1).
Define a vector x(t) € FY to indicate the state of the
network at time ¢. Each node i receives the value of k
randomly selected nodes (x;1, Tis, ..., x;;) to update
its state, that is,

zi(t +1) = flai(t), zia(t), ..., 2ix(t)),

where f is a mapping f : FX — F, randomly selected
for the ith node, called a Boolean function. Once se-
lected, both f and the inputs for each node are fixed
during the evolution of the network.

The Boolean function f can be generated as fol-
lows: for each combination of its inputs, the proba-
bility of the output being 1 is p and the probability
of the output being 0 is 1 — p. The probability p is
called the bias of the Boolean network. Like the state
of the Boolean network, f can also be represented by
its truth table vector t;, which belongs to F%K.

For all 22° possible Boolean functions of con-
nectivity K, we establish a one-to-one correspon-
dence between the numbers from 1 to 22° to vec-
tors representing the Boolean functions.
(t1,t2, ..., tax)T € F%K, we define

For tf =

92"

Ur(ty) =) 2", (1)

which is a binary expansion of t;. Another useful con-
cept, Hamming weight of © € FY', can be defined as:

Wi (z) = 2 .

Next, we introduce an important concept, the av-
erage sensitivity of Boolean functions for the following
control strategy design. It measures the sensitivity of
Boolean functions subject to change of its inputs.

Definition 1'3! Let f denote a Boolean function
IF? — oy and u@ a unit vector.

1) The sensitivity s;(w) is defined as:

sp(w) = {ilf(w) # flwou? i=1,... K}

where w € FE.
2) The average sensitivity sy is defined as the av-
erage of s¢(w) over all w € FL:

sp=2"K Z sf(w).

weFK

It is known that the critical condition for the tran-
sition between ordered and disordered phase can be
interpreted by percolation, which is based on the ex-
pected value of average sensitivity.['?!

Define a random variable F ;, : {2 — Fg, where
{2 is the sample space and Fx is the set of vector rep-
resentations of all possible Boolean functions of con-
nectivity K. The probability of each Boolean function

1S:
P(Fip = tg) = pVilt) (1 — p)2" ~Walto),

For this random variable, the expected value of av-
erage sensitivity is denoted by (sf). It is expressed
as:
(sr) =D P(Fi,=ty)sy.
f

3. Control using periodic func-

tions

In this section, we propose the new control scheme
and estimate the expected critical value of the fraction
of the frozen nodes in the RBN (denoted by ~22¥).
An approximation approach is given with the help of
a proposed method to calculate the expected average
sensitivity of the Boolean functions.

We employ the expected average sensitivity
(EAS) of RBN, denoted by &, as the order parame-
ter to describe the phase of RBN. It is known['®! that,
in the case without control, the EAS can be derived
as

§:= (sf) = 2Kp(1 —p).
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It was proved that (sy) is the parameter £ to de-
termine the phase of RBN in Ref. [13].
the order parameter ¢ is larger than 1, the RBN is

Namely, if

ordered; otherwise it is disordered.
In Ref. [12
was proposed in light of the damage percolation, which

], a detailed physical explanation of ¢

provides a better way to understand the chaotic be-
haviour of RBN. Moreover, a method with an arbi-
trary periodic function to shift the disordered phase
of the RBN to an ordered phase was proposed.[!2] The
basic idea was to periodically freeze a portion of the
nodes in order to block the damage percolation. De-
note Pe,(y™**) as the damage percolation during one
period when nodes to be blocked are randomly cho-
sen. Define & () as the mean average sensitivity of
the remaining nodes when a fraction  of the nodes is

N
Z Sfis

i=M+1
where M is N+, &.(1) = 0, and the Boolean functions
fi,i=M+1,...,
frozen.

frozen:

60) = =

N are the functions that are not

Pe,(y™2*) can be expressed as:

max Hg maxF (1 ’YmaxFT(t))a (2)

max js the maximal fraction of the nodes to

where v
be frozen. F.(t) is a periodic function with period 7
ranging from 0 to 1.

As the nodes to be frozen are randomly selected,

(E(y"ER (1)) = €.

Then we have:

T

(Pec(y™)) = [T =~

t=1

ML) (3)

Therefore, in each step the probability of damage
percolation is decreased in average just by the block-
ing effect formulated by the term 1 — y™**F, (¢). In
a disordered phase, £ is larger than 1, which amplifies
the damage percolation by a fixed factor step by step.

An intuitive idea to better block the damage per-
colation is to block the more sensitive nodes in ad-
vance. This action can weaken the ability of the acting
part of the RBN to propagate damage. A permuta-
tion can accomplish this task. For an arbitrary set of
Boolean function B = {ty,|i =1,..., N}, denote o as

a permutation:

<O[1,a2,...7OéN>
O—:
Qs gy v v vy Oy

satistying that, for any i < j, sf, ) = Sf, -
Hence, for a RBN whose Boolean function set is
B, the blocking order is fy(1), fo(2);- - -

M is the maximal number of nodes to be frozen. In

s Jo(ary, Where

this situation, & in equation (2) is decreased to &,
which can be expressed as:

N

1
N_M Z Sfoeiy (4)

i=M+1

§o(7) =

where M is N+, and &(1) = 0.
Define Pe,(7y) as the percolation during one pe-
riod in ordered situation. Similar to equation (2), we

get
Peo(v"™) = [ [ &(v™™ F- () (1 = ¥ F.(1)). (5)
t=1
As a result,

(Peo(™) = T[(1 -1

t=1

{tee
Peo(ymax)),

maxFT (t))

< (Pe

where (Pe,(y™ax)) is

Pectma) = T[(0

t=1

< [[&O™™F-(t)).  (6)
t=1

E(1)

From (4) it is easy to obtain

N

EjsM” (7)

=M+

(Co(y™™ - (1)) =

max

The critical parameter (7**) can be calculated by

<P€0’Ymax> =1.

However, it is not easy to calculate the value of
(IT/=; &0 (™™= F,(t)). Suppose F2*** is the root of

(Peo(ymax)) = 1. (8)

As both (Pe,(v™2*)) and (Pe,(y™2%)) are strictly

max - we have

monotone decreasing with respect to
,Ymax < imax
C — C :

Consequently, if we can calculate (sy (;)),7 =

, N, then by equations (6), (7) and (8), we can

max

derlve the upper bound of +}
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With the help of the theory of order statistics, the
analytical expression of (sf, (;y),4 = 1,...,N can be
obtained.['®) However, for large N and K, it is very
hard to compute these values directly. It is known
that by using appropriate population quantile, the
expected value of an order statistics can be approx-
imated in large numbers. Therefore, we will use an
approximation approach to determine (sg, ;) in the
sequel.

Recalling F i which is the set of vector representa-
tions of all possible Boolean functions of connectivity
K, it can be rewritten as:

Fie = {gilgi = (i —1),i=1,...,22" }.
Thus, for the random Set B, the probability that g;
belongs to B is P(Fk,p = ;).

Define a set Sk, = {hi|i = 1,...,lx}, which in-
cludes all the possible sensitivities of the functions in
Fk, and define a series of sets Fk ; as:

.7:}(71' = {gj\gj S fK,ng = hi},i = 1,...,lK.

Denote n(g;) as the number of g; in B and n(h;) as
the number of functions whose sensitivity is h;. Then

> nlg)

9i€FK i

we have
n(h;) =

The expected value is

(n(h)) = Y (n(gy))

9i€EFK i

= > NP(Fip=g)) (9)
9;€FK,i

Define another permutation & satisfying that, for

any @ < j, hs@y > hej). If we visualize g; € Fi ; as
a rectangle with width NP(Fg , = g;) and height h;.
Equation (9) indicates that (n(h;)) can be viewed as a
length which is the sum of all the width of rectangles
which have the same height h;. Then we construct
[ rectangles with width (n(h;)) and height h;. Place
these rectangles from high to low, as shown in Fig. 1.
The generation of the elements in the random set

B of a RBN can be regarded as N independent ex-
periments with identical conditions(the same bias p).
Therefore, according to the Borel’s law of large num-
bers, we have that, for a sufficiently large NNV, ”Th)
approximates Zgjefx,i P(Fg = g;); the larger N is,
the better the approximation will be. Thus, after re-
ordering, the distribution of the average sensitivity of

the Boolean functions of a RBN is close to the config-
uration shown in Fig. 1 for large .

he(1y

hs(2)

F T nthsay))

(n(hs2)))

- SR

N—-1N

i
Fig. 1. Distribution of n(hs(;)).

Then it is reasonable that the expected sensitivity
(5¢,(:)) can be approximated by the area covered by
the rectangles from ¢ — 1 to ¢. In order to calculate
this value, we define

MU_A:H@&, (10)

where H(t) = hsu, if t € [ _g(n(he))
Eéf;i(n(hg,(j)))], i=1,...,lk, and we set n(hs()) =
0. Therefore,

(55,0) = A(@) = A(i—1),i=1,...,N. (1)

In this way, we propose an approximating method
to compute the EAS which serves to the computation
of (Peo(y™ax)). Tt should be noticed that for large N
and K, numerical calculation is needed for our paper
involving equation (8), which will be further discussed
in the next section.

4. Numerical case study

As we know, it is hard to give an explicit result for

max

(e
its upper bound numerically. All these computation

) for general RBNs. In this section, we compute

depends on the average sensitivity of each Boolean
function and its probability. Here we consider a RBN
of size 1000 and K = 3, and Table 1 is for the Boolean
functions of K = 3.

036401-4



Chin. Phys. B Vol. 20, No. 3 (2011) 036401

Table 1. Table for computing the average sensitivity
of a Boolean function.

% inputs outputs ag qi
1 000 1 cr%=2,cr%:3,cr;13=5 3
2| 001 T2 ol =4,02=6 2
3] 010 x3 ol =4,02 = 2
41 011 x4 ol =38 1
51 100 5 ol =60t = 2
6| 101 z6 ot =38 1
71 110 x7 ot =8 1
8 | 111 s -

It is not hard to obtain the following formula to
calculate the average sensitivity

1 7T

sfziiz:;;xi@xag. (12)
The EAS in this paper is basically EAS of or-
der one, which means the sensitivity to just one flip.
Note that the EAS of order two (three) is the average
change of the output if two (three) of the inputs are
flipped, but the probabilities of these events are low.
In fact, if the value of one node in the Boolean network
is flipped, the possibility that this change reaches to a
certain node is 1. If two arbitrarily selected nodes are
flipped, the possibility that there exist a node whose
inputs include all the flipped nodes is N/N? = 1/N. If
three arbitrarily selected nodes are flipped, the possi-
bility is even lower, that is, N/N3 = 1/N2. Therefore,
for a sufficient large N, the effect of the EAS of order
two and three can be omitted in a comparison with
the EAS of order one. Thus, it will be good enough to
consider only EAS of order one for a sufficiently large

N.

127

101

Wyt
[e)]

0 50 100 150 200 250

Fig. 2. Average sensitivity distribution.

Therefore, the average sensitivity of all possible
Boolean functions has been computed (see Fig. 2).

The distribution of these average sensitivities and the
related properties of the Boolean functions are shown
in Table 2. At first, we find that there is no Boolean

function with average sensitivity i, %, % and %.
Also, Table 2 shows that the most possible average
sensitivity is g, and the least possible average sensi-
tivity is either 0 or %.

the Boolean functions categorized by the number of

For each average sensitivity

‘1’ entries in their lookup table have a kind of sym-
metry. For instance, there are two kinds of functions
with the same average sensitivity, %, and moreover,
the number of the two functions is 8. One kind have
3 ‘1’ entries in its lookup table and the other kind
have 5. If we randomly select two functions of the two
kinds, respectively, and then form a pair of the two
functions. From Table 2, it is clear that this pair is
complementary, that is, the sum of these two vectors
that represent the two functions is (1,1,...,1)T. The
symmetry and complementariness can be seen below
in Fig. 4.

Table 2. Characteristics of Boolean functions with
K =3.

4sy number of functions number of ‘1’ entries

12 2 4

8 3
9

8 5
8 30 4

24 3
7

24 5

16 2
6

32 4

16 6

24 3
5

24 5

12 2
4 6 4

12 6

8 3
3

8 5

1 8
0

1 0

Additionally, for each pair, the average of number
of ‘1’ entries is just the half of the length of the lookup
table.

Then we will calculate the upper bound of (%)
for a RBN of size 1000 and K = 3 based on the meth-
ods proposed in the preceding sections. In fact, this
can be done by combining (11), (6), (7) and (8). The
calculation of (sy_(;)) is a key step to obtain the upper
bound.
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It should be noticed that the value of (sf, (;))
changes only when the interval [i — 1,i] contains at
least one border of two rectangles in Fig. 1 when ¢ in-
creases from 1 to N. As L3 = 9, for K = 3 there exist
at most 8 borderlines. This means that the number
of these changes is at most 8. This can be verified
in Table 2. Therefore, this number is relatively small
enough to be neglected when N is large enough. Thus,

we obtain an estimation of (sy, ) as

<Sfo(i)> = H(’L),

where H(t) was defined in Eq. (10). In Fig. 3, the
distributions of (sy, ) for p = 0.7 with this approxi-

(13)

mation is shown.

12
10
8 —
5 6
) -
<t
4 —
2
0
0 200 400 600 800 1000

Fig. 3. Ordered EAS distribution for K = 3.

With the help of the estimation (13), we can nu-
merically determine the relationship between P and
(yax) for a certain F,(t).

1000

999 r

c(t)

998 s s . s )
0 100 200 300 400 500
t

0.8¢

0.4t

Z(t)

0 100 200 300 400 500
t
(a)

In Fig. 4, the dots show the relationship between
P and the (3**) using our method, while the stars
show that of randomly freezing nodes. It can be seen
that theoretically the new method should reduce the
number of nodes in the control of disorder.

o ordered
0.6% %+, » random
%0, o ) *
. 04} “o, .
® o]
g © *
s o
o *
[e]
021 o *
o
o *
o
0 ‘ 5, .
0.5 0.6 0.7 0.8 0.9 1.0
P

Fig. 4. P — (3"®*) relationship.

Define C(t) to be the distance of two Boolean sys-
tems, whose states are X (t) and Y (t), respectively,
namely C(t) = Wg(X(t) @ Y(t)). Define Z(t) to de-
scribe whether the damage is amplified at time ¢ as:

0, ifC@)>1,

PO=11 o<

In other words, if Z(t) = 0 , damage is amplified at
time ¢; if Z(t) = 1, the damage is not amplified at

time t.
i
900 "..F" ey A .:"'. Foa b ~ ™ M Y
= PR SRR
O 700t o B Doui i s
) o e " w -'.“-" " ¥
500 T ——
0 100 200 300 400 500
t
0.81
=
N 04
0 . . . , . . )
0 100 200 300 400 500
t
(b)

Fig. 5. The evolution of C(¢t) and Z(t) for (P,y™2*) = (0.5,0.2). Z(t) becomes constant when ¢ is quite large

in two cases: (a) Z(t) =0; (b) Z(t) = 0.
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To verify our analysis, a simulation has been car-
ried out. For a comparison with the result of Ref. [12],
we set the same configuration: RBN of 1000 nodes
and the connectivity K = 3, the periodic signal as
sin(wt)?, and the period 7 = 50. In Ref. [12], the
controlled state was defined to be reaching a periodic
behaviour. The period can be equal to an integer mul-
tiple of the external period. Here we do not use the
existing methods since how large the integer should be
is unknown. Instead, we provide a way to check the
phase of the RBN.

Figure 5 is given to show that Z(¢) is insensitive to
t when t is large. Figures 5(a) and 5(b) represent two
standard cases of evolution for (P,y™**) = (0.5,0.2)
(the results are similar for other (P, y™) pairs). Z(t)
converges to either 0 or 1 in a few steps.

For each pair of values (P,7™®*) we carried out
100 simulations, and each simulation was run twice
with the initial value of a randomly given node flipped
in the second run. Since Z(t) is not sensitive to ¢ after
a short transient period, each simulation was run for
100 steps without loss of generality. If the state of two
trajectories at the 100th step is the same or at most
one node is flipped, the simulation is considered to
have blocked the damage percolation; otherwise, the
network fails to block the damage percolation.

In Fig. 6, each pixel represents the fraction of
the 100 simulations for each pair (P,+™). If all the
100 simulations do not block the damage percolation,
then the pixel is painted black; if all of them do, it is
painted white. According to the intensity scale shown
in Fig. 6, the fractions between 0 and 1 are painted in

~mnax

grey tones. Figure 6 shows that the (P, (7**)) curve

bounds the possible area of the actual critical curve
(P, (yax)), which is well matched with our analysis

given above.

1.0
100
0.8+
80
0.6
5 60
£
t
04r 1 40
20

Fig. 6. Simulation.

5. Conclusions

In this paper we proposed a new strategy to con-
trol the RBN. The basic idea is to freeze the more
sensitive nodes prior to the less sensitive nodes. In
fact, the ordering was carried out to make the EAS
of the frozen nodes be higher than that of the whole
network with reducing the number of frozen nodes.

However, the exact expected percolation during

max

one period for fixed ~y and P is not easy to obtain.

For a trade-off between the accuracy and the feasibil-
ity, we proposed a method to calculate and derive the

max

max - and then gave the simulations

upper bound of ~
in the case of K = 3 for illustration.
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