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Complex frequencies of a massless scalar field
in loop quantum black hole spacetime*
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Recently, considerable progress has been made in understanding the early universe by loop quantum cosmology.

Modesto et al. investigated the loop quantum black hole (LQBH)using improved semiclassical analysis and they found

that the LQBH has two horizons, an event horizon and a Cauchy horizon, just like the Reissner—Nordstréom black hole.

This paper focuses on the dynamical evolution of a massless scalar wave in the LQBH background. By investigating

the relation between the complex frequencies of the massless scalar field and the LQBH parameters using the numerical

method, we find that the polymeric parameter P makes the massless scalar field decay more quickly and makes the

ground scalar wave oscillate slowly. However, the polymeric parameter P causes the frequency of the high harmonic

massless scalar wave to shift according to its value. We also find that the loop quantum gravity area gap parameter

ap causes the massless scalar field to decay more slowly and makes the period of the massless scalar field wave become

longer. In the complex w plane, the frequency curves move counterclockwise when the polymeric parameter P increases

and this spiral effect is more obvious for a higher harmonic scalar wave.
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1. Introduction

Loop quantum gravity (LQG)! =4 is a fundamen-
tal quantum geometric theory that reconciles general
relativity and quantum mechanics at the Planck scale,
and we expect that this theory could resolve the clas-
sical singularity problems of general relativity. The
applications of LQG technology are to solve two kinds
of classical singularity problems. One is to solve the
initial singularity problem of early universe,[>f! the
other is to solve the black hole singularity problem by
using tools and ideas developed in full LQG.7=9 A
simplified framework, which uses the minisuperspace
approximation, has been shown to resolve the initial
singularity problem.*] A black hole metric (the loop
black hole (LBH))!% was obtained dynamically inside
the homogeneous region (that is inside the horizon
where space is homogeneous but not static). The out-
side of its horizon shows that one can reduce the two
free parameters by identifying the minimum area pre-
sented in the solution with the minimum area of LQG.
The thermodynamic properties!!®!! and the dynam-
ical aspects of the collapse and the evaporation®? of
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these self-dual black holes have been studied previ-
ously. These black hole spacetimes have also been in-
vestigated in a midi-superspace reduction of LQG.['3]

The quasinormal modes(QNMs),['¥ which de-
pend on black hole parameters, are of great impor-
tance in gravitational-wave astrophysics and might be
observed in existing or advanced gravitational-wave
detectors. Furthermore, black holes are often used
as a testing ground for ideas in quantum gravity and
their QNMs are obvious candidates for interpretation
in terms of quantum levels.['5] Meanwhile, the inves-
tigation on QNMs may lead to a deep understand-
ing of the thermodynamic properties of black holes in
LQG, 1617 a5 well as the QNMs of anti-de Sitter black
holes, which have a direction interpretation in terms
of the dual conformal field theory.'8:19 Therefore, in
the past few decades there have been a lot of authors
who have focused on the QNMs of matter fields in dif-
ferent black hole backgrounds, such as the QNMs of
black holes in anti-de Sitter space,?°=22 the Dirac
field QNMs3=2%] and the scalar field QNMs/26-29
in different backgrounds. Recently, some scholars

have investigated the effect of dark energy and dark
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matter on QNMsPB0=43] and some others have ex-
tended the investigation of QNMs to higher dimen-
sional spacetimes.[44—48]

Recently, Modesto et al.l'%'3] concentrated their
attention on the space-time structure of the loop
quantum black hole (LQBH) using improved semi-
classical analysis, i.e., the conservative approach of
the constant polymeric parameter. They found that
the LQBH has two horizons, an event horizon and a
Cauchy horizon, and the LQBH has improved stabil-
ity over classical two-horizon black holes, such as the
Reissner—Nordstrom black hole (RNBH). From these
references, we can see some similarities in the proper-
ties of space-time structure in the LQBH and RNBH.
It is well known that some authors*9—51 have investi-
gated the different fields evolution in the RNBH back-
ground. Therefore, it is interesting to study the evo-
lution of the massless scalar field in LQBH spacetime.
In this paper, we plan to investigate whether there
are some similar properties in dynamical evolution in

these two kinds of spacetime background.

2. Dynamical evolution of mass-
less scalar field in LQBH space-
time

The spherically symmetric solution corrected by
quantum gravitation!'*:52 can take the following form:

ds? = —A(r)dt* + B~ (r)dr?

+ C(r)(d6? + sin? 0d ), (1)
where
r—2m)(r — 2mP?)(r + 2mP)?
sy = U= InP Y 2
0
_(r=2m)(r —2mP?)rt
B(r) = (r 4 2mP)%(r* 4+ a) ’ (3)
2
o) =1+ 5. (4)

Here, the polymeric parameter P = (m —
1)/(V1+€2 + 1), where ¢ = §v is the product of
the Immirzi parameter v and the polymeric quantity
0. The quantum gravitational corrections become rel-
evant only when the curvature is in the Planckian
regime, corresponding to € < 1. The parameter ag
is the area gap of LQG.

The general perturbation equation for the mass-
less scalar field in curved spacetime is given by

1 " _
ﬁ@(\/jgg o)y =0, (5)

where 9 is the massless scalar field.

Because of the spherically symmetric property of
LQBH spacetime, we can divide the wave solution
1 into the form ¢ = (e”“!'®(r)/r)Y(0,¢), where
Substi-
tuting Eq. (1) into Eq. (5), we obtain the radial per-

Y (0, ) is the spherical harmonic function.

turbation equation

LR & et ATBm
)

- [1(z+1 gg:g —w2] B(r), (6)

If we introduce the following tortoise coordinate:

dr, 1
Rl A — 7
dr A(r)B(r) @

then the radial perturbation Eq. (6) can be simplified

to
T 2 —vem =0, @)
where
V(r) = (1 + 1)%3 +s A(g)(f)(r)

C(r) or

9
or

It is obvious that the effective potential V' de-

A(r)B(r) aC(r)ﬂ ©

pends on the radial coordinate r for fixed parame-
ters of angular quantum number [, mass m, the poly-
meric parameter P and the LQG area gap ag, respec-
tively. Because Eq. (9) is so complicated, we cannot
straightly see its r-dependence properties for fixed pa-
rameters. Figures 1-3 give the behaviour of the effec-
tive potential versus r for the LQBH for fixed param-
eters. Figure 1 and Fig. 4(a) show the variation of the
effective potential and its peak points 7, with respect
to the polymeric parameter P. From these two figures
we find that the peak values of the potential barrier
get higher and the location of the peak (r = r,) moves
forward to the right side when the polymeric parame-
ter P increases. In Fig. 2 and Fig. 4(b) we provide the
variation of the effective potential and its peak point
rp with respect to the LQG area gap ag. From these
two figures we can find that the peak value of the po-
tential barrier becomes lower, which is different from
the above case, but the location of the peak (r = r)
also moves forward to the right side when the LQG
area gap ag increases. However, from Fig. 3 we can
see that the peak value of potential barrier gets higher
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and the location of the peak point (r = r,) moves
forward to the right side when the angular quantum
number [ increases.

0.12 o
0.10
0.08
0.06

V(r)

0.04
0.02
2

Fig. 1. The behaviour of the effective potential V' (r) ver-
sus r for the LQBH with fixed parameters [ = 1,m =
1,a0 = v/3/2 and the polymeric parameter P = 0.1 (dot-
ted line), 0.3 (solid line), 0.5 (dashed line).

1)

2 3 4 6

r
Fig. 2. The behaviour of the effective potential V' (r) ver-
sus r for the LQBH with fixed parameters [ = 1,m =
1, P = 0.1 and the minimum area gap constant ag = v/3/2

(dotted line), v/15/2 (solid line), v/35/2 (dashed line).
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Fig. 3. The behaviour of the effective potential V()
versus 7 for the LQBH with by fixed parameters m =
l,a0 = \/5/27 P = 0.1 and the angular quantum number
1=0,1,2,3 (from bottom to top).
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Fig. 4. The peak point (r = rp) of the effective potential
versus the parameters of the LQBH for different angular
quantum numbers. (a) corresponds to Fig. 1 and (b) cor-
responds to Fig. 2.

3. Simulations on complex fre-

quencies of massless scalar

field

From the effective potential V (r), i.e., Eq. (9) and
Figs. 1 and 2, we find that the complex frequencies
depend on the polymeric parameter P and the LQG
area gap ag. In this paper, we investigate the rela-
tions between the complex frequencies and the poly-
meric parameter P and the LQG area gap ag in de-
tail. In order to evaluate the complex frequencies of
the massless scalar field in LQBH spacetime (1), we
use the third-order WKB approximation, a numerical
method introduced by Schutz, Will and Iyer.[53-55]
This method has been extensively used to evaluate the
complex frequencies of various black holes due to its
considerable accuracy for lower-lying modes. In this
approximate method, the formula for the complex fre-

quency w is

wQ _ [VO + (_2V1/0)1/2A]
—i(n+ %)(—21/”0)1/2(1 +02), (10)

where
B 1 LV (1,
A= (_2Vllo)1/2{8 (VIIO Z + N

1 \i 2
- 5% <V,,;’) (7+60N2)}, (11)

1 5 V" 4
0 = 188N?
(2V”0)1/2{6912 (V”O> (77 + 188N°7)
1 ( V///2OVO(4)

2
~ 351 | v, ) (51 + 100N?)

1 (v 2 ,
_— N
+ 3308 v (67 + 68N?)
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1 V/NOVO(S)

+ 528 i, (19 + 28N?)
1 VO<6) )
and
1 dsv
T« =Tx%(Tp

where n is the overtone number and ry, is the value
of polar coordinate r corresponding to the peak of
the effective potential (9).
potential (9) into the formula above, we can obtain

Substituting the effective

the complex frequencies of the massless scalar field in
self-dual black hole spacetime. Figure 5 and Table 1
show the real and imaginary complex frequency parts
of the massless scalar field with the variation of the
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polymeric parameter P and angular quantum number
[. By analysing these data and curves, we can find
that, when the polymeric parameter P increases, the
real part of the ground complex frequency of the mass-
less scalar field decreases, but the imaginary part of
the complex frequency of the massless scalar field in-
creases, which means that the polymeric parameter P
causes the massless scalar field to decay more quickly
and makes the scalar oscillate slowly. However, it is
more complicated for the harmonic scalar wave. i.e.,
high angular quantum numbers . See [ = 2,3 curves
in Fig. 5, the real parts of the complex frequency in-
crease first and then decrease as the polymeric param-
eter P increases. This means that the polymeric pa-
rameter P makes the frequency of the high harmonic

massless scalar wave shift blue first and then red.
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Fig. 5. Variation of real parts Re(w) ((a), (b)) and imaginary parts Im(w) ((c),(d)) of complex frequencies of the
massless scalar field in the LQBH spacetime with parameters m = 1,a9 = \/5/2

Table 1. Complex frequencies of the massless scalar field in LQBH spacetime with parameters

m:17a0:\/3/2andn:0.

P

w (Il=0)

w(l=1)

w(l=2)

w(l=3)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.12696-0.14404i
0.12633-0.14269i
0.12443-0.13867i
0.12129-0.13213i
0.11692-0.12337i
0.11131-0.11297i
0.10449-0.10185i
0.09662-0.09115i
0.08825-0.08165i1
0.08011-0.07340i

0.29041-0.10738i
0.30612-0.10713i
0.31986-0.10501i
0.33106-0.10108i
0.33907-0.09541i
0.34315-0.08819i
0.34246-0.07965i
0.33606-0.07028i
0.32310-0.06086i1
0.30332-0.05260i

0.47909-0.09994i
0.50775-0.10060i
0.53303-0.09925i
0.55390-0.09652i
0.56925-0.09180i
0.57782-0.08542i
0.57821-0.07758i
0.56885-0.06870i
0.54826-0.05956i
0.51579-0.05141i

0.66913-0.09784i
0.71019-0.09876i1
0.74646-0.09791i
0.77650-0.09526i
0.79872-0.09082i
0.81137-0.08468i
0.81246-0.07704i
0.79981-0.06829i
0.77134-0.05923i
0.72606-0.05111i
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Fig. 6. Variation of the real parts Re(w) ((a), (b)) and the imaginary parts Im(w) ((c),(d)) of complex frequencies

of the massless scalar field in LQBH spacetime with parameters m =1, P = 0.1.

Table 2. Complex frequencies of the scalar field in the LQBH spacetime with parameters m = 1, P = 0.1 and n = 0.

ao w (1=0) w(l=1) w(l=2) w (1=3)
\/5/2 0.12632-0.14269i 0.30612-0.10713i 0.50775-0.10060i1 0.71020-0.098761
V15/2 0.11991-0.15586i 0.29350-0.10948i 0.48973-0.10064i 0.68580-0.09820i
V/35/2 0.11683-0.16532i 0.27857-0.11216i 0.46716-0.10082i 0.65500-0.09768i
V63/2 0.11490-0.170391 0.26410-0.11435i 0.44436-0.100861 0.62359-0.09710i

Figure 6 and Table 2 show the variation between
the complex frequency of the massless scalar field and
the LQG area gap ap and angular quantum number [.
We find that, when the LQG area gap ag increases,
the real (imaginary) parts of complex frequency of
the massless scalar field decrease, which means that
the LQG area gap parameter ay makes the massless
scalar field decay more slowly and makes the period
of the massless scalar field wave become longer.

In Fig. 7, we show the effects of the polymeric
parameter P on the massless scalar wave evolution in
the complex w plane for different angular quantum
numbers | = 1,2, 3. We find that the frequency curves
move counterclockwise as the polymeric parameter P
increases in the complex w plane. At the same time,
this spiral effect is more obvious for a higher harmonic
scalar wave. Jing,[*?) Shu and Shen[®”! have also found
a similar property in a Dirac field in an RNBH back-
ground. This means that the LQBH not only has
a similar spacetime structure, such as two horizons
(event horizon and Cauchy horizon),[1%13] but also a
dynamical evolution like the RNBH.

—0.04
- - a
b N
~0.06F b %
\ \ '
2 } ) \ |
= —0.08 . ] }
fl i * A/,;
—0.10F 4 R N
—0.12 L - L - . 1 2 i L
0.3 0.4 0.5 0.6 0.7 0.8
Re(w)

Fig. 7. Variation of real parts and imaginary parts of fre-
quencies of the massless scalar field in LQBH spacetime with
parameters m = 1,ap = v/3/2. The behaviour of the fre-
quencies in the complex w plane shows that the frequencies
generally move counterclockwise as the polymeric parameter
P increases.

4. Conclusions

We have investigated the dynamical evolution of
the massless scalar wave in the LQBH background and
numerically studied the complex frequencies of the
massless scalar wave. We have found that the poly-
meric parameter P causes the massless scalar field to
decay more quickly and makes the ground scalar wave

oscillate slowly. However, the polymeric parameter
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P causes the frequency of the high harmonic mass-
less scalar wave shift higher or lower according to the
value of polymeric parameter. We have also found
that the LQG area gap parameter ag causes the mass-

less scalar field to decay more slowly and makes the

period of the massless scalar field wave longer. We
have found that, in the complex w plane, the frequency
curves move counterclockwise as the polymeric param-
eter P increases and this spiral effect is more obvious
for higher harmonic scalar waves.
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