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Geometric formulations and variational integrators
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The variational integrators of autonomous Birkhoff systems are obtained by the discrete variational principle.

The geometric structure of the discrete autonomous Birkhoff system is formulated. The discretization of mathematical

pendulum shows that the discrete variational method is as effective as symplectic scheme for the autonomous Birkhoff

systems.
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1. Introduction

Birkhoff equations[1−3] are more general than the
Hamilton equation and applied to hadron physics,
statistical mechanics, space mechanics, engineering,
biophysics, electromagnetic[3−5] and so on. Theo-
retically, all conservative and nonconservative, self-
adjoint and non-self-adjoint, holonomicand nonholo-
nomic constrained systems can always be represented
in the form of Birkhoff equation.[6] The research of
Birkhoff dynamics is an important field in modern
analytical mechanics. A number of issues regard-
ing the Birkhoff system have been studied, such as
the Birkhoff equations of a nonholonomic constrained
system, the symmetry theory, global analysis, sta-
bility of motion, geometrical description, variational
principle.[6−19] Birkhoff equations are more compli-
cated than Hamilton equations, leading to the compli-
cacy of its computational method. In the past years,
there were only some results about the numerical al-
gorithms for Birkhoff systems, such as the symplectic
schemes,[20,21] and the first integrals of discrete equa-
tion of motion for Birkhoff systems.[14]

In the present paper, the geometric formula-
tions and variational integrators for the discrete
autonomous Birkhoff systems are studied in de-
tail. First, the geometric formulation of autonomous
Birkhoff equation and the variational principle of
Pfaff–Birkhoff are reviewed. Secondly, the discrete

variational principle and the geometric formulation of
autonomous discrete Birkhoff equation are discussed.
Thirdly, the variational integrator for the autonomous
Birkhoff system is constructed. Finally, one example
is given to illustrate the applied results.

Throughout the paper, Einstein’s summation con-
vention is used and µ, ν = 1, 2, . . . , 2n.

2. Autonomous Birkhoff equation

and geometric formulation

The differential equations of motion of au-
tonomous Birkhoff system are given as

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
= 0, (1)

where B = B (a) is Birkhoffian, Rµ = Rµ (a) are the
Birkhoff functions, where a = (a1, a2, . . . , a2n), and
aµ are the independent variables.

Let 2n-dimensional manifold M2n denote the con-
figuration space with coordinate aµ, and Rµ be the Cr

function. Define a symplectic structure Ω on M2n as

Ω =
1
2
Ωµν daµ ∧ daν , Ωµν =

(
∂Rν

∂aµ
− ∂Rµ

∂aν

)
, (2)

where Ω is usually called the Birkhoff’s tensor. They
are called regular, if the functional determinant is not
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null in the region considered, i.e.,

det (Ωµν) 6= 0, (3)

otherwise, being degenerate. Suppose that B ∈
Cr

(
M2n

)
. Define the vector field XB on M2n as

XB = −Ω−1dB, (4)

where XB is called the Birkhoff vector field.(
M2n, Ω, XB

)
is called the autonomous Birkhoff dy-

namic system with respect to the functions Rµ.
It is easy to know that Birkhoff equations char-

acterize the most general possible, exact symplectic
form in local coordinates. In fact, the exact character
of the two-form implies the structure on T ∗M that is
the cotangent space of manifold M2n, which is charac-
terized by Eq. (1). The Ω is the geometrical structure
of the autonomous Birkhoff equation.

Consider a Birkhoffian B : M2n → R and
Birkhoff functions Rν : M2n → R. The Pfaffian
P (a, ȧ) is

P (a, ȧ) = Rν (a) ȧν −B (a) . (5)

The Pfaff action is defined as

A =
∫ t2

t1

P (a, ȧ) dt, (6)

where aν = aν () shows a C2 curve in configuration
space. Next, the variation of A at aν (t) with fixed
end points is calculated. If δaν (t1) = δaν (t2) = 0
and δA = 0, the autonomous Birkhoff equation (1)
can be obtained.

3. Geometric formulation of dis-

crete autonomous Birkhoff sys-

tem

Take again a configuration manifold R2n and de-
fine the discrete state space also as R2n, then a dis-
crete Pfaffian will be a function Pd : R2n → R. To
relate discrete mechanics to continuous mechanics it
is necessary to introduce a time-step h ∈ R, and to
take Pd to be dependent on this time-step. For the
moment, we will take Pd : R2n ×R → R, and neglect
the h dependence except where it is important.

Construct the increasing sequence of times
{ tk = kh| k = 0, . . . , N} = {tk}N

k=0 ⊂ R from the
time-step h, and define the discrete path space as

Cd

(
R2n

)
= Cd

(
{tk}N

k=0 , R2n
)

=
{

aν
d : {tk}N

k=0 → R2n
}

,

then we will identify a discrete trajectory aν
d ∈

Cd

(
R2n

)
with its image aν

d = {aν
k}N

k=0, where aν
k =

aν
d (tk) and define the discrete action map Ad :

Cd

(
R2n

) → R2n as

Ad (aν
d) =

N−1∑

k=0

Pd

(
aν

k, aν
k+1

)
. (7)

Thus the discrete Pfaff–Birkhoff principle for the au-
tonomous system is given as

δAd (aν
d) = δ

N−1∑

k=0

Pd

(
aν

k, aν
k+1

)
= 0,

δaν
0 = δaν

N = 0. (8)

When h → 0, it is equivalent to the continuous coun-
terpart.

Theorem 1 In configuration space R2n, for the
autonomous Birkhoff system with the discrete Pfaf-
fian Pd

(
aν

k, aν
k+1

)
, the discrete equation can be de-

rived from Eq. (8) as follows:

D2Pd

(
aν

k−1, a
ν
k

)
+ D1Pd

(
aν

k, aν
k+1

)
= 0, (9)

where DiPd denotes the partial derivative of Pd with
respect to the ith argument, where i = 1, 2.

There are 2n×N unknown quantities that are the
same in number of equations in expression (9), and the
equations in expression (9) can be solved.

Proof From expression (8), we have

δAd (aν
d)

= δ

N−1∑

k=0

Pd

(
aν

k, aν
k+1

)

=
N−1∑

k=0

[D1Pd

(
aν

k, aν
k+1

)
δaν

k

+ D2Pd

(
aν

k, aν
k+1

)
δaν

k+1]

=
N−1∑

k=1

[
D2Pd

(
aν

k−1, a
ν
k

)
+ D1Pd

(
aν

k, aν
k+1

)]
δaν

k

+ D1Pd (aν
0 , aν

1) · δaν
0 + D2Pd

(
aν

N−1, a
ν
N

) · δaν
N

= 0, (10)

where a discrete integration by parts and the δaν
0 =

δaν
N = 0 have been used. If the variation of the ac-

tion is required to be zero for an arbitrary δaν
k, then

the discrete autonomous Birkhoff equation (9) can be
obtained. ¤

A discrete evolution operator XBd plays the same
role as a continuous vector XB , and is defined as a
map XBd : R2n×R2n → (

R2n ×R2n
)×(

R2n ×R2n
)
.

The discrete object corresponding to the flow is the
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discrete map FPd : R2n × R2n → R2n × R2n. In
coordinates, if the discrete evolution operator maps
XBd :

(
aν

k−1, a
ν
k

) 7→ (
aν

k−1, a
ν
k, aν

k, aν
k+1

)
, the discrete

map will be FPd :
(
aν

k−1, a
ν
k

) 7→ (
aν

k, aν
k+1

)
. Now we

consider a particular case of a discrete Birkhoff sys-
tem.

A discrete path aν
d ∈ Cd

(
R2n

)
is said to be a solu-

tion of the discrete Birkhoff equation if the first term
on the right-hand side of Eq. (10) vanishes for all vari-
ations δaν

k ∈ Taν
k
Cd

(
R2n

)
. This means that the points

{aν
k} satisfy FPd

(
aν

k−1, a
ν
k

)
=

(
aν

k, aν
k+1

)
, or, equiva-

lently, they satisfy the discrete Birkhoff equations in
expression (9) for all k = 1, . . . , N − 1.

Let the second and third terms on the right-hand
side of Eq. (10) take the following forms:

Θ+
Pd

(
aν

k, aν
k+1

)
= D2Pd

(
aν

k, aν
k+1

)
daν

k+1, (11a)

Θ−Pd

(
aν

k, aν
k+1

)
= −D1Pd

(
aν

k, aν
k+1

)
daν

k. (11b)

The one-forms Θ+
Pd

and Θ−Pd
are called the discrete

Birkhoff one–forms.
Unlike the continuous case, there are two one-

forms that arise from the boundary terms in the dis-
crete case. By calculating, we have

dΘ+
Pd

= dΘ−Pd
. (12)

This will be reflected below in the fact that there is
only single discrete two-form, which is the same as the
continuous case and it is important for symplecticity.

Theorem 2 If the discrete map FPd satisfies the
following expression:

F ∗Pd
(ΩPd) = ΩPd ,

where F ∗Pd
is the operation of pull back and ΩPd =

dΘ+
Pd

= dΘ−Pd
is the discrete Birkhoff symplectic

form, with coordinate expression

ΩPd =
∂2Pd

∂aµ
0∂aν

1

daµ
0 ∧ daν

1 ,

the discrete Birkhoff map FPd is discretely symplectic.
Proof Define the discrete solution space

CPd

(
R2n

) ⊂ Cd

(
R2n

)
as a set of solutions of the dis-

crete Birkhoff equation since element aν
d ∈ CPd

(
R2n

)

is formed by the iteration of map FPd , it can be
uniquely determined by the initial condition (aν

0 , aν
1) ∈

R2n ×R2n.
Define νd = (aν

0 , aν
1) ∈ R2n × R2n and ωνd ∈

Tνd

(
R2n ×R2n

)
and use the discrete autonomous

Birkhoff equations (9), (11a) and (11b), changing the

variation of Eq. (10) into differentiation, then Eq. (10)
will be reduced into

dAd · δaν
d

= Θ+
Pd

(
FN−1

Pd
(νd)

) ((
FN−1

Pd

)
∗ (ωνd)

)

− Θ−Pd
(νd) (ωνd)

=
((

FN−1
Pd

)∗ (
Θ+

Pd

))
(νd) (ωνd)−Θ−Pd

(νd) (ωνd) ,

where (FPd)∗ =
(
F−1

Pd

)∗
. Due to the fact that d2Ad =

0, we obtain

(
FN−1

Pd

)∗
(ΩPd) = ΩPd ,

For any subinterval of 0, . . . , N , this argument also
holds and the statement is true for any number of steps
of FP . For a single step, there is F ∗Pd

(ΩPd) = ΩPd . So
the discrete Birkhoff map FP is discretely symplectic,
just as the continuous case. ¤

4. Variational integrators

Now considering a discrete Birkhoff system as an
approximation to a given continuous system, the dis-
crete system is an integrator for the continuous case.
As we have seen, discrete Birkhoff map preserves the
symplectic structure, regarded as an integrator, they
are necessarily symplectic. Then how can we imple-
ment the variational integrator for the discrete au-
tonomous Birkhoff system?

Now, with a trajectory aν
0 , aν

1 , aν
2 , . . . , aν

N−1, a
ν
N

given, we calculate the map FPd : R2n × R2n × R →
R2n ×R2n according to

D2Pd

(
aν

k−1, a
ν
k, h

)
= −D1Pd

(
aν

k, aν
k+1, h

)
. (13)

Taking bν
k = D2Pd

(
aν

k−1, a
ν
k, h

)
for each k, this equa-

tion is simply

bν
k = −D1Pd

(
aν

k, aν
k+1, h

)
, (14)

which together with the next updated

bν
k+1 = D2Pd

(
aν

k, aν
k+1, h

)
. (15)

By solving the implicit equation (14) for aν
k+1 and then

evaluating the explicit equation (15) to give bν
k+1, we

update (aν
k, bν

k) 7→ (
aν

k+1, b
ν
k+1

)
.

To solve the implicit equation (14), an iterative
technique such as Newton’s method must be adapted.
But for the explicit equation (15), there are many
standard implementation techniques available, for ex-
ample, an Euler rule or other integrator type, and so
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on. In the present paper, the Störmer–Verlet scheme
is used to solve Eqs. (14) and (15).

Use the Störmer–Verlet rule,[22−24] define the dis-
crete Pfaffian as

Pd

(
aν

k, aν
k+1, h

)

= hP
(
aν

k, (aν
k+1 − aν

k)/h
)
/2

+ hP
(
aν

k+1, (a
ν
k+1 − aν

k)/h
)
/2, (16)

and compute Eqs. (14) and (15), then we will obtain
bν
k, bν

k+1.

5. Example

Given that a mathematical pendulum (mass m =
1, massless rod of length l = 1, and gravitational ac-
celeration g = 1, q is the position coordinate and p is
the momentum) is a system having the Pfaffian,

P = a2ȧ1 − (
a2

)2
/2 + cos

(
a1

)
, (17)

where we take a1 = q, a2 = p, B = (1/2)p2 − cos q,
R1 = a2 and R2 = 0. The total energy of the system
is then given as

E = (a2)2/2− cos(a1),

which is conserved during motion.
By using Eq. (16), the discrete Pfaffian can be

obtained as

Pd = h[a2
k(a1

k+1 − a1
k)/h− (

a2
k

)2
/2 + cos

(
a1

k

)
]/2

+ h[a2
k+1(a

1
k+1 − a1

k)/h− (
a2

k+1

)2
/2

+ cos
(
a1

k+1

)
]/2. (18)

From Eqs. (14) and (15) it follows that

b1
k = (a2

k + a2
k+1)/2 + h sin(a1

k)/2, (19)

b1
k+1 = (a2

k + a2
k+1)/2− h sin(a1

k+1)/2, (20)

b2
k = −(a1

k+1 − a1
k)/2 + ha2

k/2, (21)

b2
k+1 = (a1

k+1 − a1
k)/2− ha2

k+1/2. (22)

Now we subtract Eq. (19) from Eq. (20), add Eqs. (21)
and (22) and solve Eqs. (19) and (21) for aν

k+1, and
we obtain

a1
k+1 = a1

k − 2b2
k + ha2

k,

b1
k+1 = b1

k − h[sin(a1
k+1) + sin(a1

k)]/2;

a2
k+1 = −a2

k + 2b1
k − h sin(a1

k),

b2
k+1 = −b2

k + h(a2
k − a2

k+1)/2. (23)

From the results of the above example it can fol-
low that the discrete variational method is as effective
as symplectic scheme. Figure 1 shows the preservation
of energy as a key point of comparison among the cal-
culation implementations of three methods. The dis-
crete variational method and the symplectic scheme

can present comparatively stable solution but Runge–
Kutta method is a dissipative scheme. Figure 2 shows
that the computational result of variational Verlet is
still periodically orbital, but that from the Runge–
Kutta method is unstable.

Fig. 1. Energies of mathematical pendulum computed

with variational Verlet (solid line), symplectic (dash line)

and Runge–Kutta (dot line) methods.

Fig. 2. Trajectories of phase space computed with varia-

tional Verlet (lower) and Runge–Kutta (upper) methods.

6. Conclusion

In this paper we have performed the numerical
computation of autonomous Birkhoff system by using
the discrete variational method and constructed dis-
crete variational integrators. The method is then ap-
plied to the mathematical pendulum. A similar com-
putational result to that from the symplectic scheme
is obtained. In fact, the discrete map is in the form of
discrete Birkhoffian symplectic scheme. The discrete
Birkhoffian equation shares similarities to the contin-
uous equations of motion and preserves a symplectic
form and an invariant quantity.
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