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Modeling the pulse shape of Q-switched lasers to
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To account for the effect of lower-level relaxation, we have derived a characteristic equation for describing the

laser pulse from the modified rate equations for Q-switched lasers. The pulse temporal profile is related to the ratio

of the lower-level lifetime to the cavity lifetime and the number of times the population inversion density is above the

threshold. By solving the coupled rate equations numerically, the effect of terminal-level lifetime on pulse temporal

behaviour is analysed. The mode is applied to the case of a diode-pumped Nd:YAG laser that is passively Q-switched

by a Cr?t:YAG absorber. Theoretical results show good agreement with the experiments.
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1. Introduction

Diode-pumped solid-state Q-switched lasers have
been widely used in the fields of remote sensing, infor-
mation storage, telecommunications, medicine, etc.,
and much research regarding their modeling and op-
timisation has been published.[!=6 Previous studies
have shown that the pulse temporal profile of Q-
switched lasers is usually asymmetric, with unequal
rising and falling edges.[":8] In some applications, accu-
rate knowledge of the pulse shape is useful. For exam-
ple, applications in telecommunications may require
details of the temporal profile of pulse trains from the
transmitter in order to design a proper receiver. Ini-
tial studies have described the pulse shape for different
losses and cross sections in both actively and passively

[9=12] Siegman!'® related the pulse

Q-switched lasers.
shape to the ratio of population inversion density at
the onset of Q-switch to that at threshold by solving
the rate equations numerically. Liu et all'* devel-
oped a general method to analyse the pulse shape of
a Q-switched laser and showed that the pulse shape is
asymmetric, with a fast leading edge and a slow trail-
ing edge, in a Cr**: YAG Q-switched laser. However,
the above analysis has not accounted for the effect of
the finite lower-level lifetime in the Nd:YAG, which
has a significant effect on pulse shape. In Ref. [15], it
was assumed that the lower-level lifetime is short com-
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pared to the pulse duration and laser cavity lifetime,
while the reported measurements of the 471/, level
lifetime 75 range from as short as 10 ns to as long as
1 ps. In a Q-switched Nd:YAG laser with pulse-width
of the order of tens of ns, even for the smallest value of
T reported, the assumption may lead to substantial
inaccuracy. Tsol'® has reported on a study of the ef-
fect of a finite 79 on the extraction efficiency and pulse
shape in Q-switched Nd:YAG lasers, but the detailed
symmetric property of the laser pulse was not given
in Ref. [16]. Degnan et al.l'®! discussed the effects of
thermalisation in addition to lower-level relaxation on
Q-switched laser properties and showed that the pulse
shape will be affected by either process if the pulse
duration is of the order of the thermalisation time or
lower-level lifetime.

In this paper, from the coupled rate equations in-
cluding the lower-level lifetime in Nd:YAG, a general
equation describing the temporal behaviour of laser
pulse for both actively and passively Q-switched lasers
is derived. This equation extends Liu’s result!!¥ and
enables treatment of the more general case when pulse
duration is of the order of terminal-level lifetime. Us-
ing the concept of symmetry factor, the effect of lower
manifold lifetime on pulse shape is investigated quan-
titatively, and the results are compared with those in
the case of infinitely fast lower-level relaxation previ-
ously assumed. The modified model is applied to a

© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

034204-1



Chin. Phys. B Vol. 20, No. 3 (2011) 034204

Nd:YAG laser operated at 1064 nm, and good agree-
ment is shown between theoretical results and exper-
iments.

2. General model of equations for

Q-switched lasers

We begin with the rate equations of the popu-
lations in upper and lower manifolds for a passively
Q-switched laser including the effect of lower-level re-

laxation,
% = —f3cong, (1a)
dno 2
DA _ = 1
1 facong . (1b)
n=mns—nm. (2)

Here, f3 and f5 are the equilibrium fractional Boltz-
mann populations of the upper and lower laser levels
within their respective multiplets; ¢ is time, o is the
stimulated emission cross section, 7o is the lifetime
of the lower- level multiplets, @ is the cavity photon
density, c is the speed of light, n3 and no are the pop-
ulation densities of the upper and lower laser level
respectively. Taking the Fourier transform of Egs. (1)
and (2), and solving for the Fourier transforms of the
inversion density yield

n = —ycong, (3)

where 7 is the Fourier transform of the inversion re-
duction factor . In a four-level system or a three-level
system, disregarding the thermalisation time or lower
leve relaxation, the ‘inversion reduction factor’ ~ is
typically a constant equal to f3 + fo. Thus, we can
perform the inverse Fourier transform of Eq. (3) and

obtain
dn

dt

This is the regular form of rate equation describing

= —yconep. (4)

the population inversion density in a gain medium.
However, when the lower-level relaxation time 75 is
of the order of pulse-width, the effect of finite lower-
level lifetime should be included in rate equations as
Eq. (1b), v becomes time-dependent and its Fourier
transform can be expressed as

— I3 JaT2
== 4 —== 5
7 (@) iw+ 1+ iwm (5)
Thus, the inversion reduction factor ~ is
Y(t) = fs+ fae (6)

For convenience of numerical modeling, we substitute
Eq. (6) directly into Eq. (4) to obtain the rate equa-

tion for population inversion density,

& (1) conp. (7)
In this process, the inversion reduction factor 7 is
treated independently from n (¢) and ¢ (¢), thus a re-
sult can be obtained much simpler than the exact but
complex expression with convolution of n (t), ¢ (t),
and «y (t) as in Ref. [15].

In Nd:YAG, the energy gap between the termi-
nal and ground multiplets is about 30 times that of
the typical Stark splitting within these multiplets.['”]
Thus, according to the energy gap law, the thermal-
isation within the upper and lower manifolds should
be a much faster process than the terminal-level relax-
ation. Hence, only the terminal-level lifetime, which
is on the order of pulse-width, needs to be considered.
The coupled rate equations for a passively Q-switched

laser can be written as

% = g |:20’TLZ — 201305115 — 2024 (M50 — Ms1) Is
- (7)1 (8)

% = —v(t) cong, (9)

d;l? = 7%6013%1(25- (10)

Here [ is the length of the gain medium, ¢, is the cav-
ity round-trip time, and L is the fractional cavity loss
per round-trip; @ is the intra-cavity photon density, n
is the average instantaneous population inversion den-
sity in the active laser medium with effective length
of I, R is the reflectance of the output coupler; o3
and 094 are the ground-and excited-state absorption
cross sections of the absorber, ng; is the population
density of saturable absorber in the ground state, and
nso is the total density of the absorber with absorp-
tion length of Is. A, and A are diameters of the beam
spots in laser medium and absorber, respectively.
Dividing Eq. (9) by Eq. (10) and integrating the
result yields the relationship between ng; and ng, i.e.,

Ns1 n o
=== 11
e (m), (11)

where n; is the initial population inversion density

when the pulse begins, and « is defined as

(7'13Ag
= =5 12
= S W)od, (12)
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Since « is the parameter describing the behaviour
of the switcher, it is only determined by the perfor-
mance of the Q-switching at the onset of the pulse. If
the Q-switching process is fast enough, we can assume
that the property of the saturable absorber remains
the same as that at the beginning of Q-switching,
when ¢ = 0. Hence « is a constant defined as the
following equation when v(0) = f3 + fo,

0’13Ag
(fs + f2) 0 As’

To simplify the rate equations, we define the fol-

o=

(13)

lowing parameters

In (7}5> = 2013Ns0ls, (14)
- ”Tf’f) (15)
p= U/, (a7)
ST R

where Ty is the initial transmission of saturable ab-
sorber and z is the ratio of the population inversion
density at any instant to the initial inversion density at
the onset of Q-switching. Dividing Eq. (8) by Eq. (9)
and substituting Eqgs. (12)—(17) into the result yields

¢(z)::1—lf 1-z-2a-2)+1-ymz|, 19
% N _% -y =1 -y) 7] (20)

If n,, and n; are the population inversion densities
at which the maximum intra-cavity photon density is
reached, and when the photon density drops to zero
at the pulse final state, the relation between n, and
ne(zp = np/ni, 2t = ng/n;) are

L=z =2 (1—2f)+ (L —y)ln(x) =0, (21)

1—yzs = (1—y) 2, =0 (22)

and the instantaneous power P(t) is

_ hwAgnilin(1/R) 1

ty ¥

x [1_2_%(1_20)+(1_y)1m] (23)

P (1)

p(t) =~ {1—2——(1—za)+(1—y)lnz}. (24)

At the moments ¢; and t3, 71 and o are the val-
ues of ~(t) determined by Eq. (7), the normalised
population inversion densities are z; = n(t1)/n; and
zo = n(tz)/ni. As shown in Fig. 1, p, is the peak
power and mp, (0 < m < 1) is the output power at
times ¢1 and to; 7y, is the value of () at the time of
peak power iy, then

mpy
= m [1 —Z1,2 — o (1 — 2172) +(1—y)ln (21’2)] 7
(25)
where

= [0-m (1- 1) +a-pmE)]. e

T

Pp

—— pulse temporal profile

Py
b'.”_j—i—l.

mpy

{.u‘li.r.l'n-

Output power P(t)

ty tpdtta Time ¢

Fig. 1. Definition of parameters for pulse symmetry cal-
culation.

From Egs. (21), (25), and (26), the relation be-
tween z; and zg is

f(zp7m)
1
=m(l—zp) <1— )
o
2 — 28 1
+ 2 P (mlnzp — lnzm)
=22 \ 71,2

1 1-— 11—z
e (1= — “p 1,2
1,2 ' 1—23 e

= 0.

(27)

If v equals 1, this characteristic equation has exactly
the same form of Eq. 32 in Ref. [14].
this extended version of Liu’s result enables the treat-

Specifically,

ment of the more general case when pulse duration
is on the order of the terminal-level lifetime. In this
characteristic equation, the reciprocal of variable z,
denotes the number of times of the initial population
inversion above the dynamic threshold, which has the

same meaning as r in Ref. [16]. Integrating Eq. (9)
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and substituting Eq. (19) into the result, we obtain
the relation between ¢ and z
l/

conyl

z 1
x/ 7 dz.
1 z-[l—z—a(l—za)—i-(l—y)lnz

(28)

Together with Eq. (28), we can find two degenerate
roots of Eq. (27), z1 and z9, for any given value of m,
Zp, and 7.

Now, we can analyse the effect of the terminal-
level lifetime on the pulse shape, using the symmetry
factors defined by Liu in Ref. [14]

ce (zp,m) = 22, (29)
p
And
wa (zp, m
et (2p,m) = wiEzpm;’ (30)
P

where w1 (zp, m) and wy(zp, m) are the time intervals
from ¢; to ¢, and t, to ta2; e1p and ey are the nor-
malised energies extracted in the two time intervals,
then we have

wi (2, m) =tp — 11, (31)
wa (zg,m) = to — tp. (32)

Using a finite difference approximation to Eq. (24), we
obtain the expression for ei, and ep2

N
eip (zp,m) = Z Pi T B+t QPJH - Ot (33)
7=0

M

e (zpm) = > B e (3a)
7=0

where dt is the temporal step size, and N and M are

numbers of steps at the rising and falling edges, re-

Using Eqgs. (29) and (30) together with

the characteristic equation (27), the pulse symmetry

spectively.

from the viewpoint of energy can be described. Fur-
thermore, the pulse temporal profile can be depicted
using Eqs. (27) and (28) for any given z, and 75.

Figure 2 shows the normalised output power as
a function of time for different values of z, and .
For the same value of z,, a larger value of 7, leads to
relatively longer falling edge. This effect can be de-
picted quantitatively with e¢(zp, m) and e¢(2p, m) as
functions of z, for different 7.
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Fig. 2. Normalised photon density ¢(t)/n¢ versus nor-

malised time t/7c for different values of 2z, and 72, where

T¢ is the cavity lifetime. l/zp denotes the number of times

the initial population inversion above the dynamic thresh-
old. (a) 1/zp =2, (b) 1/2p =3, (c) 1/2zp = 5.

Figure 3 shows ee(zp,05) and e¢(zp,05) versus
1/z, for different values of 7. They describe the pulse
waveform symmetries at half maximum in terms of en-
ergy and time interval, respectively. From Fig. 3, it
is seen that, as 1/z, increases, the pulse symmetry
factors in terms of energy and time interval both in-
crease. For longer lower- level lifetime 75, the symme-
try factors are smaller for specific value of z,. When
the terminal-level lifetime is large enough, e.g., 70 =
30 ns, the pulse symmetry becomes the same as that
at 79 = 300 ns, which means very slow relaxation in
the lower level. This results from the fact that, if the
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lower- level lifetime is of a value comparable to the
pulse-width, the terminal level will be populated dur-
ing the pulse duration instead of being depopulated
rapidly as assumed in the case of infinite fast lower-
level relaxation. Thus the population inversion will
decrease faster and result in a shorter pulse falling
edge. Then the pulse symmetry factor will be smaller
for longer lower-level lifetime, noticing that the pulse
rising edge is not effected substantially by the value

of ’7'2.[15]
= 1.89 (a) T =2 ns
’: 1.6 7o =5 ns
j_f 1.4 : 72 = 30 ns
EG 7o = 300 ns
g 1.2
g
S A
2 084
2 0.6
2 4 G 8 10 12
1/zp
a T =2 ns
= 321 (b) T2 =0 ns ™ =5ns
< ] 72 = 30 ns
& 2.81
= 5 ] T2 = 300 ns
W 7
g 207
S 161
g 1.2
%-, {J.b:
2 4 G 8 10 12

1/zp

Fig. 3. Variation in the pulse symmetry factors &¢(zp, 05)
(a) and ee(zp,05) (b) with 1/z, for different values of
terminal-level lifetime 7o.

3. Example

As an example for experimental confirmation of
the above theoretical modeling, we use Nd:YAG as a
gain medium of length [ = 5 mm but coupled to a
Crt*:YAG saturable absorber of length 1 mm. The
laser rod is of a diameter of 6 mm and end-pumped
through a fibre by a laser diode of 30 W nominal
power at a wavelength of 808 nm. The laser rod is
anti-reflection (AR) coated at wavelength 808 nm and
high-reflection (HR) coated at 1064 nm for the sur-
face facing the pumping end. The other end of the

rod is AR coated at 1064 nm. The saturable absorber,
with small signal transmission of 70%, is AR coated
at 1064 nm on both sides. The output coupling reflec-
tivity is given as R = 85%.

Now we return to our theoretical modeling of the
pulse temporal behaviour expressed in our implicit
solution (see Egs. (27) and (28)).
the simulated pulse shape, solid curve and that com-

Figure 4 shows

pared to the experimental results shown as dashed
curve. From Fig. 4, it is seen that the experimen-
tal data remain within 10% of our implicit solution
for 9 = 30 ns, z, = 2.5. Inexactly valued 7o and
zp in simulation and measurement inaccuracy in ex-
periment together bring the tiny diversity between
curve (a) and curve (b). The value of z, is deter-
mined by the experiment setup. The estimation of
7o = 30 ns is comparable to earlier measurements
or computations in various crystals and glasses (5 ns

< T3 < 300 ns).[15:17-19)

1.0 : ; ; .
s 081
T 0.6 R
'Ii
= 04 1
%
g
£ 021 :
U T T T T T T T T T

10 ns/division

Fig. 4. Pulse shape as a function of time. (Experimental:
dashed curve; simulation: solid curve)

4. Conclusion

In conclusion, we have demonstrated a general
pulse shape model for Q-switched lasers to account
for the effect of lower-level relaxation. We developed
characteristic equations describing the pulse shape of
Q-switched lasers, and some calculated curves were
given to illustrate the effect of lower-level relaxation
on the properties of pulse symmetry. With these gen-
eral characteristic equations, one can easily estimate
the pulse temporal behaviour and calculate the sym-
metry properties in Q-switched lasers. The theoretical
modeling is compared with the experimental results
and good agreement is shown.
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