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Approximate analytical expressions of
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The approximate analytical expressions of the apertured broadband beams in the far field with Gaussian and

Laguerre–Gaussian spatial modes are presented. For the radially polarized Laguerre–Gaussian beam, the result reveals

that the electromagnetic field in the far field is transverse magnetic. The influences of bandwidth (Γ ) and truncation

parameter (C0) on the transverse intensity distribution of the Gaussian beam and on the energy flux distribution of

radially polarized Laguerre–Gaussian beam are analysed.
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1. Introduction

A radially polarized beam focused by a high-
numerical-aperture lens can yield a strong longitudi-
nal component oriented along the lens axis[1] and a
sharp focusing spot with its size significantly smaller
than that of the linearly polarized light.[2,3] A ra-
dially polarized beam symmetrically illuminating an
aperture leads to a smaller point spread function
than other polarized beams.[4,5] Many efforts have
been made to study radially polarized beams.[6−14]

Most of these have focused on the propagation of the
monochromatic light field in free space. In practice,
however, due to the existence of aperture and band-
width effects, the diffraction of ultrashort pulses[15−21]

and the propagation of broadband beams in an aper-
tured optical system[22,23] have received considerable
attention. Diffraction-induced pulse transformation
of pulses with a spatial Gaussian profile has also
been studied.[15−18] Many interesting effects, such as
pulse front curvature, pulse broadening and spectral
changes have been revealed. The results presented by
Peng et al.[22,23] showed the smoothing effect in the
near field and the narrowing effect in the far field.
Due to the lack of closed-form analytical expressions
for the propagated field, most of the previous work

has focused on numerical simulations within a parax-
ial approximation.

The main aim here is to explore non-paraxial
propagation of a broadband radially polarized
Laguerre–Gaussian beam diffracted by a circular aper-
ture. The influence of bandwidth on spatial transverse
distribution of energy flux is also analysed. The rest of
the present paper is organized as follows. In Section 2,
we describe the general theory for non-paraxial prop-
agation of pulse beams. By the use of the method of
stationary phase in integral, the far field behaviours of
beams with spatial Gaussian and Laguerre–Gaussian
modes are presented in Section 3. Finally, a summary
is given in Section 4.

2. General theoretical

Assuming that there exists a spatial and temporal
optical field in a certain plane z = 0 as a source, the
radiated field E(x, y, x, t) beyond the source (z > 0)
is governed by the wave equation

(
∇2 − 1

c2

∂2

∂t2

)
E(x, y, z, t) = 0, (1)

where c is the light speed in free space and ∇2 is the
Laplacian. Performing a time-domain Fourier trans-

∗Project supported by the Doctorial Start-up Fund of Hengyang Normal University, China (Grant No. 09B06), and the Natural

Science Foundation of Hunan Province, China (Grant No. 08jj3001).
†Corresponding author. E-mail: shizhuanlu@gmail.com

c© 2011 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

034202-1



Chin. Phys. B Vol. 20, No. 3 (2011) 034202

form on both sides of Eq. (1) yields the Helmholtz
equation in the frequency domain

(
∇2 +

ω2

c2

)
Ẽ(x, y, z, ω) = 0. (2)

The source Ẽ(x0, y0, 0, ω) located at z = 0 can
be factorized into a function of frequency f̃(ω) and
a function of position Ũω(x0, y0, 0). Monochromatic
disturbances with different frequencies have the same
transversal profile Ũω(x0, y0, 0). All points of the
source possess the same temporal function f(t)

f(t) =
1√
2π

∫ ∞

−∞
f̃(ω) exp(−iωt)dω. (3)

Correspondingly, the position function with a single
frequency ω is determined by

(
∇2 +

ω2

c2

)
Ũω(x, y, z) = 0. (4)

Thus, the radiated field E(x, y, z, t) can be written in
terms of f̃(ω)Ũω(x, y, z) as

E(x, y, z, t)

=
1√
2π

∫ ∞

−∞
f̃(ω)Ũω(x, y, z) exp(−iωt)dω. (5)

To obtain an expression of the radiated field in the
time-domain, we need to solve Eq. (4). The solution
of Eq. (4) can be expressed as

Ũω(x, y, z)

=
∫ ∞

−∞

∫ ∞

−∞
uω(p, q, z) exp[ik(px + qy)]dpdq, (6)

where uω(p, q, z) is spatial-frequency spectrum of
Ũω(x, y, z) in a certain plane z; p/λ and q/λ are the
spatial frequencies in the x and the y directions (λ
is the wavelength and k = 2π/λ), and uω(p, q, z) =
uω(p, q, 0) exp(ikγz) with γ =

√
1− p2 − q2. The

components of uω(p, q, 0) in the x and the y direc-
tions can be given by the Fourier transform of the
source field as

uωx(p, q, 0) = λ−2

∫ ∞

−∞

∫ ∞

−∞
Ũωx(x0, y0, 0)

× exp[−ik(px0 + qy0)]dx0dy0, (7)

uωy(p, q, 0) = λ−2

∫ ∞

−∞

∫ ∞

−∞
Ũωy(x0, y0, 0)

× exp[−ik(px0 + qy0)]dx0dy0. (8)

The longitudinal component of the angular spectrum
is given by the orthogonal relation puωx + quωy +
γuωz = 0 as

uωz(p, q, 0) = −[puωx + quωy]/γ. (9)

3. Examples

Here we deal with two examples: one is the
broadband spatial Gaussian beam and the other is
the broadband radially polarized Laguerre–Gaussian
beam. We assume the two sources to have a temporal
Gaussian profile with (angular) frequency ω0, which
is written as

f(t) = exp(−a2
gt

2/T 2
p ) cos(ω0t), (10)

where Tp = 2a2
g/(ω0Γ ) is the pulse duration (full

width at half-maximum(FWHM)), Γ = ∆ω/ω0 is the
band width, ∆ω is the spectrum width (FWHM), and
ag = 2

√
ln 2. Implementing the inverse Fourier trans-

form for Eq. (10), the spectrum f̃(ω) is expressed as[22]

f̃(ω) =
ag√
2ω0Γ

exp

[
−a2

g(ω − ω0)2

ω2
0Γ 2

]
. (11)

3.1.Broadband spatial Gaussian beam

We first consider the initial broadband pulse as
an apertured spatial Gaussian source with its waist
located in the aperture plane z = 0, and express it as

E(ρ0, 0, t) = U(ρ0, 0)f(t) (12)

with
U(ρ0, 0) = exp(−ρ2

0/w2
0)circ(ρ0/R), (13)

where w0 is the waist radius of the Gaussian beam,
ρ0 =

√
x2

0 + y2
0 , and R is the radius of the circular

aperture. The aperture function is

circ(ρ0/R) =





1, 0 ≤ ρ0 < R,

0, ρ0 ≥ R.
(14)

To obtain the analytical expression of the apertured
Gaussian beam in the far field, the aperture function
should be expanded into an approximate sum of com-
plex Gaussian functions

circ(ρ0/R) =
M∑

m=1

Bm exp(−Cmρ2
0/R2), (15)

where the expansion coefficients Bm and Cm can be
obtained by optimization computation. Wen and
Breazeale[24] obtained one of the coefficient sets, con-
taining only ten terms of coefficients (M = 10), to
match the original circ function of Eq. (14). It was
shown that a good agreement between a ten-term
Gaussian beam solution and the results of numerical
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integration throughout the beam field was achieved,
and discrepancies existed only in the extreme near
field (< 0.12 times the Fresnel distance). For the prac-
tical calculation, the accuracy is high enough when the
number of terms M = 10.

The temporal spectrum of Eq. (12) is
Ẽ(ρ0, 0, ω) = Ũω(ρ0, 0)f̃(ω), where Ũω(ρ0, 0) =
U(ρ0, 0). By performing Fourier transform for
Eq. (13), the angular spectrum is obtained as

uω(p, q, 0) =
zr

λ

M∑
m=1

Bm

1 + Cm/C0

× exp
[
− p2 + q2

4f2(1 + Cm/C0)

]
, (16)

where C0 = R2/w2
0 is truncation parameter, zr =

kw2
0/2, and f = 1/kw0. Considering the scalar field

only, we have ignored the longitudinal (z) angular
spectrum component here. By using the method of
stationary phase in integral, from Eqs. (6) and (16),
the analytical expression of the monochromatic Gaus-
sian beam (with the frequency ω) diffracted by a cir-
cular aperture in the far field is obtained as

Ũω(ρ, z) = − izrz

r2
e ikr

M∑
m=1

Bm

1 + Cm/C0

× exp
[
− ρ2

4f2r2(1 + Cm/C0)

]
, (17)

where r =
√

x2 + y2 + z2 and ρ =
√

x2 + y2. Substi-
tuting Eqs. (11) and (17) into Eq. (5), we obtain the
analytical expression of the spatial transverse field dis-
tribution of the broadband apertured Gaussian beam
in the plane z in the far field as

E(ρ, z, t) = − izagw
2
0

4ω0Γcr2
exp

(
− a2

g

Γ 2

)

×
M∑

m=1

BmQ exp(Q2/P )
(1 + Cm/C0)P 3/2

, (18)

where

P =
1
ω2

0

[
ρ2

4f2
0 r2(1 + Cm/C0)

+
a2
g

Γ 2

]
, (19)

Q =
1
ω0

[
a2
g

Γ 2
− iω0

2

(
t− r

c

)]
, (20)

and f0 = c/w0ω0 = 1/k0w0.

Now, we analyse the influence of bandwidth on
the spatial transverse intensity distribution of beam
in the far field. The intensity is normalized by the
maximum of |E(ρ, z, t)|2. Figure 1 shows the normal-
ized intensity distributions of Gaussian beams with
different bandwidths and truncation parameters. The
reference plane is at z = 10000λ0 and t = z/c. The
others parameters are w0 = 10λ0, with λ0 = 800 nm.
In Figs. 1(a) and 1(b), we take truncation parameter
to be C0 = 4 (in this case, the diffraction effect is in
fact negligible) and C0 = 0.25, respectively. The cir-
cles denote the numerical simulation results obtained
from the direct numeric integrating of Eq. (5) com-
bined with Eqs. (6), (11) and (16). Obviously, the an-
alytical results are in good agreement with the numer-
ical simulations. From Fig. 1, we find that the trans-
verse intensity distribution in the far field is narrowed
as the bandwidth increases. Comparing Figs. 1(a) and
1(b), one can see that the bandwidth narrowing effect
becomes more significant due to the diffraction effect
caused by the existence of the aperture.

Fig. 1. Normalized transverse intensity distributions of Gaussian beams with different bandwidths in the far field.

Reference plane: z = 10000λ0 and t = z/c. In panel (a) C0 = 4; in panel (b) C0 = 0.25. Circles denote numerical

results.
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3.2.Broadband radially polarized

Laguerre–Gaussian beam

The radially polarized beam behind the aperture
can be written as

En1(x0, y0, 0, t) = Un1(x0, y0, 0)f(t), (21)

with

Un1(x0, y0, 0)

= Un1x(x0, y0, 0)êx + Un1y(x0, y0, 0)êy, (22)

where êx and êy are the unit vectors in the x and
the y directions, and the corresponding components

Un1x(x0, y0, 0) and Un1y(x0, y0, 0) can be written as

Un1x(x0, y0, 0)

=
E0x0

w0
L1

n

(
2ρ2

0

w2
0

)
exp

(
− ρ2

0

w2
0

)
circ

(ρ0

R

)
, (23)

Un1y(x0, y0, 0)

=
E0y0

w0
L1

n

(
2ρ2

0

w2
0

)
exp

(
− ρ2

0

w2
0

)
circ

(ρ0

R

)
. (24)

Here, E0 is an arbitrary amplitude constant and L1
n(.)

is the generalized Laguerre polynomial with the radial
mode number n and the angular mode number 1. Per-
forming the Fourier transformation of Eqs. (23) and
(24), the x and the y components of the vector angular
spectrum are obtained as

un1x(p, q, 0) = Cp
M∑

m=1

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n
exp

[
− p2 + q2

4f2(1 + Cm/C0)

]
L1

n

[
p2 + q2

2f2(1− C2
m/C2

0 )

]
, (25)

un1y(p, q, 0) = Cq

M∑
m=1

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n
exp

[
− p2 + q2

4f2(1 + Cm/C0)

]
L1

n

[
p2 + q2

2f2(1− C2
m/C2

0 )

]
, (26)

where C = (−1)n+1 iE0/8πf3. From Eq. (9), un1z can be written as

un1z(p, q, 0) = −C(p2 + q2)
γ

M∑
m=1

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n
exp

[
− p2 + q2

4f2(1 + Cm/C0)

]
L1

n

[
p2 + q2

2f2(1− C2
m/C2

0 )

]
. (27)

By using the vector angular spectrum method, the propagating electric field of the monochromatic radially
polarized beam can be obtained as

Ũωn1(x, y, z) =
∫∫ ∞

−∞
{un1x(p, q, 0)êx + un1y(p, q, 0)êy + un1z(p, q, 0)êz} exp(ikN)dpdq, (28)

where N = px + qy + γz. From Eqs. (25)–(28), one can obtain

Ũωn1(x, y, z) = − iλC

r3
[zxêx + zyêy − (x2 + y2)êz] e ikr

M∑
m=1

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n

× exp
[
− x2 + y2

4f2r2(1 + Cm/C0)

]
L1

n

[
x2 + y2

2f2r2(1− (Cm/C0)2)

]
. (29)

Since L1
n(x) can be expanded into L1

n(x) =
∑n

l=0(−x)l(n+1)!/[(l +1)!(n− l)!(l)!], from Eqs. (5), (11) and (29),
we can obtain

En1(x, y, z, t) = D[zxêx + zyêy − (x2 + y2)êz] exp

(
− a2

g

Γ 2

)
n∑

l=0

M∑
m=1

[
− (x2 + y2)w2

0

2c2r2(1− C2
m/C2

0 )

]l

× (n + 1)!
(l + 1)!(n− l)!l!

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n

∫ ∞

−∞
ω2l+2 exp(−Eω2 + 2Fω)dω, (30)

where

D = (−1)n+1 agE0w
3
0

8
√

πr3c2ω0Γ
, (31)

E =
(x2 + y2)w2

0

4c2r2(1 + Cm/C0)
+

a2
g

ω2
0Γ 2

, (32)
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F =
a2
g

ω0Γ 2
+

i
2
(r/c− t). (33)

Integrating Eq. (30), the analytical expression of the electric field can be written as

En1(x, y, z, t) = D[zxêx + zyêy − (x2 + y2)êz] exp

(
− a2

g

Γ 2

)
n∑

l=0

M∑
m=1

[
− (x2 + y2)w2

0

2c2r2(1− C2
m/C2

0 )

]l

× (n + 1)!
(l + 1)!(n− l)!l!

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n

√
π

22l+1E3/2

∂2l+1

∂F 2l+1
[F exp(F 2/E)]. (34)

In a similar way, we can write magnetic field as

Hn1(x, y, z, t) = Dr(−yêx + xêy)
√

ε0

µ0
exp

(
− a2

g

Γ 2

)
n∑

l=0

M∑
m=1

[
− (x2 + y2)w2

0

2c2r2(1− C2
m/C2

0 )

]l

× (n + 1)!
(l + 1)!(n− l)!l!

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n

√
π

22l+1E3/2

∂2l+1

∂F 2l+1
[F exp(F 2/E)]. (35)

Equations (34) and (35) give the approximate analytical expressions for the electric and the magnetic fields
of the apertured broadband radially polarized Laguerre–Gaussian beams in the far field. The equations could
provide a powerful and convenient tool for investigating the propagation properties of a pulsed radially polarized
Laguerre–Gaussian beam diffracted by a circular aperture. It can be seen from Eq. (35) that there exists no
longitudinal (z) magnetic field component, implying that this particular electromagnetic field is transverse
magnetic.

The energy flux distribution in the far field of apertured radially polarized Laguerre–Gaussian beam is
given by the z component of the Poynting vector as

Sn1z = D2zr(x2 + y2)
√

ε0

µ0
exp

(
−2a2

g

Γ 2

)∣∣∣∣∣
n∑

l=0

M∑
m=1

[
− (x2 + y2)w2

0

2c2r2(1− C2
m/C2

0 )

]l

× (n + 1)!
(l + 1)!(n− l)!l!

Bm(1− Cm/C0)n

(1 + Cm/C0)2+n

√
π

22l+1E3/2

∂2l+1

∂F 2l+1
[F exp(F 2/E)]

∣∣∣∣
2

. (36)

We define the normalized energy flux as Sn1z divided by the maximum of Sn1z. For the sake of intuition, the
influence of bandwidth on the normalized energy flux distribution of beam in the plane z = 10000λ0 is depicted
in Fig. 2. The parameters used for plots in Fig. 2 are w0 = 10λ0 and λ0 = 800 nm. In Fig. 2(a) C0 = 1 and the
radial mode number n = 0, and in Fig. 2(b) C0 = 3.61 and radial mode number n = 1. It can also be seen that
the simulation results are in accordance with the analytical results. From Fig. 2(a), we can find that the peak
is closer to the centre and the peak width decreases as bandwidth increases. The outermost diffraction fringe is
suppressed by the broadband beam. Figure 2(b) shows that as bandwidth increases, the inner peak is enhanced
while the outer peak is suppressed, in particular, the inner and the outer peaks are both close to the centre.

Fig. 2. Normalized energy flux distributions of Laguerre–Gaussian beams with different bandwidths in the far field,

with reference plane z = 10000λ0 and t = z/c. In panel (a) C0 = 1 and the radial mode number n = 0; in panel (b)

C0 = 3.61 and the radial mode number n = 1. Circles denote numerical results.
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4. Conclusion

Approximate analytical expressions of an aper-
tured broadband beam with Gaussian and Laguerre–
Gaussian modes in the far field have been pre-
sented. The stationary-phase method is used to obtain
Eqs. (17) and (29), which are valid under the condi-
tion kr = k(x2 + y2 + z2)1/2 → ∞. This condition is
satisfied in the far field regime. The effect of band-
width on the light intensity distribution of apertured

Gaussian beam in the far field is analysed. We find
that the width of transverse intensity distribution de-
creases as bandwidth increases and the narrowing ef-
fect of the transverse intensity distribution is present
in the far field. We have also analysed the influence of
bandwidth on energy flux distributions of radially po-
larized Laguerre–Gaussian beam with zero-order and
first-order radial modes. The results show that the
bandwidth effect causes the peaks of energy flux dis-
tributions to be close to the centre.
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