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Fermion tunneling from squashed black holes in the
Godel universe and charged Kaluza—Klein space—time
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This paper is devoted to the investigation the fermion tunneling radiation of squashed black holes in the Godel

universe and charged Kaluza—Klein space—time. For black holes with different dimensions, establishing a set of ap-

propriate matrices y* for the general covariant Dirac equation plays an important role in the semi-classical tunneling

method. By constructing two sets of 4v* matrices, we have successfully derived the tunneling probability and Hawking

temperature of the black holes.
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1. Introduction

The tunneling method may provide a new phys-
ical picture of Hawking radiation, so the study of
Hawking radiation via the quantum tunneling method
has been a hot topic in black hole physics. Re-
cently, a semi-classical quantum tunneling method,
firstly proposed by Kraus and Wilczek!!! and then
elaborated by Parikh and Wilczek!?! and Parikh,®!
was used to investigate the Hawking radiation of
black holes. A considerable amount of work has been

4-20] Kerner and Mann?Y recently

done on this issue.|
showed that Hawking radiation could be viewed as
a quantum tunneling process and fermion tunneling
could correctly recover Hawking temperature in four-
dimensional (4D) spacetime. Since then, some re-
searchers, by applying the fermion tunneling method,
have adequately investigated the spin 1/2 particle
emission effect from typical 4D black holes.[22-31

Five-dimensional (5D) black holes and their prop-
erties have attracted considerable attention in recent
years.[32739 This is because they may present the pos-
sibility of direct observation of Hawking radiation and
serving as a large spatial extra-dimensional probe in
future high-energy collisions. Therefore, the study of
fermion tunneling radiation from 5D black holes be-
comes greatly important.

In this paper, we attempt to generalize the tun-
neling method to derive the Hawking radiation of a
Dirac particle from squashed black holes in the Godel

universe and charged Kaluza—Klein space-time. To
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our knowledge, this research, following and extending
the earlier literature, has not appeared in the other lit-
erature, and its applicability for such black holes has
not been demonstrated so far, thus it is important to
confirm whether the tunneling method actually works
for the black holes in this paper. For black holes with
different dimensions, establishing a set of appropri-
ate matrices v* for the general covariant Dirac equa-
tion plays an important role in semi-classical tunneling
method. The tunneling probability and the Hawking
temperature of the black holes are derived. The re-
sult shows that the Hawking temperature of the black
holes is not related to the species of emitted particles.

2. Fermion tunneling from a

black

Kaluza—Klein space-time

squashed hole in

The metric of the charged Kaluza—Klein (KK)

black hole with squashed horizon is described byl

as? = — fryae + S0 a2 T rya?
f(r) 4

2
+ Z(dw—i-cost ®), (1)

where d2? = d6? +sin?0d¢, 0 <0 <7, 0 < ¢ < 2m,
and 0 < ¢ < 4. The functions f(r) and k(r) take
the following forms:

(r? — ri)(rQ —7r2)

fr) = 1 ,

r
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v = TS

There are three coordinate singularities, the outer
event horizon r, the inner event horizon r_ and the
spatial infinity 7., and they satisfy r_ < ry < 7o,
0 < r < re. They are related to mass M and charge
Q by

B 377(7“_%7“20 +rir2 — 27"17“3)

3G,/ —12)(r% — %)

\/gﬂ'?“ r—
= 27(; (3)

The gauge potential is described by

At:iﬁ <r+r _ry")' (@)

M

Q

2 72 r2
A new radial coordinate p can be introduced as!*"!
2
r
= 5
e L (5)
it yields the relation
5% = 4(p+ + po)(p— + po), (6)
where
2
=
= —— /0. 7
p:l: Tgo _ Ti pO ( )

Under this coordinate transformation, metric (1),
gauge potential A, black hole mass M and charge
Q@ can be rewritten as

K?(p)
F(p)
2

4}?;2[)) (dep + cos 0d )2, (8)

ds®* = —F(p)dr? + dp? + p*K?(p)d2*

+

and

A = i? VPP

p
3T
M= === (p+ +p-),
\/§7rroo
Q=7F o VPP, 9)

where 7 = 2pot/r~,, and the new functions F'(p) and
K(p) are given by

F:(1—pp+) (1—pp), K=1+p—p0. (10)

The determinant of the metric is

4r2 K*(p)sin® 0
g= P ip) 7 (11)

and the non-zero inverse metrics can be expressed as

TT:_L gpp: F(p) geezé
F(p)’ K2(p)’ P2K2(p)’
g% = 1
p2K2(p)sin® 6’

o 4K (p) cos? 6
9= r2, p2K2(p)sin® 6’

dv _ _ cos 19
g p2K2(p)sin® 6’ (12)

In cured spacetime, Dirac particle motion satisfies the
following covariant Dirac equation:

iy (au + 2, + I;AM) v Tw=0,  (13)

where m and e are the mass and the electric charge of
the emitted particle, and

i

i
Qp =500 Zop, Tap =7 [v27]. (14
The matrices satisfy
("7 = 29" < 1. (15)

In this section, we choose the following matrices ~*
form for the rotating KK black hole with a squashed

horizon:
0 I 0 o3
Y =V—g7" ;Y =Vgrr ;
10 a3 0
0 ot 0 o2
V' =Vg | ;=g | ,
o
I0 0 o?
=G +F : (16)
0 I o2 0
where
PP ¢1p)2
F=-9_ o= wo _ 9 ), (17)
/g¢¢ g%

and I is a 2 x 2 identity matrix and gamma matrices
~%(a = 0,1,2,3,4) obey the anti-commutation rela-

tions
{(v*, 4"} =2n"" (18)

with % = diag(—1,1,1,1,1) being the flat (lorentz)
metric tensor. The o'(i = 1,2,3) are Pauli matrices.
Here, we will only analyse the spin-up case since the
final result is the same as that in the spin-down case,
as can be presented by using the methods described
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below. We employ the ansatz for the spin-up spinor
field ¥ as follows:

!pT (T7 P 97 ¢7 w)

A(7_7 p7 07 ¢’ 'l)b)
0 i
= =1 ) 707 ’ .
B(r, p,0,6,0) Xexp[ﬁ e M)}

0
(19)

Thus, we have the following equations:
B(V=GT (@11 + eAr) + Vg0, I
—A(G%IT + m) =0, (20)
B(\/gfwaeﬁ +1iVgP0, 17 + iFawIT) =0, (21)
~A(VEGTO:0; + eAr) — Vo, I
+B(Goyl —m) =0, (22)
A(VGP00I; + iV g0,1; + 1FO,I;) = 0. (23)

From the above equations, we can find that the ac-
tion can be separated. Because there are three Killing
vectors (0/0;)", (0/04)" and (0/0y)" in 5D rotating
Kaluza—Klein black hole with squashed horizon, we
employ the following ansatz:

Iy =—wr+Jo+ LYy + R(p,0) + K, (24)

where w, J and L are the emitted Dirac particle en-
ergy and angular momenta corresponding to angles ¢
and 1, and K is a complex constant. Inserting ansatz
(24) into Egs. (20)—(23) (where we only consider the
positive frequency contributions without loss of gen-
erality), we have

B((~w+ eA)V=g7 + Va0, R(p,0))
—A(GL + m) —0, (25)
B(VgP 00 R(p,0) + /9% +iFL) =0, (26)
—A((—w+ A V=g — Vg0, R(p,6)
+B (GL - m) —0, (27)
A(\/ﬁaeR(p, 0) + ivg?0J + iFL) —0. (28

From Egs. (25) and (27), we can easily see that the
two equations have a non-trivial solution for A and
B if, and only if, the determinant of the coefficient
matrix vanishes. Then we have

8PR(/)» 9)

. \/ (= eAr)? — (—g7) (L2G? —m?)
9 ()

_ P’ [P+ po
R VET S

X V(W —eAr)? — (—g77)"HL2G? — m?). (29)

From Egs. (26) and (28), we obtain

[
09 R(p,0) — —iJivg;;LF. (30)
g

Since the leading contribution comes from the event
horizon, for simplicity we may use the near-horizon ap-
proximation and expand the equations near the hori-
zon as follows:

(=g™) = (=), (p)(p = p+), (31)
where
_ a(_gTT)—l
(=", (py) = (32)
8 dp p=p+
Thus, we can obtain
A/ q?®
9% (p+,9)
and
aPR(p7 0)

B p? [p+ po
BRIy

<y (w—eA)? — (—=g™)5 (0 — i) (L2G2 —m2).
(34)

Near the event horizon py, 9y R(p, 8) has no explicit p
dependence and d,R(p, 0) is independent of §. There-
fore, near the horizon, R(p,d) can be separated into
R(p,0) = R(p) + ©(0), which is corresponding to
O9R(p,0) = 0pO(8) and 9,R(p,0) = 0,R(p). From
Eq. (24), we can find that R(p,0) and K will make
contributions to the imaginary parts of the action.
Now, we will focus on calculating R(p) and ©(6).
Since the contributions from ©(0) are completely the
same for both the outgoing and the ingoing solutions,
the contributions of ©(6) to the imaginary parts of
the action are canceled out. Solving the radial func-
tion R(p) yields
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_ P’ PP iy — eAN2 — (—am) =1 (p — 202 _ 2
Rilp) = & [ s [P s flw— e = (7705 0= p) (1262 — )

So we obtain the function R(p)

py o0 Ph
P+ P+~ P-

Ry (p) = +mi (w—edy), (36)

where & = A, (p4+). One solution R (p) corresponds
to the Dirac particle moving away from the outer event
horizon (i.e., + outgoing), and the other solution cor-
responds to the Dirac particle moving towards the
outer event horizon (i.e., — ingoing). Imaginary parts
of the action can only come from the pole at the event
horizon or from the imaginary parts of K. So when a
particle crosses the event horizon each way, the outgo-
ing and the ingoing probabilities are respectively given
by

Pout = exp

/T\
| Do
—
=
~
5
N———

3"\1\3@‘

(ImR + ImK)} ,

I
@D
"
e}
[ —]

o)

5

I

o)

b

jo)
/l—\
St b
—

5]

~
5
N———

(37)

St o

(ImR_ + ImK)] .

Il
]
»
il
[ —

To ensure that the probability is normalized so that
any particle classically can completely enter the black
hole, the probability for incoming particle crossing the
horizon should be in unity. In our case, we order
ImK = —ImR_. Since ImnR; = —ImR_, the tunnel-
ing probability of a Dirac particle crossing from inside

to outside the event horizon becomes

I' = exp[—4ImR (p)]
drpl [pr +po

P+ — P- P+

= exp [— (w—edy). (38)

From the tunneling probability, the Hawking temper-

ature of the black hole can be determined as

T — P+ — p— P+
= 1/ .
dmps P+t po

This result is exactly consistent with that in Refs. [40]
and [41].

(39)

(35)

\
3. Fermion tunneling from a

squashed black hole in the

Godel universe

The metric of the Schwarzschild—Gddel black hole
with a squashed horizon is described by!*2!

ds?

X2 (r) ar? + ﬁx(r)déﬂ —2g(r)dtdy

= —k(r)dt* + Vi) 1

+ (h(r) cos? 0 + éx(r) sin? 9) d¢? + h(r)dy?

— 2g(r) cos@dtd¢ + 2h(r) cos 0doddp, (40)
where
2m )
k(r)=1- T2 g(r) = ir?,
h(r) = —3%r?(r® + 2m),
c? + 2em(1 — 85%m)
x(r) = 3 :
(r2+¢)
2m  1652m?
Here ¢ = —rg is a real constant and controls the

squashing of the three-sphere. The black hole hori-

zon is
rg = 2m(1 — 85%m). (42)

The inverse metrics are

tt __ _% L V(T)
O O R ORI O}

oo _ 4 N S
7" r2x(r)’ 9= r2x(r)sin? @’
g0 =90 ew_  dcosf

k(r)h(r) + g*(r)’ r2x(r)sin? @’
_ 4cos? 6 k(r)
"= r2x(r) sin? @ * k(r)h(r) + g2(r) (43)

In this section, we choose the following matrices ~*
form for the Schwarzschild-Gdédel black hole with
squashed horizon:

0 I 0 o3
v =+/—g" . Y =g ,
—-I0 g3 0
0 o 0 ot o 0 o2
7 =Vg . ;=g :
o 0 o- 0
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0 I 0 o2
-I0

-I0
+G ,
0 I

(44)

v =H

where

Taking the same method, we can obtain the function
R(r)

2 /om(l = 8j2m)?
i o2l = 87°m) (46)

R) = e (1 = 87m)]

The tunneling probability for a Dirac particle crossing
from inside to outside the event horizon becomes

—2mr3/2m(1 — 852m)3
r3 —2m(1 — 852m)

I' =exp (47)

From the tunneling probability, the Hawking temper-
ature of the black hole can be determined as

r¢ —2m(1 — 85%m)

21r2/2m(1 — 852m)3

As aresult, the Hawking temperature of the black hole

T =

(48)

is successfully recovered.

4. Conclusion

It should be pointed out that for spacetimes with
different horizon topologies and different dimensions,
choosing appropriate v* matrices for the general co-
variant Dirac equation is an important technique for
the fermion tunneling method, or we can not correctly
recover teh Hawking temperature. In this paper, we
construct two sets of v* matrices for the squashed
black holes in the Godel universe and charged Kaluza—
Klein space-time, and recover the Hawking temper-
ature by calculating the tunneling probability. The
result shows that both scalar particles and Dirac par-
ticles with spin tunnel cross the horizon at the same
Hawking temperature.
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