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We address the existence, stability and propagation dynamics of solitons supported by large-scale defects sur-

rounded by the harmonic photonic lattices imprinted in the defocusing saturable nonlinear medium. Several families

of soliton solutions, including flat-topped, dipole-like, and multipole-like solitons, can be supported by the defected

lattices with different heights of defects. The width of existence domain of solitons is determined solely by the saturable

parameter. The existence domains of various types of solitons can be shifted by the variations of defect size, lattice

depth and soliton order. Solitons in the model are stable in a wide parameter window, provided that the propagation

constant exceeds a critical value, which is in sharp contrast to the case where the soliton trains is supported by periodic

lattices imprinted in defocusing saturable nonlinear medium. We also find stable solitons in the semi-infinite gap which

rarely occur in the defocusing media.
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1. Introduction

Optical solitons in periodic media, such as
fabricated waveguide arrays and optically-induced
photonic lattices, have aroused the great interest
these days, owing to their physics and light-routing
applications.[1−4] Linear light propagation exhibits
Bloch bands and forbidden bandgaps in periodic lat-
tice modulated media compared with that in homo-
geneous media. The periodic lattice potentials im-
printed in focusing and defocusing nonlinear medium
can support soliton trains, vortex solitons, necklace
solitons, vector solitons and so on. The properties of
such solitons are very different from those in homoge-
neous media.[5−11]

On the other hand, defects and defect states ex-
ist in a variety of lattice modulated linear and non-
linear systems, including solid state physics, photonic
crystals, and Bose–Einstein condensates. Linear de-
fect modes in one-dimensional (1D)[12,13] and two-
dimensional (2D)[14,15] photonic lattices were inves-
tigated. Nonlinear localized modes in both attractive
and repulsive single site defects proved to be stable
in certain parameter regimes.[16] Stable defect vector
gap solitons[17] and surface defect gap solitons[18] in
1D photonic lattices were also predicted. Defect soli-

tons and their stabilities in the Kronig–Penney peri-
odic medium with delta-function linear and nonlinear
defects were analysed in Ref. [19]. Very recently, do-
mainlike nonlinear modes supported by a defect cov-
ering several lattice sites were investigated by Ye et
al.[20] By varying the core width, these modes trans-
form into defect solitons in the small core limit and
into a pair (for fundamental mode) or an array (for
higher-order modes) of kinks[21] in the large core limit.

Although the above progress, defect solitons and
their stabilities in nonuniform optical media, espe-
cially in large-scale defected lattices imprinted in me-
dia with saturable nonlinearity, are little understood.
Almost all defect solitons reported so far concen-
trate on the single site defect with the only few
exceptions.[20,22] Moreover, the dynamics of solitons
supported by the large-scale defects with nonzero in-
dex core in lattices is still an open problem. In this
paper, we address the properties of nonlinear modes
supported by a planar low-index core with different
depths in harmonic lattices imprinted in defocusing
media with saturable nonlinearity. In such a scheme,
the nonlinear modes in the core region can exhibit
the following shapes: (i) flat-top profile, (ii) dipole-
like profile, (iii) higher-order multipole-like profile. If
the above modes reside in the semi-infinite gaps of lat-
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tices, their shapes look like traditional solitons in bulk
media. However, the nonlinear modes will exhibit os-
cillatory decaying wings inside the lattices when they
reside in the first finite band gaps. In contrast with the
cases in cubic Kerr media, we reveal that the saturable
nonlinearity can dramatically enhance the power of
defect solitons, which is very important for the prac-
tical application of solitons. We also investigate the
stability of defect solitons and find various types of
solitons to be stable in wide parameter windows.

2. Model

We consider light trapping in a defect covering
several lattice sites imprinted in a defocusing medium
with saturable nonlinearity. The dynamics of beam
propagation can be described mathematically by the
nonlinear Schrodinger equation for the dimensionless
amplitude q

i
∂q

∂z
+

1
2

∂2q

∂q2
− |q|2q

1 + s|q|2 + V (x)q = 0, (1)

where the transverse x and the longitudinal z coor-
dinates are scaled in the terms of beam width and
diffraction length respectively, s is a saturation pa-
rameter and the function V (x) describes the refractive
index profile: V (x) = p cos2(Ωx) for |x| ≥ nxπ/2Ω
and V (x) = γ for otherwise, where γ is a constant
and Ω is the lattice frequency. In the following dis-
cussions, we set γ = 0, 0.5p and 1p to illustrate the
properties of solitons in the flat-bottomed, repulsive
and flat-topped defected lattices. The parameter p

characterizes the lattice depth, and nx is the number
of lattice periods removed to form the guiding core.
Note that γ = 0.5p corresponds to the repulsive defect
because light tends to escape from the defect to nearby
lattice sites.[16] Equation (1) admits several conserved
quantities, including the power or energy flow given
by U =

∫∞
−∞ qq∗dx.

We search for stationary solutions of Eq. (1) in
the form q(x, z) = w(x) exp(i bz), where w(x) is a real
function describing the profile of stationary solution
and b is a nonlinear propagation constant. Without
loss of any generality, we vary the depth parameter
p, the saturation parameter s, the number of lattice
periods removed to form the guiding core nx, and fix
the frequency of lattice Ω = 2 in numerical analy-
sis. Stationary solutions of solitons can be obtained
by solving Eq. (1) with a standard relaxation method.
To examine the stability properties, we consider the

perturbed stationary solution of Eq. (1) in the form
q(x, z) = [w(x) + u(x, z) + i v(x, z)] exp(i bz), where
u(x, z) and v(x, z) are respectively real and imaginary
parts of perturbation which can grow with a com-
plex rate λ upon propagation. Substituting the per-
turbed solution into Eq. (1) and linearizing the result-
ing equation around w(x) yield an eigenvalue problem

λu = −1
2

∂2v

∂x2
+ bv − V v +

w2 + sw4

(1 + sw2)2
v,

λv =
1
2

∂2u

∂x2
− bu + V u− 3w2 + sw4

(1 + sw2)2
u. (2)

To confirm the results of the linear stability anal-
ysis, we simulate Eq. (1) by the standard beam prop-
agation method with the input condition as q(x, z =
0) = w(x)[1+ρ(x)], where ρ is a random function with
Gaussian distribution whose variance σ2

noise = 0.01.

3. Properties of defect solitons

Before we discuss the properties of defect soli-
tons, it is better to understand the band-gap struc-
ture of the undefected periodic lattice since the de-
fect modes must reside in the forbidden gaps of the
lattices. The bandgap structure of a periodic opti-
cal medium has been extensively studied previously.
In the present setting, the band structure of the lin-
ear version of Eq. (1) with R(x) = p cos2(Ωx) for
x ∈ (−∞,∞) at Ω = 2 is shown in Fig. 1. For
each lattice depth, all possible propagation constants
of the Bloch modes form bands. The gray regions
represent Bloch bands, while regions between Bloch
bands are bandgaps. They are called sequentially the
semi-infinite gap, the first finite gap, the second gap,
and so on.

First, we address the properties of solitons resid-
ing in the first finite gap of lattices with flat-bottomed
defects covering several lattice sites. Typical profiles
of solitons residing in the first finite gap are shown in
Figs. 1(c) and 1(d). When nx = 0, the defected lattice
degenerates in to an undefected photonic lattice which
supports stable odd, even and (twisted) soliton trains
when the saturable nonlinearity is used.[23] However,
the soliton profiles exhibit decaying oscillating wings
in the lattices when the lattice is defected by nonzero
nx. For nx = 2, the solitons become more localized
with the increase of propagation constant (Fig. 1(d)).
In other words, the solitons expand quickly if the
propagation constant approaches to the lower edge of
the first finite gap which accompanies the dramatic
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growth of the power of solitons (Fig. 1(b)). The delo-
calization of solitons can be attributed to the saturable
nonlinearity which restricts the further growth of non-
linearity when the peak value of soliton approaches to
a critical value. When the size of the defected core
region is larger, the soliton profiles in the defect ex-
hibit flat-topped shapes (Fig. 1(c)). The solitons pen-
etrate into the lattices surrounding the defect more
evidently with the decrease of propagation constant.
Comparing the two power curves shown in Fig. 1(b),
one can find that the difference in nx can induce the

shift of the existence domain of solitons. We also find

that the existence of such solitons satisfies the relation

bupp = blow + 1/s (Fig. 1(b)) which holds for the odd

and even solitons in the undefected lattices imprinted

in the saturable nonlinear media.[23,24] Linear stabil-

ity analysis based on Eqs. (2) reveals that solitons in

defected lattices are stable in a very wide parameter

window (Fig. 1(e)). Figure 1(f) displays an example of

stable propagation of solitons supported by defected

lattice with nx = 6.

Fig. 1. (a) Bandgap lattice spectrum at Ω = 2. (b) Energy flow versus propagation constant. Profiles of

flat-topped solitons for (c) nx = 6 and (d) nx = 2. (e) Instability growth rate versus propagation constant

for nx = 6. (f) Stable propagation of flat-topped soliton at b = −0.4 and nx = 6. White noise with variance

σ2
noise = 0.01 is added into the initial input. γ = 0, p = 4, s = 1 in (b)–(f).

Next, we focus on the solitons supported by the
lattice with a repulsive flat defect (γ = 0.5p). Figure
2(a) gives two soliton profiles each with a flat-topped
shape in the core region of the defected lattice, simi-
lar to those displayed in Fig. 1. Although the propa-
gation constants of solitons we discussed here are all
positive, the solitons still reside in the first finite gap
since the lattice depth p = 7. Comparing the soliton
profiles at propagation constant b = 1.9 in Fig. 2(a)
and b = −0.81 in Fig. 1(c) and their relative posi-
tions in Fig. 1(b) and Fig. 2(c), one can find that
the solitons become more localized when the lattice
is deeper. It can be interpreted in physics as the

fact that the deeper lattice can build a deeper po-
tential which prevents the delocalization of solitons.
Figure 2(b) shows another kind of soliton, exhibiting
dipole-like profile in the core region of defect. The ex-
istence domains of flat-topped and dipole-like solitons
expand compared with those shown Fig. 1(b) because
the saturable parameter becomes smaller. They still
satisfy the afore mentioned relation bupp = blow + 1/s

which is in sharp contrast to the cases in the unde-
fected lattices imprinted in defocusing saturable non-
linear medium.[23,24] The power approaches to infin-
ity at b → blow and zero at b → bupp. Comparing
the power curves with those in Ref. [20] where the de-
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focusing cubic Kerr medium was used, one can find
that the power of solitons can be enhanced dramat-
ically by the saturable nonlinearity. The descending
power curve is due to the nature of defocusing non-
linearity we selected. Linear stability analysis reveals
that flat-topped solitons are almost completely sta-
ble in their entire existence domains while dipole-like
solitons are unstable in two very narrow bands near

the lower edge of the gap. The existence domain of
solitons versus saturable parameter is illustrated in
Fig. 2(e). It shrinks with the increase of saturable pa-
rameter s. The width of existence domain remains the
same with the increment of lattice depth for fixed sat-
urable parameter s (Fig. 2(f)). Typical examples of
stable propagation of flat-topped and dipole-like soli-
tons are displayed in Figs. 2(g) and 2(h), respectively.

Fig. 2. Profiles of flat-topped (a) and dipole-like solitons (b). (c) Energy flow of flat-topped soliton (solid curve)

and dipole-like soliton (dashed) versus propagation constant. (d) Instability growth rate versus propagation for the

flat-topped soliton (solid curve) and dipole-like (dash curve) soliton, dash arrow denotes the cutoff of the dipole-like

solitons. (e) Lower and upper cutoffs of the dipole-like solitons versus saturable parameter. (f) Existence domains of the

dipole-like solitons versus lattice depth p. Stable propagations of the flat-topped soliton at b = 3.0 (g) and dipole-like

soliton at b = 1.96 (h), white noises with variance σ2
noise = 0.01 are added into the initial inputs. γ = 0.5p, nx = 6,

s = 0.5, and p = 7 in (a)–(h).

Now, we explore the properties of multipole-
like(twisted) solitons supported by the repulsive de-
fects (γ = 0.5p). We can see clearly the shift of
existence domain, induced by the variation of lattice
depths (Fig. 3(a)). We stress again that the lower and
the upper cutoffs of propagation constant of multipole-
like solitons satisfy the relation bupp = blow+1/s which
is very different from that the the higher order twisted
solitons in undefected lattices imprinted in defocusing
medium where the existence domain shrinks quickly
with the increase of soliton order. Thus, the defect
plays a role in broadening the existence domain of
twisted solitons. Solitons with odd and even sym-
metries are stable when the propagation constant ex-
ceeds a critical value (Fig. 3(d)). Figures 3(e) and
3(f) show two instances of stable multipole-like soli-
tons with white noises added into the initial inputs.

Besides the aforementioned solitons residing in
the first finite gaps, we also find the solutions of soli-
tons residing in the semi-infinite gaps which rarely oc-
cur in the undefected lattices in defocusing media. We
take a flat-topped defect covering five lattice sites as
an example. Both flat-topped and dipole solitons in
the semi-infinite gaps are truly the fundamental and
the dipole solitons since there is no decaying oscillat-
ing wing in the lattices. Such modes bifurcate from the
first and second linear eigen-functions of the linearized
version of Eq. (1). Numerical analysis shows that
flat-topped solitons residing in the first finite gap are
completely stable while the dipole solitons are stable
provided that the propagation constant is larger than
a critical value (Fig. 4(d)). For illustration, we plot
two examples of stable propagations of flat-topped and
dipole solitons in Figs. 4(e) and 4(f), respectively.
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Fig. 3. (a) Energy flows of multipole-like solitons versus propagation constant. Profiles of the odd symmetrical solitons

at p = 13 (b) and even symmetrical solitons at p = 6 (c). (d) Instability growth rate versus propagation for the odd

symmetrical solitons shown in (c). (e) Stable evolution of solitons shown in (b) at b = 3.4. (f) Stable evolution of

solitons shown in and (c) at b = 1.0, respectively. White noises with variance σ2
noise = 0.01 are added into the initial

inputs. γ = 0.5p, nx = 4, s = 0.4 in (a)–(f).

Fig. 4. (a) Energy flows of fundamental soliton (solid curve) and dipole soliton (dash curve) versus propagation

constant. (b) Profiles of fundamental solitons. (c) Profiles of dipole solitons. (d) Instability growth rate of the dipole

solitons at s = 0.8. (e) Stable propagation of the fundamental soliton shown in (b) at b = 3.6. (f) Stable propagation

of dipole soliton shown in (c) at b = 3.0. White noises with variance σ2
noise = 0.01 are added into the initial inputs.

γ = 1p, p = 4, nx = 5 in (a)–(f).

4. Conclusions

We have investigated the properties of the large-scale defect solitons trapped in defected photonic lattices
imprinted in defocusing saturable nonlinear medium. Solitons residing in the first finite and semi-infinite gaps
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of lattices with different sizes of defects are found to be stable almost in their entire existence domains. The
flat-bottomed, repulsive and flat-topped defects can enlarge the existence domain of solitons, especially for the
dipole-like and multipole-like solitons, which is contrary to the fact that the existence domain of twisted solitons
in undefected lattices shrinks quickly with the increase of peak number. We also discuss the influences of lattice
depth, defect size and saturable parameter on the stability properties of solitons. Our research may offer new
opportunities for the soliton steering and soliton control.
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