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In this paper, we present the amplitude equations for the excited modes in a cross-diffusive predator–prey model

with zero-flux boundary conditions. From these equations, the stability of patterns towards uniform and inhomogenous

perturbations is determined. Furthermore, we present novel numerical evidence of six typical turing patterns, and find

that the model dynamics exhibits complex pattern replications: for µ1 < µ ≤ µ2, the steady state is the only stable

solution of the model; for µ2 < µ ≤ µ4, by increasing the control parameter µ, the sequence Hπ-hexagons → Hπ-

hexagon-stripe mixtures → stripes → H0-hexagon-stripe mixtures → H0-hexagons is observed; for µ > µ4, the stripe

pattern emerges. This may enrich the pattern formation in the cross-diffusive predator–prey model.
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1. Introduction

Understanding of the spatial and temporal be-
haviours of interacting species in ecosystems is
one of the central scientific problems in population
ecology.[1−13] As one of several types of ecological
interaction dynamics among multiple species in an
ecosystem, predatory dynamics of interacting species
have been investigated both in theory and in the
field.[2,7,8,11,14−22]

The predator–prey system models the pursuit-
evasion phenomenon—predators pursuing prey and
prey escaping predators.[23] In such a system, there is
a tendency that the prey stays away from the preda-
tors and the escape velocity of the preys may be taken
to be proportional to the dispersive velocity of the
predators. In the same manner, there is a tendency
that the predators will get closer to the preys and the
chase velocity of predators may be considered to be
proportional to the dispersive velocity of the preys.[24]

Therefore the problem of cross-diffusion arises, which
was proposed first by Kerner[25] and first applied to
competitive population systems by Shigesada et al.[26]

In recent years, there is the increasing interest
in the stability behaviour of a predator–prey sys-
tem in which the effects of self-diffusion and cross-

diffusion[2,8,27−36] are considered. The cross-diffusion
describes the population flux of one species due to the
presence of other species. However, in the studies on
spatiotemporal predator–prey system with functional
response, little attention has been paid to the effect of
cross-diffusion.

Most research on spatiotemporal predator–prey
systems either focuses on the bifurcation phenomena
with varying controlling parameter(s) or only gives the
numerical results of some patterns. Little attention
has been paid to the selection of the Turing patterns.

Thanks to the insightful work of many scientists
over the decades, it is possible to study pattern se-
lection by using the standard multiple-scale analy-
sis. The key to this method is the so-called am-
plitude equations.[10,37−49] The amplitude equations
have been discussed in some reaction–diffusion sys-
tems, such as Brusselator model,[37−39,47] Lengyel–
Epstein model,[40] and so on.

In the present paper, we focus mainly on the
dynamics of pattern selection in the predator–prey
model. The rest of this paper is organized as follows.
In Section 2, we introduce the model and give a gen-
eral survey of the linear stability analysis and bifur-
cations with zero-flux boundary conditions. In Sec-
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tion 3, we use the multiple-scale method to derive the
amplitude equations and discuss the results of Turing
pattern formation via numerical simulations. Finally,
conclusions and remarks are presented in Section 4.

2. Model and linear stability

analysis

With the Michaelis–Menten or Holling II-type
ratio-dependence functional response and logistic prey
growth, the predator–prey model under consideration
takes the form of

dN

dt
= rN(1− N

K
)− cNP

N + mP
,

dP

dt
= P

(
fN

N + mP
− d

)
, (1)

where N(t) and P (t) represent the population den-
sities of prey and predator, respectively; r,K, m and
d are the positive constants for prey intrinsic growth
rate, carrying capacity, half saturation constant and
the death rate of the predators P , respectively; c is the
maximum prey death rate due to predation for an infi-
nite number of predators; f is the maximum (asymp-
totic) predator growth rate for an infinite number of
prey.

For simplicity, we nondimensionalize model (1)
with the following scaling:[50]

N → KN, P → KP/m, t → mt/c.

Then model (1) converts into

dN

dt
= αN(1−N)− NP

N + P
,

dP

dt
= −βP +

γNP

N + P
, (2)

where
α =

rm

c
, β =

dm

c
, γ =

fm

c
.

As shown in Refs. [50]–[52], by a change of the
independent variable t → (N + P )t, model (2) in the
first quadrant is equivalent to the polynomial system

dN

dt
= αN(1−N)(N + P )−NP,

dP

dt
= −βP (N + P ) + γNP. (3)

The corresponding spatial model to expression (3)
with self-diffusion and cross-diffusion is as follows:

∂N

∂t
= αN(1−N)(N + P )−NP

+ d11∇2N + d12∇2P,

∂P

∂t
= −βP (N + P ) + γNP

+ d21∇2N + d22∇2P, (4)

where the nonnegative constants, d1 and d2, are the
diffusion coefficients of prey and predator, respec-
tively; d12 and d21, called cross-diffusion coefficients,
describe the respective population fluxes of preys and
predators resulting from the presence of the other
species, respectively. Model (4) is to be analysed un-
der the following non-zero initial conditions:

N(x, y, 0) > 0, P (x, y, 0) > 0,

(x, y) ∈ Ω = [0, Lx]× [0, Ly], (5)

and zero-flux boundary conditions

∂N

∂n
=

∂P

∂n
= 0, (x, y) ∈ ∂Ω . (6)

In the above, Lx and Ly denote the sizes of the system
in the directions of x and y, respectively; n is the out-
ward unit normal vector of the boundary ∂Ω which is
assumed to be smooth. The main reason for choosing
such boundary conditions is that we are interested in
the self-organization of the pattern—zero-flux condi-
tions imply no external input.

Model (3) has a uniform stationary state (N, P ) =
(1, 0) independent of the control parameters α, β, γ,
and it corresponds to the prey being at its carrying ca-
pacity with no predators. Another equilibrium point
depends on the parameters α, β and γ, and is given
implicitly by

N∗ =
αγ + β − γ

αγ
, P ∗ =

γ − β

β
N∗. (7)

In the presence of diffusion, set N = N∗ + Ñ and
P = P ∗ + P̃ , where |Ñ |, |P̃ | ¿ 1, the stationary state
can become unstable to a nonuniform perturbation

Ñ(r, t) ∼ exp(λt + ik · r),

P̃ (r, t) ∼ exp(λt + ik · r), r = (x, y),

where k · k = k2, k and λ are the wave-number and
frequency, respectively. And the Turing instability oc-
curs when the real part of an eigenvalue of the linear
operator

034702-2



Chin. Phys. B Vol. 20, No. 3 (2011) 034702

L =




− (α γ + β − γ)
(
α γ2 − γ2 + β2

)

α βγ2
− d11k

2 − (α γ + β − γ) β

α γ2
− d12k

2

(α γ + β − γ) (−β + γ)2

α β γ
− d21k

2 − (α γ + β − γ) (−β + γ)
α γ

− d22k
2




becomes positive, that is, when the determinant det(L) < 0 and trace (L) < 0. And the critical value of the
Turing bifurcation is defined by the following equation:

αc = − 1
d2
22γ

2
[β2

(
(d11d22 − 2d12d21 + d12d22)γ − d22(d21 − d22)

)
− βγ2(d11d22 − 2d12d21

+2d12d22) + γ2d22(γd12 − d22) + 2Υ ], (8)

where

Υ =
√

βγ(β − γ)(d21β − d22β + d22γ)(d12γ2 − d12βγ − d22β)(d11d22 − d12d21). (9)

And the critical wavenumber kc is given by

k2
c =

√
(αγ + β − γ)3(−β + γ)
α2βγ2(d11d22 − d12d21)

. (10)

The linear stability analysis yields the phase dia-
gram with the parameter set

{β, γ, d11, d12, d21, d22}
= {0.25, 0.50, 0.0125, 0.005, −0.001, 1.0} (11)

as shown in Fig. 1. The Turing bifurcation line
separates the parametric space into two domains.

Fig. 1. Phase diagram for model (4) with parameter set

(11). Turing bifurcation curve separates the parametric

space into two domains. The domain above the curve is

stable for all pairs of (γ, α); while the domain below the

curve is unstable for (γ, α), and Turing patterns emerge.

The coordinates (γ, α) of points ‘1’ (0.5, 0.708), ‘2’(0.5,

0.682), ‘3’(0.5, 0.65), ‘4’(0.5, 0.62), ‘5’(0.5, 0.515), ‘6’(0.5,

0.5025) are corresponding to those in Fig.4, respectively.

The domain above the curve is stable for all pairs of
(γ, α), that is, there is no diffusive instability. While
the domain below the curve, called the ‘Turing space’,
is unstable for (γ, α), and diffusive instability emerges,
i.e., Turing patterns emerge.

We plot in Fig. 2 the dispersion relations corre-
sponding to several values of bifurcation parameter
α while keeping the others fixed with the set (11).
In Fig. 2, curve b corresponds to the critical Turing
value α∗ = 0.7112215740. When α = 0.71 < α∗ (e.g.,
curve a in Fig. 2), the Turing instability occurs, while
α = 0.715 > α∗ (e.g., curve c in Fig. 2), the Turing
instability decays. That is to say, when α > α∗, the
steady state is the only stable solution of model (4).

Fig. 2. Variations of dispersion relations of model (4)

with the parameter set (11). When α = 0.71, the Turing

instability occurs (curve a); when α = 0.7112215740 (the

critical Turing bifurcation value), the Turing instability is

in a critical state (curve b); when α = 0.715, the Turing

instability decays (curve c).

From the above analysis, we can obtain the condi-
tions of Turing instability for model (4) and determine
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the conditions of the emergency of Turing pattern.
But we cannot determine the selection and competi-
tion of Turing patterns. In the next section, we shall
consider the selection of Turing patterns close to the
onset α = αc.

3. Pattern selection

3.1.Amplitude equations

In the case close to onset α = αc, the eigenvalues
associated with the critical modes are close to zero, so
that they are slowly varying modes, whereas the off-
critical modes relax quickly, and only perturbations
with k around kc need to be considered. The whole
dynamics can therefore be reduced to the dynamics

of the active slow modes, which makes the fast stable
modes slave.[37] The stabilities and the selections of
the different patterns close to the onset can be derived
from the amplitude equations that govern the dynam-
ics behaviours of these active modes. Turing patterns
(e.g., hexagonal and stripe patterns) are thus well de-
scribed by a system of three active resonant pairs of
modes (ki,−ki) (i = 1, 2, 3), two of which makes an
angle of 2π/3 and |ki| = kc .

In the case close to onset α = αc, the solutions of
model (4) can be expanded into

U = u0 ·
3∑

j=1

[Aj exp(ikj · r)

+Aj exp(− ikj · r)], (12)

where

u0 =
(

1
d22γ(d22(γ2 − 2βγ + β2) + d21β(γ − β) )

(d12γ(γ − β)(d22γ + d21β − d22β) + Υ), 1
)T

(Υ is defined as Eq. (9)) determines the direction of the eigenmodes in concentration space (i.e., the ratio N/P ),
Aj and conjugate Aj are, respectively, the amplitudes associated with modes kj and −kj . From standard
multiple-scale analysis, up to third order in the perturbations, the spatiotemporal evolution of the amplitud Aj

is described by the amplitude equations:




τ0
∂A1

∂t
= µA1 + h A2A3 −

[
g1|A1|2 + g2(|A2|2 + |A3|2)

]
A1,

τ0
∂A2

∂t
= µA2 + h A1A3 −

[
g1|A2|2 + g2(|A1|2 + |A3|2)

]
A2,

τ0
∂A3

∂t
= µA3 + h A1A2 −

[
g1|A3|2 + g2(|A1|2 + |A2|2)

]
A3,

(13)

where µ = (αc − α)/α is a normalized distance to on-
set. Notably, for model (4), the stationary state be-
comes Turing unstable when the bifurcation parame-
ter α decreases, so the distance to onset, µ, increases
when the bifurcation parameter α decreases.

The form of Eq. (13) is general for Turing bifur-
cations, the exact expressions of the coefficients are
specified to the model. For more details about calcu-
lating coefficients τ0, h, g1 and g2, readers may refer
to Refs. [41], [46] and [53]. But the expressions of
these coefficients are too complicated to be included
here. For simplicity, we omit the exact expressions of
these coefficients and only give a numerical example.
If readers are interested in these computations, please
contact the authors.

With fixed parameter set (11), the coefficients τ0,
h, g1, and g2 of Eq. (13) are

h = 0.9168602988, g1 = 9.432584229,

g2 = 20.05800024. (14)

3.2.Amplitude instability

Let Aj = ρj expϕj (j = 1, 2, 3), amplitude equa-
tions in Eq.(13) can be written as follows:

τ0
∂ϕ

∂t
= −h

ρ2
1ρ

2
2 + ρ2

1ρ
2
3 + ρ2

2ρ
2
3

ρ1ρ2ρ3
sinϕ,

τ0
∂ρ1

∂t
= µρ1 + hρ2ρ3 cos ϕ

− g1ρ
3
1 − g2(ρ2

2 + ρ2
3)ρ1,

τ0
∂ρ2

∂t
= µρ2 + hρ1ρ3 cos ϕ

− g1ρ
3
2 − g2(ρ2

1 + ρ2
3)ρ2,

τ0
∂ρ3

∂t
= µρ3 + hρ1ρ2 cos ϕ

− g1ρ
3
3 − g2(ρ2

1 + ρ2
2)ρ3, (15)

where ϕ = ϕ1 + ϕ2 + ϕ3.
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Dynamical system (15) possesses four kinds of so-
lutions as follows.[45,54]

(i) The conductive state (O), given by

ρ1 = ρ2 = ρ3 = 0, (16)

is stable for

µ < µ2 = 0, (17)

and unstable for µ > µ2.
(ii) Stripes, given by

ρ1 =
√

µ

g1
6= 0, ρ2 = ρ3 = 0, (18)

are stable for

µ < µ3 =
h2g1

(g2 − g1)2
, (19)

and unstable for µ > µ3.
(iii) Hexagons (H0, Hπ), given by

ρ1 = ρ2 = ρ3 =
|h| ±

√
h2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

(20)

with ϕ = 0 or π, exist for

µ > µ1 =
−h2

4(g1 + 2g2)
. (21)

The solution ρ+ =
|h|+

√
h2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

is stable

only for

µ < µ4 =
2g1 + g2

(g2 − g1)2
h2, (22)

and ρ− =
|h| −

√
h2 + 4(g1 + 2g2)µ
2(g1 + 2g2)

is always unsta-

ble.
(iv) The ‘mixed states’, given by

ρ1 =
|h|

g2 − g1
, ρ2 = ρ3 =

√
µ− g1ρ

2
1

g1 + g2
(23)

with g2 > g1, exist for µ > µ3 and are always unstable.
With fixed parameter set (11), one can obtain

µ1 = −0.004241457212,

µ2 = 0, µ3 = 0.07023363427,

µ4 = 0.2898161871. (24)

The existence limit and the stability limit of the
solutions, each as a function of the scaled bifurca-
tion parameter µ, are ordered according to the scheme

in Fig. 3. Stable branches H0 and Hπ are mutu-
ally exclusive. With the parameter set (11), the sta-
ble branch is H0 because h = 0.9168602996 > 0.
A subcritical hexagonal branch comes out first at
µ = µ1 = −0.004241457212 < 0 but it is destablized
stability when µ > µ4 = 0.2898161871. The supercrit-
ical stripe state branch is unstable close to the critical
point but becomes stable for µ > µ3 = 0.07023363427.
In the range µ3 < µ < µ4 both branches (i.e., H0 and
stripe ‘S’) are stable.

Fig. 3. Bifurcation diagram for model (4) with pa-

rameter set (11). H0: hexagonal pattern with ϕ = 0;

Hπ : hexagonal pattern with ϕ = π; S: stripe pat-

tern. —: stable state, - - -: unstable state. And, µ1 =

−0.004241457212 (corresponding to α = 0.7142510392),

µ2 = 0 (α = 0.7112215740), µ3 = 0.07023363427 (α =

0.6612698981), µ4 = 0.2898161871 (α = 0.5050980492).

And the minimum α = 0.5 corresponds to maximum

µm = 0.2969842053.

3.3.Pattern formation

In this subsection, we present qualitative results
from our extensive numerical simulations of the spa-
tially extended model (4) in two-dimensional (2D)
spaces. In all our numerical simulations employed are
the zero-flux boundary conditions (i.e., Eqs. (5) and
(6) ) with a system size of Lx × Ly , where Lx =
Ly = 100 discretized through x → (x0, x1, x2, . . . , xn)
and y → (y0, y1, y2, . . . , yn), with n = 300. Other pa-
rameters are fixed as β = 0.25, γ = 0.50, d11 = 0.0125,
d12 = −0.005, d21 = 0.001 and d22 = 1.0 in time
steps of 0.025. We use the standard five-point ap-
proximation for the two-dimensional Laplacian with
the zero-flux boundary conditions.

Presented in Fig. 4 are the numerical simulations,
showing typical stationary pictures for the distribu-
tion of prey N of model (4) arising from random initial
conditions for several values of µ.
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(i) Pattern selection when µ2 < µ < µ3: there
are two categories of Turing patterns.

Figure 4(a) shows Hπ-hexagons, where µ =
0.0045296348 > µ2, i.e., α = 0.71 and when t = 10000,
there is a Turing pattern consisting of black (min-
imum density of N) hexagons on a white (maxi-
mum density of N) background, i.e., isolated zones
with low population densities. It is noteworthy that
µ = 0.0045296348, i.e., α = 0.708, refers to the point
‘1’ in Fig. 1.

Figure 4(b) displays Hπ-hexagon-stripe mixtures:
µ = 0.0410864561 < µ3, i.e., α = 0.682 (the point ‘2’
in Fig. 1). Some stripes emerge, and the remainder of
the holes pattern remains time independent.

(ii) Pattern selection when µ3 < µ < µ4: there
are three categories of Turing patterns.

Figure 4(c) shows stripes, where µ =
0.0860794670 > µ3, i.e., α = 0.65 (the point ‘3’ in
Fig. 1), and model dynamics exhibits a transition
from stripe-hole growth to stripes replication, i.e.,
holes decay and the stripes pattern emerges.

Figure 4(d) displays H0-hexagon-stripe mixtures,
where µ = 0.1282604146 > µ3, i.e., α = 0.62 (the
point ‘4’ in Fig. 1), and stripes and spots coexist in

the spatial domain.
Figure 4(e) exhibits H0-hexagons, where µ =

0.2758937315, i.e., α = 0.515 (the point ‘5’ in Fig. 1),
and the random perturbation leads to the formation
of spots, which is time-independent.

(iii) Pattern selection when µ > µ4: there is
one kind of Turing pattern–stripes pattern.

Figure 4(f) as an example, indicates the stripe
pattern with µ = 0.2934691263, i.e., α = 0.505 (the
point ‘6’ in Fig. 1), which is time-dependent.

From Fig. 4, one can see that the values of concen-
tration N are represented in a gray scale varying from
black (minimum) to white (maximum). For µ2 < µ <

µ4 (i.e., 0 < µ < 0.2898161886), as control param-
eter µ increases, the sequence Hπ hexagons → Hπ-
hexagon-stripe mixtures → stripes → H0-hexagon-
stripe mixtures → H0-hexagons is observed. When
µ > µ4, the stripe pattern emerges. Notably, in these
cases, the distance to onset (i.e., µ) decreases when
α increases. That is to say, for 0.5050980481 < α <

0.7112215740, as bifurcation parameter α increases,
the sequence H0-hexagons → H0-hexagon-stripe mix-
tures→ stripes→Hπ-hexagon-stripe mixtures→Hπ-
hexagons is observed.

Fig. 4. Categories of Turing patterns of N in model (4) with parameters β = 0.25, γ = 0.50, d11 = 0.0125, d12 =

−0.005, d21 = 0.001, d22 = 1.0. (a) µ = 0.0045296348 (α = 0.708); (b) µ = 0.0410864561 (α = 0.682); (c) µ =

0.0860794670 (α = 0.65); (d) µ = 0.1282604146 (α = 0.62); (e) µ = 0.2758937315 (α = 0.515); (f) µ = 0.2934691263

(α = 0.5025). Time: (a) 10000; (b)(c)(d) 2500; (e) 10000; (f) 4500.
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4. Conclusions and remarks

In this paper, we present a multi-scale analysis for
the Turing patterns formed in a predator–prey model
with self-diffusion and cross-diffusion. We derive am-
plitude equations for the excited modes. From the
amplitude equations (c.f., Eq. (13)) and the formulae
of solutions (c.f., Eqs. (18) and (20)), we determine the
relative stability of hexagons and stripe patterns near
the onset of the Turing instability. From the ampli-
tude equations, the stabilities of patterns to uniform
and inhomogenous perturbations are determined sep-
arately.

We establish the amplitude equations by using the
standard multiple-scale analysis, in which the control
parameter α and the derivatives are expanded in terms
of a small parameter ε and Fredholm alternative is
used at each order of ε. For obtaining each order of ε,
we use a series of transformations to convert Eq. (1) to
Eq. (3). This is the very point where we can calculate
the coefficients, such as τ0, h, g1, g2.

In the predator–prey model (3) or (4), with
the fixed parameters β = 0.25 and γ = 0.5, for

obtaining the positive equilibrium, from condition
(7), we know α > 0.5, in which the correspond-
ing µ

m
= 0.2969842053. That is to say, for model

(4), the normalized distance to onset must satisfy
µ < 0.2969842053 = µm . Furthermore, from Eqs. (16)
and (17), we know that with the fixed parameter set
(11), when α > 0.7112215740 (α = 0.7112215740 cor-
responds to µ2 = 0), the steady state (O) is the only
stable solution of model (4). Therefore, 0 < µ <

0.2969842053 (i.e., 0.5 < α < 0.7112215740), which
exhibits the emergency of Turing patterns. This is
the reason why we select points ‘1’ (α = 0.71)—‘6’
(α = 0.505) (c.f., Fig. 1).

In the numerical simulations, we adopt six ‘points’
in the line γ = 0.5 (c.f., Fig. 1). We have performed a
large number of simulations and found that the model
dynamics only exhibits these six typical patterns as
shown in Fig. 4.

The methods and the results in the present paper
can be applied to the pattern formation in the diffu-
sive predator–prey model or other reaction–diffusion
systems.

References

[1] Alonso D, Bartumeus F and Catalan J 2002 Ecology 83

28

[2] Iida M, Mimura M and Ninomiya H 2006 J. Math. Biol.

53 617

[3] Levin S 1992 Ecology 73 1943

[4] Madzvamuse A and Maini P 2007 J. Comp. Phys. 225

100

[5] McGehee E and Peacock-López E 2005 Phys. Lett. A 342
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[28] Chen L and Jüngel A 2006 J. Differential Equations 224

39

[29] Dubey B, Das B and Hussain J 2001 Ecol. Model 141 67

[30] Ko W and Ryu K 2008 J. Math. Anal. Appl. 341 1133

[31] Ko W and Ryu K 2008 Appl. Math. Lett. 21 1177

[32] Kuto K and Yamada Y 2004 J. Differential Equations 197

315

[33] Pang R and Wang M 2004 J. Differential Equations 200

245

[34] Pao C 2005 Nonl. Anal. 60 1197

[35] Sun G, Jin Z, Liu Q and Li L 2008 Chin. Phys. B 17 3936

034702-7



Chin. Phys. B Vol. 20, No. 3 (2011) 034702

[36] Vanag V and Epstein I 2009 Phys. Chem. Chem. Phys.

11 897

[37] Dufiet V and Boissonade J 1992 J. Chem. Phys. 96 664

[38] Dufiet V and Boissonade J 1992 Phys. A 188 158

[39] Dufiet V and Boissonade J 1996 Phys. Rev. E 53 4883

[40] Callahan T and Knobloch E 1999 Phys. D 132 339

[41] Gunaratne G, Ouyang Q and Swinney H 1994 Phys. Rev.

E 50 2802

[42] Ipsen M, Hynne F and Sørensen P 1998 Chaos 8 834

[43] Ipsen M, Hynne F and Sørensen P 2000 Phys. D 136 66

[44] Newell A and Whitehead J 1969 J. Fluid. Mech. 38 279

[45] Ouyang Q 2000 Pattern Formation in Reaction-Diffusion

Systems (Shanghai: Shanghai Sci-Tech Education Pub-

lishing House)

[46] Ouyang Q, Gunaratne G and Swinney H 1993 Chaos 3

707
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