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time-varying delays®

Zhang Wei-Yuan(7k 4 70)»P1 and Li Jun-Min (252 R)»)?*

3) School of Science, Xidian University, Xi’an 710071, China
b) Institute of Math. and Applied Math., Xianyang Normal University, Xianyang 712000, China

(Received 7 July 2010; revised manuscript received 28 September 2010)

This paper investigates the global exponential stability of reaction—diffusion neural networks with discrete and

distributed time-varying delays. By constructing a more general type of Lyapunov—Krasovskii functional combined with

a free-weighting matrix approach and analysis techniques, delay-dependent exponential stability criteria are derived in

the form of linear matrix inequalities. The obtained results are dependent on the size of the time-varying delays and the

measure of the space, which are usually less conservative than delay-independent and space-independent ones. These

results are easy to check, and improve upon the existing stability results. Some remarks are given to show the advantages

of the obtained results over the previous results. A numerical example has been presented to show the usefulness of the

derived linear matrix inequality (LMI)-based stability conditions.
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1. Introduction

In recent years, neural networks (NNs) have been
widely studied (see Refs. [1]-[11]) due to their im-
mense potential and prospective application in a vari-
ety of areas, such as signal processing, pattern recog-
nition, static image processing, associative memory,
and combinatorial optimisation. It is well known that
these applications heavily depend on the dynamic be-
haviour of NNs. Since exponential stability is one of
the most important issues related to such dynamic
behaviour, particularly when the exponential conver-
gence rate is used to determine the speed of neu-
ral computations, considerable attention has been de-
voted to research in this area. Therefore, a great num-
ber of results on the exponential stability of NNs have
been proposed in the literatures (see, e.g., Refs.[1]-[6]
and the references therein). However, strictly speak-
ing, diffusion effects cannot be avoided in NNs when
electrons are moving in asymmetric electromagnetic
fields. Therefore, we should consider that the activa-
tions vary in space as well as in time.

Because of the finite speed of information pro-

cessing, time delays are common in practical con-
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trol systems, especially in many biological and arti-
ficial NNs. Time delays may decrease the quality of
the system and even lead to oscillation, divergence
and instability.'?) In the case of distributed param-
eter systems, even arbitrarily small delays in feed-
back may destabilize the system (see e.g. Refs. [13]-
The stability is-
sue of systems with delay is, therefore, of theoreti-

[15] and the references therein).

cal and practical value. Recently, many authors have
considered the stability of NNs in reaction—diffusion
terms, which are expressed by partial differential equa-
tions. Also, the stability of reaction—diffusion neu-
ral networks (RDNNs) with a time delay has been
extensively studied and various stability conditions
have been obtained for these NN models.['6—25] For
instance, in Ref. [24], by constructing a Lyapunov—
Krasovskii functional and using linear matrix inequal-
itys (LMIs), the sufficient conditions are presented for
a class of reaction—diffusion-uncertain NNs with time-
varying delays, where the discrete delay 7 () must be
differentiable and 7 (¢) < n < 1. Qiu and Caol?"!
proposed an exponential stability criterion for a class
of delayed NNs by employing Lyapunov functionals,

where delay 7 is a non-negative constant. Clearly,
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such constraints on the delay term 7(t) were relatively
strong. However, unlike the existing works, delay-
dependent exponential stability criteria for reaction—
diffusion with discrete and distributed time-varying
delays have not been fully investigated, and remain
important and challenging.

In this paper, by constructing an improved
Lyapunov—Krasovskii functional (LKF) combined
with free-weighting matrix approach and analysis
techniques, we obtain delay-dependent and space-
dependent exponential stability criteria for RDNNs
with discrete and distributed time-varying delays and
Although
the idea of a free-weighting matrix has appeared in
Ref. [26

been made towards applying the idea for RDNNs with

formulate them in the form of LMIs.

], to the best of our knowledge, no effort has

discrete and distributed time-varying delays. Accord-
ing to the novel LKF, a less conservative criterion is
obtained in the form of LMIs. A theorem and corollary
were obtained in which the boundedness, monotonic-
ity and differentiability conditions on the activation
functions are not required and have no restriction on
the magnitude of the change rate of time-varying de-
lays. Undoubtedly, the newly proposed stability crite-
ria will be a wider adaptive range since the activation
functions and time-varying delays are allowed to be

more general.

2. Problem formulation

In this paper, the RDNN with discrete and dis-
tributed time-varying delays is described as follows:

ot ];:1 Ozr ( ik (t, @, u) Bxk> azuz‘f‘;l bij f5 (uj (t,2)) ‘|’j§:1 (cij fj (uj (t = d (), @)))
n t
¥ ( [ s (s,x»ds) LR, t2te20, zen,
j=1 t—7(t)
ou; Ou; ou;
= = >ty >
55 col 9z, &Em) 0, t>ty >0, x€091,
i (T ) i (S, N .
uslto +5,2) = 6, (s,0), 2OERT) 000 - poicp iz1a 1)

)T € 2, 1) is a compact set
with smooth boundary 0f2 and mes{2 > 0 in space
R™ U; (t,

time ¢ and in space x; f; is the activation functions

where x = (z1,22,...,Zm

; x) denotes the state of the ith neuron at
of the jth neuron; the scalar a; is the rate with which
the ith unit will reset its potential to the resting state
in isolation when disconnected from the network and
external input at time ¢ and in space x; b;;,c¢;; and
eij, 4,J = 1,2,...,
the strength of the ith neurons on the jth neurons;

n are known constants denoting

smooth functions D;;, = Dy (t,z,u) > 0 stand for
transmission diffusion operator along the ith neurons;
J; denotes the ith component of an external input
source introduced from outside the network into the
cell ¢ at time ¢ and in space x; d (t) and 7 (t) denote the
discrete time-varying delay and the distributed time-
varying delay, respectively, and are assumed to satisfy
0 <7(t) <719, 0<d(t) <dy, max{ry,do} = 7,
7(t) < p, d(t) < d, ¢; (s,x) is the bounded and first

order continuous differential; ¥ is the outer normal
vector of 012.

Also, the activation functions satisfy the Lipschitz
condition, i.e. there exist positive diagonal matrices
L = diag (L1, Lo, ..., L,) > 0, such that

i (61) = f; (&2)] < Lj &1 — &,
V&, &LER, j=1,2,...,n

)

(2)

Remark 1 The above assumption on discrete
and distributed time-varying delays have no restric-
tion on the magnitude of the derivative of time-varying
delays, the structure of time delays are more gen-
eral than existing ones.'”=24 By condition (2), it
can be seen that there exists an equilibrium point
w* = (uf,ub, ... ut)" for system (1).127:28]

Definition 1
(wiug, . ut)t
exponentially stable, if there exist constants a > 0
and § > 1 such that

The equilibrium point «*

*
n

U of system (1) is said to be globally
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lu (8, 2) = u*[ly < B> sup <||¢>(S,x) —ully,

'3(¢>(8,x)—u*)

>

s€[—7,0] s
\
for all t > tg > 0. that the integrations concerned are well defined, then
Now, we let z; (t,z) = u; (t,2)—uf,i=1,2,...,n. a0 T oo
Therefore, system (1) can be transformed into the fol- </ w (s) ds> = (/ w (s) ds)
lowing form: 0 0

() T =
L0z (t,;;;)) <d(t) /0 w(s)” Ew(s)ds. (5)

k=1 _ (ii) For any constant matrices & € R™"*", & > 0,
—Az(t,2) + Bf (2(t,2)) 2 C R", mesf? > 0, if w: 2 — R™ is vector function
+COf(2(t—d(t),x)) such that the integration is well defined, then
t
+FE f(z(s,x))ds, 4 T
th(t)f( (s 2)) @ </w(s)ds) E(/w(s)ds)
Q Q
< |Q\/ w(s)" Bw(s)ds. (6)
0z Q
% :O, Z(t0+5az):¢(5ax)a
EJe) .
0= (to + 5.7) O (s,) 3. Main results

—T7<s5<0,xz €1,
ot a0 ==t

Theorem 1 Given a > 0, if there exist positive

definite matrix P >0, Q@ >0, G > 0, H > 0,
where z = (z1,..., zn)T , Dy = diag (D1, . . ., an)T, @

A = diag(ai,...,a,), B = (bij),y,s C = X Xip X3 Xu
o
(cij)nxn’ E = (eij)an? w = (1/}1""’1!}”) ,f(Z) = * X22 X23 X24
3 r T _ * r _ Eqg= >0

(R ()i u(en)) s 4y = &5 —wj [ () = 0 c v Xu X
fi (25 + ) — f; (uf) with f; (0) = 0 and f; (-) satisfy

. * * * X44
condition (2).

Lemma 112 (Jensen inequality) (i) For any con-  and positive definite diagonal matrix R > 0, compat-
stant matrix & € R™*", 5 > 0 scalar function d(¢) :  ibly dimensional arbitrary matrices N1, N, such that

0 < d(t) < d, and vector function w : [0,d] — R™ such  the following linear matrix inequalities hold:

TX11+or TXipt+ag TXiztaz TXig+ oy
=, - * TX22 + a2 7Xo3 TXo4 <0, M)
* * TX33 4+ a3z TX34+ 3y
% * % TX44 + aq
X1 X2 Xz X Bis
x  Xog Xog Xog [fos
Ey = * *  Xzz X3g 0 | >0, (8)
* * * X44 0
* * * * Bs5

then equilibrium point u* of system (1) is unique and globally exponentially stable. In which

a1y = —2PA+2aP +2PBL+Q +2N, + LGL + FLHL + 47ATRA
~8FARBTL +47|2|LB™"RB™"L,
a2 = =Ny + NJ, a;3=PC —47ARC" +47|2|LB*"RC,
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o011 = PE — 47ARE" + 47 |Q| LBTTRE*, as = — (2% — ;1) Q — 2NNy,
azz =47 |Q|CTTRCT — (e72%% — ) G, «a34 =47 |2|CT"RE", «au =47|Q|ETTRE" —e %77 'H,
Bis = N1, Bas = Noy,  fBss =e 2“"R, R =diag(r1,72,...,7n).

Here, an arbitrarily real matrix E = (e;5), ..., ET = (ej'j)nxn, where e = max (e;;, 0).
Proof Choose an LKF candidate as

V) = / (t,2) P2 (¢, 2) dx+//” 2a( )T Q (s, 2) dsda

/ / / 20 (s5—t) (82(3 :1:)) Raz(s’x)dsdﬁdx
_7 Jiro 0s 0Os

2D (2 (s,2)) G f (2 (s, x)) dsdx
*//td(t) F (= (5,2))"GT (2 (s,2)) dsd

//_T/M 20(=0) F (5, 2) HF (2(5, 2)) dsdfda. )

Calculating the derivative of V (¢t) along the system (4), we find

V() +2aV (t) < / z(t,x)" (-2PA+2aP +2PBL+Q+ 2N, + LGL + 7LHL) z (t,z) dz
2

t

+2/ 2 (t,2)" PCF (2 (t—d(t),a:))da:—l—Q/ 2(t,2)" PE F (2 (s,2))dsdz
2 (9]

t—7(t)

—(6_2‘”0—u)/9 (t—7 (1), 2)" Qz(t— 7 (1), 2)da

+/ 7 {z (t,z)" (4A"RA ~8ARBTL + 4|2/ LB™"RB"L) z ()
2

+2z(t,z)" (-8ARC* +8|Q2|LBT'RC) f (2 (t —d (t),z))

+z(tz)" (-8ARE" +8|2|LBT"RE™) /t f(z(s,x))ds
—7(t)

+f(z(t—d(t),z)" (4|2]CTTRCT) f(z(t—d(t),z))

+Ff(z(t—d(t) ,x))T (8 |92 C*TREJF) /t_ o f(z(s,2))ds

+ (/t o f(z (s,x))ds> (412 E*TRE™) /t_ f(z (s,a:))ds} dz

7(t)
L 55 >”
(=200 _ g / 2T GF(t—d(t),z)de
( sx))ds>TH</ttT(t)f<z< ))ds)dx

+
S
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|
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where
§1=<z(t,x)Tz(t—T(t),x)T fz(t—df (ff o f ))ds)T>T7
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=T (z“@T 700" Fla(t—d@).)" (o Fz(s)ds) <a§ )>)

Thus, it follows from inequalities (7) and (8), we can conclude

V () +2aV (t) < 0, > to > 0.

Therefore, we can derive

0 ,T) —u*
Iz (t,2)[l; < Be™2*E7) sup (IId)(SﬁE) —utly, il i) > ; 121020, (11)
s€[=7,0] s 2
where 3 > 11is a constant. This means that the unique | When the smooth operator D;; = 0, model (1)
equilibrium point u* of system (1) is globally exponen- becomes the following model:
tially stable. Thus, the proof is completed.
n
’ Remark 2 I.n Theorem 1, above , the new LKF iy = —agu; + Z bii f (u; (1))
is proposed to derive new delay-dependent and space- =1
dependent exponential stability criterion for system n
(1). The idea of a free-weighting matrix is intro- + Z cij fi (uj (t —d(1)))
j=1

duced, the method mentioned above is not considered
. . t
in other literatures. Furthermore, the method may be i Z eis / i (uy ())ds + Ji. (12
extended for more complex RDNNs. The well-known t—7(t)

Leibniz—Newton formula, classical inequalities and the

techniques in Refs. [25] and [34] are utilized in the From Eq. (12), we have the following simple re-
proof. Our results expanded the model in Refs. [16]  sult:
and [17]. Corollary 1 Given o > 0 if there exist positive

Remark 3 The assumptions on reaction-  definite matrices P > 0,Q >0,G >0, H >0, 57 >0
diffusion terms in this paper are almost the same as and positive definite diagonal matrix R > 0, compati-
the ones in Refs. [16], [17], and [30]-[32], and its phys-  bly dimensional arbitrary matrices N1, N3, such that
ical significance was shown in Ref. [17]. | the following LMIs hold:

7~’X11 —|—Oé/11 7~'X12 +Ot12 7~'X13—|—O/13 7~'X14—|—Oé/14

- * 7~'X22 + Q9 ’T'ng 7~'X24

=1 = _ ~ < Oa (13)
* * TX33+abs TX34+ by,
* * * TX44 + &y

X1 X2 Xiz Xwu+pPu Bis
*  Xoo Xog Xou Bas

Ey = * * X33 X34 0 >0, (14)
* * * Xaa 0
* * * * 055

then the system (12) is globally exponentially stable. In which

oy = —2PA+2aP —2PBL+Q +2N, + LGL+7LHL +7A"RA - 27A"RBL + LB RBL,

o3 = PC —7ATRC +7LB"RC, o),=-7A"RE + 7LB"RE,

agy =7FCTRC — (e7°® —d) G, o4y =7C"RE, o)y =7E"RE—¢ 77 'H,
and the other notations are the same as those in Theroem 1.

Remark 4 System (12) in this paper is a general NN model. In Refs. [9], [26]-[29] and [33], its special cases
were studied by the authors and global stability criteria were given under the case of the boundedness of the
activation functions. Moreover, the differentiability on the time-varying delays was also required in Refs. [33]-
[35]. However, the assumptions on the boundedness and the differentiability of the activation functions and on
the magnitude of the change rate of the time varying delays have been removed in Corollary 1.
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4. A simple example

In this section, we provide a simple example to
show the effectiveness of the proposed stability crite-
ria.

Example 1 Consider a RDNN with discrete and
distributed time-varying delays as

% - 7‘9@2&/8@ — Az + Bf (2 (t,2))
+Cf(z(t-d(t),))

t

+F f(z(s,x))ds,
t—7(t)
0z 0z
%QZZO*%$:1/8705 Z(to+8,$)—¢(5,$),
9z (to +s,2) _ OV (s,7)
ot ot (15)

where f(z(t,z)) = |z (t,7)|. The system (15) with
the following parameters: a = 1.5, 79 = dy = 7 = 2,
p=d=2102 =18 A=B=C=1E = —1,
P=Q=01G=H=02 N, =05, Ny = 0.5,
R=0.1, &y = diag(1,0.1,0.1,0.1), L = 1, obviously,
satisfies

21 <0,5,>0.

Therefore, it follows from Theorem 1 that the null so-
lution of system (15) is globally exponentially stable.

5. Conclusions

This paper has proposed an interesting global ex-
ponential stability criterion for RDNNs with discrete
and distributed time-varying delays. The criterion is
expressed in the form of LMIs. The obtained results
are dependent on delay and the measure of the space,
and therefore, have less conservativeness than delay-
independent and space-independent ones. To reduce
the conservatism of the stability conditions, we intro-
duce an improved LKF that employs free-weighting
matrices. The proposed methods are applicable to a
more general class of mixed time-varying delays dis-
tributed parameter systems because the delays are al-
lowed to be time-varying and the derivatives of the
delays can be any size or even non-existent. Mean-
while, the boundedness, monotonicity and differentia-
bility conditions on the activation functions have no
restrictions. Hence, it is shown that the newly ob-
tained results are less conservative and more applica-

ble than the existing corresponding ones.
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