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The generalised BCS dislocation group model and the generalised DB atomic cohesive force zone model have

obtained the same results on nonlinear fracture study of some one-, two- and three-dimensional quasicrystals. This

work reveals some inherent connection between the two models, and finds that their common basis is the generalised

Eshelby integral based on the generalised Eshelby energy–momentum tensor for quasicrystals. Further applications of

the theory in solving nonlinear fracture problems of the materials are also discussed.
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1. Introduction

The study on elasticity including the linear elas-
tic fracture theory of quasicrystals has gained some
achievements, see e.g. Ref. [1]. People pay attention
to the study on dynamics, the relevant results can refer
to Ref. [2]. Another focus on the mechanical proper-
ties is the plasticity which is an interesting subject for
both theoretical and experimental studies. The crack
and fracture problems under plastic deformation of the
material attract attention of researchers, but the so-
lution of which presents a great difficulty. In Refs. [3]
and [4] Fan et al. suggested some phenomenologi-
cal models to solve the problems of nonlinear fracture
of quasicrystals. One of them is the so-called gener-
alised Bilby–Cottrell–Swinden–Schmith (BCS) model
(or dislocation pile model), another is the generalised
Dugdale–Barenblatt (DB) model (or atomic cohesive
force zone or narrow band plastic zone model). In
these two approaches the physical background and
the adopted mathematical methods are quite different,
but the results are similar. All results can be exactly
reduced to the linear solutions when the nonlinear be-
haviour is reduced to a linear one of the material.

In Ref. [4] the authors discussed the mechanism of
plastic deformation of quasicrystalline materials based
on the experimental observations from different lab-

oratories, subsequently we emphasised and analysed
repeatedly the effects of the new degrees of freedom—
phason modes in quasicrystals, just the presence of the
phason degrees leads to the complexity of the mechan-
ical behaviour including the plasticity of the material,
the major difficulty to the development of theory of
plasticity for the material is also addressed.

The physical nature of plasticity in quasicrys-
talline material is essentially unknown so far. Though
there is no possibility to obtain the support of plas-
ticity theory in studying the nonlinear fracture, this
does not mean that one could not carry out some in-
depth investigation. The possible way is to take some
simplified models.

The BCS model originated from the Eshelby con-
tinuum dislocation hypothesis. Eshelby[5] developed
a series of the theory for the defects of crystals, which
can be extended to discuss the relevant problems con-
cerning quasicrystals. According to this point of view
we here put forward a generalised Eshelby energy–
momentum tensor and generalised Eshelby integral
for describing nonlinear behaviour of some one- and
two-dimensional quasicrystals, whose explicit physical
meaning and important applications in the fracture
analysis under nonlinear deformation of the material
will be exhibited in the following sections. The case
for three-dimensional quasicrystals is similar but the
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description will be much more lengthy, so the discus-
sion is omitted here due to the space limitation.

2. An overview of the relation

between the generalised BCS

model and generalised DM

models for quasicrystals

In Ref. [3] Fan et al. suggested the generalised
BCS model for some one- and two-dimensional qua-
sicrystals, and in Ref. [4] we proposed a generalised
DB model for the same materials. By making use of
the two models one can obtain the same results on
sizes of plastic zones and the crack tip opening dis-
placements. The mathematical details were provided
in the references mentioned above, here only the main
results of the work are figured out.

If considering a crack as a dislocation group and
the plastic zone at the crack tip as a dislocation pile up
in a quasicrystal, then the dislocation density distri-
bution function can be determined based on the cor-
responding dislocation solutions and singular integral
equation method. With the dislocation density distri-
bution function the extent of dislocation pile up (or
the size of the plastic zone) and the amount of dislo-
cations motion (or equivalent to the crack tip open-
ing displacement) can be obtained. This is the work
of Ref.[3], the scheme is named the generalised BCS
model, which originated from classical Bilby, Cottrell,
Swinden and Smith model.[6,7]

By taking another scheme in Ref. [4] (i.e., being
commensurate with likely elasto-perfect plastic crack
model in quasicrystal), and taking linearisation, we
can obtain the elasto-perfect plastic crack solution
through determining stress potential function or dis-
placement potential function and solving the bound-
ary value problem of partial differential equations of
higher order, in which the most effective analytic tool
is the complex variable function-conformal mapping
method. As direct results of the solution the size of the
plastic zone and the crack opening displacement are
determined. The root of this scheme originated from
the classical Dugdale and Barenblatt work,[8,9] so it
is called the generalised DB model. It is evident that
the procedure is much more complicated than that of
the first scheme, but it is constructive and does not
depend upon the known dislocation solutions.

The two schemes mentioned above can be used
for Mode I, Mode II and Mode III cracks of one-, two-
and three-dimensional quasicrystals, but for simplic-
ity here only the results for Mode I Griffith crack of
two-dimensional point group 10 mm decagonal qua-
sicrystals are listed. The size of the plastic zone is

d = a

[
sce

(
πp

2σc

)
− 1

]
, (1)

and the crack tip opening displacement is

δI =
2σca

π

[ 1
L + M

+
K1

MK1 −R2

][
ln sce

( πp

2σc

)]
,

(2)
in which a denotes the half-length of the crack, p the
applied tensile stress (the traction), σc the uni-axial
tensile plastic strength of the material, and

L = C12, M = (C11 − C12)/2

the phonon elastic constants, K1 and R are the pha-
son and phonon–phason coupling elastic constants for
decagonal quasicrystals with point group 10 mm, re-
spectively.

It should be noticed that the above two models
have different physical backgrounds and the adopted
mathematical tools are also quite different, but the
results are the same. People believe there may be
an inherent connection between these two models. In
Section 4 we would like to demonstrate this.

3. Generalised Eshelby energy–

momentum tensor and gener-

alised Eshelby integral

Due to a lack of constitutive equations of plastic-
ity of quasicrystals up to now, we use the following
nonlinear elastic constitutive relation, i.e., if defining
the free energy (or strain energy density) as

F (εij , wij) =

εij∫

0

σijdεij +

wij∫

0

Hijdwij , (3)

then there are

σij =
∂F

∂εij
, Hij =

∂F

∂wij
. (4)

So formulae (3) and (4) can be viewed as constitu-
tive law for the nonlinear (including linear) elasticity
of quasicrystals, but they, in general, cannot describe
plastic deformation. If there is a proportional loading
but no unloading, the relationship can give an appro-
priate description of the plastic deformation.
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In the above formulae εij and wij are phonon and
phason strain tensors given by

εij =
1
2
(
∂ui

∂xj
+

∂uj

∂xi
), wij =

∂wi

∂xj
, (5)

with ui and wi denoting the phonon and phason dis-
placement vectors; σij and Hij being the phonon and
phason stress tensors, respectively, which satisfy the
equilibrium equations (if the body forces and gener-
alised body forces are omitted)

∂σij

∂xj
= 0,

∂Hij

∂xj
= 0. (6)

Equations (3)–(6) are the basic equations describ-
ing nonlinear deformation of a quasicrystal.

By extending the Eshelby work[5] for crystals to
quasicrystals, Fan[10] (can also refer to Ref. [11]) de-
fined the generalised Eshelby energy–momentum ten-
sor for a plane (i.e., two-dimensional) sample of the
material as

G = Fn1 − σijnj
∂ui

∂x1
−Hijnj

∂wi

∂x1
, (7)

where F is defined by Eq. (3), and ni the unit vec-
tor of outward normal at any point of an arc in the
quasicrystal, and at which there are

σijnj = Ti, Hijnj = hi,

where Ti denotes the traction vector, and hi the gen-
eralised traction vector.

Furthermore, we define an integral as

E =
∫

Γ

GdΓ , (8)

where Γ is an integration path enclosing a crack tip
in the material. In memory of Eshelby the integral is
named the generalised Eshelby integral. The integral
gives the value which is independent of the path. In
Appendix A, the proof of the path-independency of
the integral can be found.

Because the integral presents this important char-
acter, it has some applications in the fracture analysis
of quasicrystals.

Another important character is that the value of
the integral is equal to the energy release rate gIII (un-
der Mode III loading), or gII (under Mode II loading),
or gI (under Mode I loading) of one-, two- and three-
dimensional quasicrystals respectively, when the ma-
terial is in linear elastic deformation state. The math-
ematical proof for this will be found in Appendix B.

A proof of more general physical sense of the integral
will be given also in the same appendix.

The features of the generalised Eshelby integral
(8) described above imply that it may be significant
for the analysis of nonlinear fracture of quasicrystals.
In the following some applications for this purpose will
be discussed.

4. Relation between crack tip

opening displacement and the

generalised Eshelby integral

Using the path-independency of E-integral (8),
we take the integration path Γ shown in Fig. 1, and

Fig. 1. The integration path for evaluating crack tip

opening displacement.

let the path close to the surface of the plastic zone
as near as possible. Now the integral is

∫
ACB , and

the segment set ACB is the integration path. Along
segments AC and CB

dy = 0, T1 = 0, T2 = σc, h1 = 0, h2 = Hc,

so that

E =
∫

Γ

GdΓ =
∫

ACB

GdΓ

=
∫ B

A

(
σc

∂uy

∂x
dx + Hc

∂wy

∂x
dx

)

= σc

[
(uy)B − (uy)A

]
+ Hc

[
(wy)B − (wy)A

]

≈ σc

[
(uy)B − (uy)A

]

= σcδI. (9)

This proves the relation between the generalised Es-
helby integral and crack tip opening displacement; it
shows that the E-integral is equivalent to the crack
tip opening displacement, where σc is the atomic co-
hesive force (or the plastic yield strength) and Hc the
‘generalised atomic cohesive force’ of the quasicrystal
material. Microscopically the quantity Hc is meaning-
ful, but it has not been measured macroscopically at
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present, thus the effect of which is omitted in formula
(9).

For Mode II and Mode III crack the proof is sim-
ilar.

Since from the generalised BCS model and gen-
eralised DB model one can obtain the same result
for crack tip opening displacement, which also serves
as a direct result of generalised Eshelby integral for
quasicrystals, we realise that the generalised Eshelby
energy–momentum tensor theory is the united physi-
cal basis of the two models.

5. Some further interpretation on

the application of E-integral in

the nonlinear fracture analysis

of quasicrystals

The above sections and the appendixes attached
in the following exhibit that the generalised Eshelby
integral can be as a united basis of generalised BCS
model and generalised DB model for nonlinear frac-
ture analysis of some one-, two- and three-dimensional
quasicrystals. We suggest taking the E-integral as a
fracture parameter, and

E = Ec (10)

as fracture criterion, where Ec is the critical value of
the integral, a material constant, which can be mea-
sured through some conventional specimens, the dis-
cussion of which will be given in Appendix C.

Though the measurement of the critical value of
generalised Eshelby integral may be easier, the eval-
uation of values of E-integral of quasicrystals under
plastic deformation is very difficult (it is even impos-
sible at present). Therefore the implementation of the
criterion (10) is not so convenient in practice. Con-
sidering the equivalency between the crack tip open-
ing displacement δ(δI, δII, δIII) and E-integral, we sug-
gest taking the crack tip opening displacement as a
fracture parameter. Elasto-plastic crack solutions for
some one- and two-dimensional quasicrystals can be
evaluated based on the generalised DB model (e.g. re-
fer to Ref. [4]), in which the size of the plastic zone
and crack tip opening displacement are determined,
from which an equivalent plastic fracture criterion is
suggested to be

δ = δc, (11)

in which δc represents the critical value of the crack
tip opening displacement, a material constant. The

shortcoming of this criterion lies in the difficulties of
the experimental determination of δc, but we can ob-
tain through the following relation

δc =
Ec

σc
. (12)

Combining Eq. (10) and Eq. (11) makes the nonlin-
ear fracture analysis for quasicrystals available. Some
details will be given in the Appendix C of this article.

6. Discussion and conclusion

Apart from recent developments of elasticity and
elastodynamics of quasicrystals, e.g. Refs. [12]–[14]
etc, the work in the nonlinearity of the material
is remarkable. The interpretation of the subject
given above is a preliminary description, in which we
showed the importance of generalised Eshelby energy–
momentum tensor and generalised Eshelby integral
theoretically and practically for nonlinear fracture
analysis of quasicrystalline materials. The theory
combines the generalised BCS model and generalised
DB model, in application, it provides effective fracture
criterion and effective procedure to measure the rele-
vant material constants, and thus is helpful to set up a
nonlinear fracture theory of the materials. This work
is worth carrying out for the development of theory of
plastic fracture of quasicrystals; it may also be consid-
ered as a development of nonlinear fracture theory for
conventional structural materials including crystalline
materials.

In the evaluation of δ(δI, δII, δIII) the contribution
of generalised traction (corresponding to the phason
field) can be obtained, but it is omitted in the final
expression for simplicity, because the explicit physi-
cal meaning of the quantity is not so clear and the
measurement of which is not available at present. In
connection with this, the term Hc in the derivation of
Eq. (9) is ignored at last. The relevant simplification
is correct since it is commensurate with the develop-
ment level to date of quasicrystallography.

Appendix A : Proof on path-

independency of E-integral

Consider a single-connected region D with a
closed boundary C. From the Green formula the first,
second and third terms of the left-hand side of the
integral (8) will be
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∫

C

Fn1dΓ =
∫

C

Fdx2 =
∫∫

D

∂F

∂x1
dx1dx2

∫

C

(
σijnj

∂ui

∂x1
+ Hijnj

∂wi

∂x1

)
dΓ =

∫∫

D

∂

∂xj

(
σij

∂ui

∂x1
+ Hij

∂wi

∂x1

)
dx1dx2.

So we have

∫

C

GdΓ =
∫∫

D

[
∂F

∂x1
− ∂

∂xj

(
σij

∂ui

∂x1
+ Hij

∂wi

∂x1

)]
dx1dx2. (A1)

Meanwhile, Eq. (6) reads

∂F

∂x1
=

∂F

∂εij

∂εij

∂x1
+

∂F

∂wij

∂wij

∂x1
= σij

∂εij

∂x1
+ Hij

∂wij

∂x1
= σij

∂

∂x1

[1
2

( ∂ui

∂xj
+

∂uj

∂xi

)]
+ Hij

∂

∂x1

(∂wi

∂xj

)

= σij
∂

∂x1

( ∂ui

∂xj

)
+ Hij

∂

∂x1

(∂wi

∂xj

)
,

here the symmetry of tensor εij (given by the first equation of (5)) is used. The above result can be rewritten
as

∂F

∂x1
=

∂

∂xj

(
σij

∂ui

∂x1

)
− ∂σij

∂xj

∂ui

∂x1
+

∂

∂xj

(
Hij

∂wi

∂x1

)
− ∂Hij

∂xj

∂wi

∂x1
=

∂

∂xj

(
σij

∂ui

∂x1
+ Hij

∂wi

∂x1

)
, (A2)

in the last step in deriving (A2) the equilibrium equa-
tions (6) are used, and in the above description x = x1,
y = x2.

Substituting Eq. (A2) into Eq. (A1) we have
∫

C

GdΓ = 0.

If taking C = Γ + BB′ − Γ ′ + A′A (see Fig. A1) in
which Γ ′ is a path similar to Γ , these two curves inter-
sect the upper face of the crack at points B and B′,
and the lower face at points A and A′, respectively,
due to

dx2 = dy = 0, Ti = 0, hi = 0,

Fig. A1. Integration path of E-integral.

at the segments BB′ and A′A, there exist
∫

BB′+A′A
GdΓ = 0,

∫

Γ

GdΓ =
∫

Γ ′
GdΓ .

Because Γ and Γ ′ are arbitrary paths satisfying the
requirements of E-integral definition, the last equality
proves its path-independency.

Appendix B : Proof of the equiv-

alency of E-integral to energy

release rate under linear elastic

case for quasicrystals

In the text of this paper we argue that the E-
integral is equivalent to the energy release rate when
the quasicrystals are in linear elastic deformation
state, the mathematical proof about this is given here.
The proof can be done for one-, two- and three-
dimensional quasicrystals and for Mode I, Mode II
and Mode III cracks. For simplicity here only discuss
Mode III crack for one-dimensional hexagonal qua-
sicrystals.

At linear elastic case, the generalised Hooke’s law

σij = Cijklεkl + Rijklwkl,

Hij = Kijklwkl + Rklijεkl,
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is reduced to

σyz = σyz = 2C44εyz + R3wzy,

σzx = σxz = 2C44εzx + R3wzx,

Hzy = K2wzy + 2R3εzy,

Hzx = K2wzx + 2R3εzx,

for the phonon–phason coupling anti-plane shearing
(or longitudinal shearing) state in elasticity of one-

dimensional hexagonal quasicrystals, one finds the free
energy (or strain energy density) to be

F =C44(ε2
xz + ε2

yz) +
1
2
K2(w2

zx + w2
zy)

+ R3(εzxwzx + εyzwzy). (B1)

Substituting the crack solution [6] into (B1) we
have

F =
1

4
(
C44K2 −R2

3

)
{

C44

[
K2K

‖
III −R3K

⊥
III

]2

+ 2K2

[
C44K

⊥
III −R3K

‖
III

]2

+ 2R3

[
K2K

‖
III −R3K

⊥
III

][
C44K

⊥
III −R3K

‖
III

]}
, (B2)

where K
‖
III =

√
πaτ1 and K⊥

III =
√

πaτ2 are stress
intensity factors associated with phonon and phason
fields respectively.

Integrating the quantity given in Eq. (B2) around
a path surrounding the crack tip, then one can obtain
the first term of the E-integral. Because of the path-
independency of the integral, we can take the half-
circle with the crack tip as its origin and with radius
r, so that

∫ −π

π

Fdy =
∫ −π

π

Fr cos θdθ =0, (B3)

where (r, θ) denotes the crack tip polar coordinates.
Now we calculate the second and third terms of

the integral.
According to the definition in Section 3 it is

known that between the traction, generalised traction
and the phonon, phason stresses, we have

Tz = σzxnx + σzyny = σzx cos θ + σzy sin θ,

hz = Hzxnx + Hzyny = Hzx cos θ + Hzy sin θ.

By substituting the crack solution[6] into the
above formulae, we find

Tz =
1√
2πr

K
‖
III sin(θ/2),

hz =
1√
2πr

K⊥
III sin(θ/2). (B4)

Based on the crack solution[6] we obtain

uz =
K2τ1 −R3τ2

C44K2 −R2
3

√
2ar sin(θ/2),

wz =
C44τ2 −R3τ1

C44K2 −R2
3

√
2ar sin(θ/2). (B5)

In addition, we have

∂

∂x
=

∂

∂r

∂r

∂x
+

∂

∂θ

∂θ

∂x
= cos θ

∂

∂r
− sin θ

∂

∂θ
.

Substituting these results and relations into the sec-
ond and third terms of the integral, we obtain

−
∫ −π

π

(
σijnj

∂ui

∂x1
+ Hijnj

∂wi

∂x1

)
dΓ

=
K2(K

‖
III)

2 + C44(K⊥
III)

2 − 2R3K
‖
IIIK

⊥
III

C44K2 −R2
3

.

(B6)

From (B 3) and (B 6) we find that

EIII =
K2(K

‖
III)

2 + C44(K⊥
III)

2 − 2R3K
‖
IIIK

⊥
III

C44K2 −R2
3

= gIII, (B7)

in which the evaluation of gIII is given in Refs. [4], [8],
and [9]. Similarly one can obtain

EI = gI, (B8)

and
EII = gII, (B9)

where the subscripts mean the Mode I, Mode II and
Mode III of the cracks, and the expressions of gI and
gII are not listed any more (which can be found in
Refs. [8], [1], [12] etc). The above demonstration indi-
cates that the generalised Eshelby integral is equiva-
lent to energy release rate of crack in linear elasticity
of quasicrystals.

Under the plastic deformation of quasicrystals, in
general, the generalised Eshelby integral does not rep-
resent the energy release rate, the reason of this is
that the unloading can occur due to crack extension,
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and stress–strain relations described by Eqs. (3) and
(4) do not remain one to one correspondence between
stresses and strains, the physical background of the E-
integral will not be held. But if the potential energy
per unit thickness for a plane (i.e., a two-dimensional)
region Ω occupied by a quasicryslal, with the bound-
ary Γ , is defined as

V =
∫

Ω

Fdxdy −
∫

Γ

(Tiui + hiwi)dΓ, (B10)

then the total potential energy is

Π = BV, (B11)

where B denotes the thickness of the material, and
there is a relation

E = −δΠ

δA
= − 1

B

δΠ

δa
. (B12)

Here E-integral can be expressed only by the ‘differ-
ence quotient’ rather than the ‘differential quotient’.
The difference quotient is not the energy release rate,
which only represents the ratio between individual dif-
ference value of the energy over difference value of
crack length for the same configuration specimen but
with different crack lengths (this excludes any crack
extension). Considering the situation, the physical
meaning of Eq. (B12) is left for further discussion,
even if, Eq. (B12) provides useful application for cal-
ibrating the measurement data of the integral in ex-
periments. The relevant discussion will be done in the
next appendix of the paper.

For linear elastic case unloading does not af-
fect the validity of the constitutive law of Eqs. (3)
and (4), the crack growth does not break the path-
independency of E− integral. In this case formula
(B12) will be replaced by

E = −∂Π
∂A

= − 1
B

∂Π
∂a

. (B13)

If B = 1 (i.e., the specimen has unit thickness), then
we have

E = −∂Π

∂a
= g, (B14)

i.e., in the case the generalised Eshelby integral is
equal to crack energy release rate. In the case of plas-
tic deformation in small scale, e.g. d/a ¿ 1, formula
(B14) will approximately hold. But for plastic defor-
mation in large scale, the integral has to be expressed
by Eq. (B12) and does not represent crack energy re-
lease rate.

Appendix C : On the evaluation

of the critical value of E-integral

The E-integral provides not only the theoretical
basis for generalised BCS model as well as generalised
DB model, but also an effective tool for measuring
the material constants Ec and δc. We have mentioned
that the measurement of δc is difficult, but the mea-
surement of Ec is easier. Due to the connection be-
tween these two quantities the value of the former can
be obtained from that of the latter.

At low and conventional temperatures, quasicrys-
tals exhibit brittle behaviour, their fracture belongs
to linear elastic one, and the measurement of fracture
toughness can be carried out by indentation technique,
see e.g. Ref. [15]. At high temperature, the materi-
als show large plastic deformation, the measurement
can be done by bending experiment. In experiment
the three-point bending specimen, see Fig. C1, is one

Fig. C 1. Three point bending specimen and calibration of relevant energy.
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of most useful specimens. There are multi-specimens
testing procedure or single specimen testing proce-
dure. For simplicity we here discuss the single speci-
men testing only.

For the three-point bending specimen shown in
Fig. C1(a), based on formula (B12) the value of E-
integral is evaluated by

E =
2U

B(W − a)
, (C1)

where W represents the width of the specimen, and U

the area under P–∆ curve, i.e.,

U =
∫ ∆

0

Pd∆ (C2)

see Fig. C1(b), in which P is the load (force per unit
thickness) at the loading point, and ∆ the displace-
ment of the same point. When one observes the ini-
tiation of crack growth, then the value of E-integral

is marked by Ec, the nonlinear fracture toughness of
the quasicrystal..

If the phason field is absent, the material reduces
to crystalline material or conventional structural ma-
terial. In this case, the E-integral is reduced to con-
ventional Eshelby integral, which was independently
observed again by Rice[16] and Cherepanov [17] after 11
years compared with the Eshelby early publication,[5]

and named as J-integral widely in engineering circle.
The work of Rice has been systematically developed,
especially Begley and Landes[18,19] put forward the ex-
perimental study on J-integral, further promotes the
development of nonlinear fracture theory and its appli-
cations for conventional engineering materials. They
found that the measurement can obtain meaningful re-
sults in terms of very small size specimens. Those ex-
periences would be helpful for the experimental study
of nonlinear fracture of quasicrystalline materials.
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