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Synchronizing spiral waves in a coupled Rossler system
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The synchronisation of spiral patterns in a drive-response Rossler system is studied. The existence of three types of

synchronisation is revealed by inspecting the coupling parameter space. Two transient stages of phase synchronisation

and partial synchronisation are observed in a comparatively weak feedback coupling parameter regime, whilst complete

synchronisation of spirals is found with strong negative couplings. Detailed observations of the synchronous process,

such as oscillatory frequencies, parameters mismatches and amplitude variations, etc, are investigated via numerical

simulations.
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1. Introduction

Spiral waves are interesting periodic patterns
frequently observed in diverse spatiotemporal sys-
chemical cardiac tis-
fields,

hydrodynamics.' =14 Tt has also been observed that

tems, such as reactions,

sues, optical physiological systems and
spiral waves present complex behaviours and quasi-
periodic oscillations.['516] Recently, the control of spi-
rals in spatiotemporal systems has become a focused
topic because of the fruitful application of pattern
formations. Spiral waves are harmful and should be
suppressed or removed in some cases, and the con-
trol of spiral waves is directly aiming at this goal. In
this respect, the study of spiral stability is an im-
portant issue. The spiral pattern can be destroyed
by near-core breakup, which can be interpreted as
the Doppler effect,'7=19 and the far-field breakup,
which is concerned with Eckhaus instability.20-21] Tt
is also revealed that a gradient force can induce
spiral drift and deformation both theoretically and
experimentally.[22~24] In addition, the synchronisation
of extended systems has been an important research
topic in recent decades because spatiotemporal sys-
tems are a rich reservoir of diverse phenomena and
research of them is aimed at their practical applica-
tion. It is well known that periodic signals can be
injected into spatiotemporal systems; the chaotic mo-
tion can be suppressed and the system can be guided
to the periodic orbits. In related publications, study is
mainly focused on the stability of plane waves in one-

dimensional or two-dimensional systems.l?>=29 The
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research of coupled two-layer systems also reveals com-
plex phenomena of pattern interaction in extended

[30-33] The controllability of injected signals

systems.
with more complicated structures in high dimensional
spatiotemporal systems should be an interesting topic
and more closely related to realistic systems. To our
knowledge, investigation of the stability of injected
spiral waves in coupled systems is still at an early
stage.[34736] In this study, we take the coupled Rossler
system and investigate the stability of injected spiral
waves, and report new features within the synchroni-
sation process.

2. Coupled Rossler system

In the polar coordinates (z,y) —
(r,0), spiral waves have the generalised form of
F(r)exp{i[o0 — wt + ¢ (r)]}, where F(r) and ¢ (r)

are real functions denoting the amplitude and phase

system

of the system variables, and the integer o is called the
topological charge. Stable spiral waves can be found
spontaneously in nature with ¢ = 41, while stable tar-
get waves with 0 = 0 can be sustained by local inho-
mogeneities or special boundary configurations.!37—39
Here, we consider the following Réssler oscillators with

diffusive connections in an extended system![40-41],

0X

— =-Y - Z+dV?X

5 +dV3X,
a—Y:X+aY+dV2Y,

ot

%f:b—Z(X—c)erv?Z, (1)
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where X, Y, and Z are system variables; a, b, and

¢ are system parameters, and d is the diffusive coef-

ficient. In a 2D system, the Laplacian has the form
82 2

Vi= —+—.
Ox? * Oy

terns with different combinations of system parame-

System (1) can present various pat-

ters and diffusive coefficients, such as spatiotemporal
chaos and stable spiral waves, and has been exten-
sively studied. Considering that Eq. (1) could present
spiral motions, we inject the periodic signals into an-
other Réssler oscillation system, therefore take Eq. (1)
as a drive system, and the following response system
has the form,

a(:;f' =Y -7 +dVX'+e(X - X'),

a;;' =X'+dY +dV?Y/,

%Zt/ = -Z' (X' - )+dV*Z, (2)
where X/, Y’, and Z’ are the system variables; a’, ',

and ¢ are system parameters, d’ is the diffusive coef-
ficient; ¢ is the negative feedback coupling strength.
System (2) has a similar structure to system (1), and
the system parameters and diffusive coefficient in sys-
tem (2) can be different from those in system (1). In
the following studies, drive system (1) is supposed as
presenting spiral motions, and then the periodic sig-
nals can be transferred to response system (2) because
of the existence of coupling interactions. Hereafter,
we will take systems (1) and (2) as the drive-response
model, and investigate the synchronisation of the spi-
ral wave patterns by adjusting the system parameters
and coupling strengths.

3. Numerical simulations

3.1. Synchronisation of patterns

First, we consider the situation of zero coupling
¢ = 0 a.u. (arbitrary units, in the following studies
we use arbitrary units for all system and control-
ling parameters if there are no additional declara-
tions), the original patterns of systems (1) and (2)
can be different under nonidentical system parame-
ters conditions. In Fig. 1, we plot examples of dif-
ferent spatiotemporal patterns in the L x L square

area with no flux boundary conditions. In Fig. 1(a),

03

Fig. 1. Snapshots of variables X and X’ for e = 0. (a)
Spiral wave with the system parameters a = 0.2, b = 0.2,
¢ =2.5,d=0.045, (b) Spatiotemporal chaos with the sys-
tem parameters a’ = 0.01, ¥’ = 0.01, ¢/ = 1.0, d’ = 0.01.

multiple spiral waves in the area are found, and the
boundaries of the spirals are clearly divided by hy-
perbolic lines. In Fig. 1(b), spatiotemporal chaos is
presented when another set of system parameters are
chosen for system (2). The disordered motion is dis-

tributed in the space and the orbit is chaotic every-

where.

Now we consider the spatiotemporal pattern syn-
chronisation in Fig. 1 by injecting spiral signals from
We define the following

functions to measure the average distances of every

system (1) into system (2).

variable between the drive and response systems,

1 (L L
ox(t) = ﬁ/o dy/0 |X — X'|dz, (3a)

1 L L
R A ™

1 L L
az(t):ﬁ/o dy/o \Z - 7'|da.

(3b)

(3¢)
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and the total error function of the drive-response sys-
tems is given by
1 /7
o= lim ~ / lox () + oy (t) +oz (D]dt.  (4)
T—oo T 0

Now we measure the difference between the drive sys-
tem and the response system through the above index
definitions. By inspecting the structures of ox(t),
oy (t) and oz(t), we learn that when ox(t), oy (t),
and oz(t) are near to zero, the differences of X — X’,
Y —Y’, and Z — Z' are comparatively small. Other-
wise, the differences are large, and then the synchro-
nisation between the drive and the response systems

is not dominative. The definition ¢ in Eq. (4) is the
total error function describing the global difference of
the drive and response systems in a large time scale.
In the following numerical experiments, we consider
the small value of o < 0.1 as the criterion for complete
synchronisation, and this standard is applied through-
out the paper without additional declaration. Then
we study the synchronisation of coupled systems (1)
and (2) by calculating the error functions in Egs. (3)
and (4).
system (2) presents spatiotemporal turbulence. After

In Fig. 2(a), the initial pattern of response

p W? (d)
©
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Fig. 2. The response system snapshots and the error functions. The system parameters of the drive and response
systems are the same as those in Fig. 1. The coupling strength € = 0.2. The snapshots of the variable X’ in space
at the system times (a) t = 0 t.u. (time units), (b) ¢ = 200 t.u., (c) t = 500 t.u. and (d) ¢ = 3000 t.u., respectively.
(e) the error function ox (t) versus time, (f) the error function oy (t) versus time, (g) the total error function o

versus coupling strength.

the coupling is switched on, with a comparatively large
strength € = 0.2 selected, the turbulent pattern of the
response system is influenced by the injected spiral
signals after the transient [Figs. 2(b) and 2(c)] and, fi-
nally, the response system achieves complete synchro-
nisation with the drive system in Fig. 2(d). More pre-
cisely, we study this synchrous process by considering
the error functions. In Figs. 2(e) and 2(f), the error
functions are plotted versus system time. The orig-
inally large ox(t) and oy (t) drop to near zero when
the coupling is switched on, and these observations in-
dicate a perfect synchronisation. Obviously, coupling
strength plays an important role in the process. It
is easy to predict that a large coupling intensity will
lead to perfect synchronisation. In Fig. 2(g), the total

error function o is plotted versus coupling strength,
and we observe that large £ corresponds to the small
o, and thereafter leads to a good synchronisation.

3.2. Phase space and frequency locking

To investigate the process of the above synchro-
nisation in detail, we now compare the oscillatory tra-
jectories in phase space and the frequency of the os-
cillation for the response system by varying coupling
In Fig. 3(a), the variable X’ is plotted
versus system time, the chaotic trajectory is obvious
In Fig. 3(b),
the section of phase space (X’ — Y’ plane) is plot-

strengths.
when the coupling is off with ¢ = 0.

ted, and the non-periodic variable orbit confirms that
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the oscillation is chaotic. In Fig. 3(c), the chaotic
frequency distribution is indicated by the continuous
spectrum in the case of zero coupling. Then the cases
of finite couplings are considered in the following sim-
In Figs. 3(d), 3(e), and 3(f), the coupling

strength is adjusted to € = 0.008, the trajectories in

ulations.

phase space show the structure of a tori instead of
chaotic motions, and two separated frequency peaks
are observed. A new frequency, which is equal to the

rotational frequency of the drive system, appears in
the response system. Hereafter, when the coupling
strength is increased to ¢ = 0.0098, we can observe
that the new frequency peak grows and the old one
shrinks in Figs. 3(g), 3(h) and 3(i).
the coupling strength is large enough, only the drive

Finally, when

frequency dominates, and the response frequency is

completely synchronous to the drive frequency.
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Fig. 3. The phase trajectories and the frequencies versus coupling strengths. (a) X’ versus time, £ =0, (b) X' —Y’

plane, ¢ = 0, (c) frequency distribution, ¢ = 0, the main peak is not obvious.
— Y’ plane, ¢ = 0.008, (f) frequency distribution, ¢ = 0.008, there are two peaks, a new drive signal peak
— Y’ plane, € = 0.0098, (i) frequency distribution, ¢ = 0.0098, the

(e) X'
appears. (g) X’ versus time, ¢ = 0.0098, (h) X’

old frequency peak shrinks and the new one dominates, (j) X’ versus time, ¢ = 0.2, (k) X’

(d) X’ versus time, e = 0.008,

— Y’ plane, ¢ = 0.2, (1)

frequency distribution, ¢ = 0.2; the old frequency peak disappears completely, and the new frequency becomes the

dominant one.

The transition from turbulent state to spiral mo-
tion in the response system is an interesting issue. It is
notable here that synchronisation is achieved through
a quasi-periodic route. In Fig. 3(c), the frequency
spectrum of the variable trajectory is continuous, in-

dicating a chaotic orbit. By increasing the coupling

intensity in Fig. 3(g), we observe that a new frequency
from the drive system emerges besides the original pri-
mary peak. The amplitude of the new frequency grows
and becomes principal whilst the couplings increase.
Phase synchronisation occurs in these observations.

That is to say, the frequency of the drive system maps
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into the response one, but the amplitude of system
variables remains unlocked.

3.3. Amplitude variations

In the above section of phase space studies, we
find that the variable amplitudes of the response sys-
tem vary with coupling strength. In Figs. 3 (b), 3
(e), 3 (h), and 3 (k), the maximum and minimum
ranges of the system vary during the transition from
spatiotemporal chaos to spirals via the quasi-periodic
route. To study these amplitude variations in de-
tail, in Fig. 4(a), we plot the maximum and mini-

mum amplitudes versus coupling strengths. Roughly,
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Fig. 4.
strengths. (a) the maximum amplitude (solid line) and

The amplitude variations versus coupling

the minimum amplitude (dotted line), (b) the difference
between the maximum and minimum amplitudes.

the amplitude changes can be divided into two types.
In the first part of small coupling strength (for ex-
ample, £ < 0.02), the response system is still in the
chaotic state, and the amplitudes drop to near zero.
With the increase of the coupling strength, the re-
sponse system gradually becomes orderly. In the sec-
ond part with comparatively large couplings, the am-
plitude variations increase with smooth curves, which
are dramatically different from the former. For further
contrast, Fig. 4 (b) is plotted to show the difference
between the maximum and minimum amplitudes from
chaotic oscillation to quasi-periodic motion. There is
a coupling strength dividing the controlling parame-
ter regime into two parts, and the variable difference is
near to zero around this critical point [indicated by an
arrow in Fig. 4(b)]. This is an interesting simulation
result and we believe that further study of this critical
phenomenon will spark new research directions.

3.4. Parameter mismatches

The controllability of synchronisation is influ-
enced by many factors. One of the interesting things
that concerns us is the impact of system parameters.
As shown in Eqs. (1) and (2), the system parameter

sets of the drive and response systems are (a,b, ¢, d)
and (a/,V,c,d’), respectively. In Fig. 5, we study
the controllability by computing the global error flow,
which is defined in Eq. (4), for different system param-
eters. In the cases of varying response system parame-
ters, we observe that the error functions o change with
the parameter adjustment. With small system param-
eter mismatches, control is achieved with a small er-
ror function o. We conclude that when the difference
of the parameters between the drive system and the
response system is larger, the drive-response synchro-
nisation is more difficult; and when the difference is
smaller, the synchronisation is easier.

(a)] X [m'

Y (dy]

a
(3]

2.0 25 30 0 005 0.10

c d’

Fig. 5. o versus system parameters. a = 0.2, b = 0.2,
¢ =2.5,d=0.045, ¢ = 0.05, (a) o versus a’ for b’ = 0.2,
¢ = 25 and d’ = 0.045, (b) o versus b for @’ = 0.2,
¢ = 25 and d' = 0.045, (c) o versus ¢ for @’ = 0.2,
b = 0.2 and d’ = 0.045, (a) o versus d’ for @’ = 0.2,
b =0.2 and ¢ = 2.5.

3.5. Partial synchronisation

In the controlling process, we may observe the er-
ror functions to compare the difference between the
In Fig. 6,
we plot the error functions ox (t), oy (t), and oz(t),
which are defined in Eq. (3).
eration is switched on, the error functions drop down

three separated variables X, Y, and Z.
When the control op-

to near zero with a short transient, and this obser-
vation shows that the response system and the drive
system reach synchronisation immediately at a strong
coupling strength. Here, we set the same controllable
criterion for error function (o < 0.1) to imply perfect
synchronisation. In Fig. 6, we find that when the con-
trol is switched on, the error functions o x (t) and oy (t)
are lower than 0.1 in a very short transient time, while
oz(t) is more than 0.1 consistently. This can be con-
sidered as partial synchronisation. That is to say, the
control can only synchronize partial variables [in this
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case, the variables (X, X’) and (Y,Y”’) are synchro-
nized] and other variables [in this case, the variable
(Z,Z")] remain asynchronous. This numerical obser-
vation reveals that the feasibility of synchronisation
for three variables is different, and there is a partial
synchronisation regime beyond the phase synchroni-
sation observed in Section 3.2.

- T :
0 200 100

Fig. 6. The error functions ox(t) (solid line), oy (¢)
(dashed line) and oz (t) (dotted line). e = 2.8, other sys-
tem parameters are the same as those in Fig. 1.

4. Conclusion

In conclusion, we have studied the synchronisa-
tion of spiral waves in the coupled Rossler system.
Three types of synchronisation are found when the
drive-response effect is considered, and many inter-

esting features are presented by investigating oscil-
latory frequency locking, partial synchronisation and
amplitude variations, etc. In the published works, the
control and synchronisation of chaotic systems have
been the focused topics in recent decades, and many
techniques have been suggested and presented to sup-
press low and high dimensional chaotic systems. The
control and synchronisation of periodic patterns, such
as plane waves, spiral waves, target waves and scroll
waves in spatiotemporal systems, are important tasks
in the study of complex systems. Spiral waves have
more complexity compared with the usual plane waves
and are connected to the practical applications more
closely. They emerge spontaneously in many realistic
environments and can be considered as kinds of basic
periodic and oscillatory cells in the natural world. In
this research, we focus on spiral waves as the driving
target and study the new features of the synchroni-
sation. Three types of synchronisation are observed
in the coupling system and many interesting phenom-
ena are presented in detail. The phenomenology is
intuitively believed to be ubiquitous in generalised
drive-response systems when periodic spatiotempo-
ral patterns are injected into the controlled system,
and therefore has much importance in related research
fields.
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