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This paper presents the Mei symmetries and new types of non-Noether conserved quantities for a higher-order

nonholonomic constraint mechanical system. On the basis of the form invariance of differential equations of motion for

dynamical functions under general infinitesimal transformation, the determining equations, the constraint restriction

equations and the additional restriction equations of Mei symmetries of the system are constructed. The criterions of

Mei symmetries, weak Mei symmetries and strong Mei symmetries of the system are given. New types of conserved

quantities, i.e. the Mei symmetrical conserved quantities, the weak Mei symmetrical conserved quantities and the strong

Mei symmetrical conserved quantities of a higher-order nonholonomic system, are obtained. Then, a deduction of the

first-order nonholonomic system is discussed. Finally, two examples are given to illustrate the application of the method

and then the results.
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1. Introduction

In 1894, the German scholar Hertz! first sepa-
rated constraint systems into holonomic and nonholo-
nomic systems, so as to open up a new field of the me-
chanics of nonholonomic constraint systems. With the
development of science and technology, study of the
mechanics of nonholonomic constraint systems plays

[2—30] and

an important theoretical and practical role,
has become a popular subject in classical and quantum
field theory,11:12:16,20-22] yelativistic systems, 3913
mechanics. [2—7:14,15,17-20,23]
spacecraft  attitude
24-26]

mathematics, [10-27]

24,25

dynamics,| multibody

[26,28] machine

systems, | robot control theory,
engineering, 2939 etc.

The principle of symmetries is a higher level of
law in physics, and the conserved quantities of the
dynamical systems can better reveal the profound
physical laws. The conserved quantities of a physi-
cal system are closely related to its symmetries. In
modern times, there are two main methods used for
obtaining conserved quantities: Noether symmetries
and Lie symmetries. In 1918, the German scien-
tist Noether first discovered that conserved quantities
correspond to some symmetries and conserved quan-
tities can be found through the symmetries of the
system, the theory of Noether symmetries was then

established.l?!l In 1979, Lutzky[®233! applied Lie the-
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ory to the differential equations of motion for a me-
chanical system and studied the Lie symmetries and
conserved quantities of a dynamical system. Over
the past 50 years, researchers have developed the
methods of Noether symmetries and Lie symmetries,
and obtained many important results in mechanics,
relativistic systems, rotational relativistic systems,
quantum field theory, atomic physics and molecular
physics.[1:4:6:16,20-22,34-56] 11y 9000, Meil5"! gave a new
symmetry, i.e. form invariance, now known as Mei
symmetry by academics,®®59 which means that when
the dynamical functions are replaced by the trans-
formed functions under the infinitesimal transforma-
tions of group, the forms of differential equations of
It is different from Noether

symmetries and Lie symmetries, which can also lead

motion stay invariant.

to conserved quantities under certain conditions. Over
the past 10 years, study of Mei symmetry has become
a hot topic and includes a series of results.[3~75

For a higher-order nonholonomic
Zhang,'!! Luol%39 and Meil*? respectively, stud-

ied the Noether symmetrical method and the Lie

system,

symmetrical method. However, their studies were
confined to giving the Noether conserved quantities.
In this paper, we further study the Mei symmetries
of the higher-order nonholonomic system and ob-

tain new types of non-Noether conserved quantities.
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First, on the basis of the form invariance of differ-
ential equations of motion for dynamical functions
under general infinitesimal transformation, the deter-
mining equations, the constraint restriction equations
and the additional restriction equations of Mei sym-
metries of the system are constructed. Second, the
criterions of Mei symmetries, weak Mei symmetries
and strong Mei symmetries of the system are given.
Then, new types of conserved quantities (i.e. Mei
symmetrical conserved quantities, weak Mei symmet-
rical conserved quantities and strong Mei symmetrical
conserved quantities) of a higher-order nonholonomic
system are obtained. Furthermore, a deduction of the
first-order nonholonomic system is discussed. Two
examples are given to illustrate the application of the
method and the results.

2. Equations of motion of higher-
order nonholonomic

systems

Let us consider a mechanical system whose con-
figuration is described by the n generalized coordi-
nates g5 (s = 1,2,...,n). The motion of the system
is subjected to the g ideal bilateral m-order nonlinear

nonholonomic constraints
} (m)
fp(taqs7QS7' <y Qs ) = 0)
(p=1,2,...,9; s=1,2,....,n; m=1,2,...). (1)

The virtual displacements of the system satisfy
Chetaev’s condition!®!

s=10 s
5t = 6gs = 665 =, = 5" = 0,64 £0. (2)
Suppose that the Lagrangian is
L=1L(tqs,4s), (s=1,2,...,n), (3)

using the Lagrange method of multipliers, we can ob-
tain Lagrange equations with multiplier for a higher-

order nonholonomic system

d oL oL K. of

T a- = § )\p £ y

dt ¢,  Oqs P (qs)
(s=1,2,...,n; m=1,2,...). (4)

Before integrating the differential equations (4), us-
ing Egs. (1) and (4), we can express multipliers )\, as

So, Eq. (4) can be
written in the form of the corresponding holonomic

the functions of ¢, g, gs, - - -, (&ns).

system

4oL oL
dt 8¢, Ogqs

4s, ()

g
A=), f (s=1,2,...,n; m=1,2,...).
3. Criterions and determining
equations of Mei symmetries
for the higher-order nonholo-

nomic systems

Choose the infinitesimal transformations of group
of t and ¢, as follows:

t"=t+At, ¢ (t*) = qs(t) + Ags, (6)

their expanding forms are

) R
t :t+5€0(t7QS7QSa--'a 45 )’

X . (m)

G (t") = qs(t) + e&s(t g5, sy -+ 45 ), (7)
where € is an infinitesimal parameter, {, and &s are
the generating functions of the infinitesimal transfor-

mations. And the infinitesimal generator vectors are

0 0
X(O) = " S
& T + & g,
X0 = xO 49, 0 26— b,
04
X® = x® 4 s gz s = (05)" = dso,
s
6(&?;)
(m)  (m=1),  (m)
ns = ns ) = ds o (8)

Under the infinitesimal transformation Eq. (7), the
Lagrangian L and the generalized constraint reactions
A, become

L* = L(t,qs. 4s) + eX(L) + o(e?),
A: = As(t7 qs; QS7 R (g;)) + €X(7n)(/15) + 0(€2)’ (9)

and f, become

L= Folt s, G- G0) + X (£,) + 0(e2). (10)
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Mei symmetry is the form invariance of differen-
tial equations of motion for dynamical functions under
infinitesimal transformation, so Eq. (5) and the con-
straints Eq. (1) become, respectively

iaL* _ oL
dt dgs dqs S
(s=1,2,...,n; m=1,2,...), (11)
and
fp(t 7qs7qqusv~~~7q3):07

). (12)

Substituting Eq. (9) into Eq. (11), neglecting the
terms of €2 and the higher order terms, and using

(p=1,2,...,9; s=1,2,...,n; m=1,2,..

Eq. (5), we can obtain

dox(r) axW(L)
dt  9qs 0qs
(s=1,2,...,n; m=1,2,...). (13)

_ X(m)(/ls),

We call Eq. (13) the Mei symmetrical determining
equations of the higher-order nonholonomic system.
Substituting Eq. (10) into (12), we can obtain

m=12,..

We call Eq. (14) the constraint restriction equations
of the higher-order nonholonomic system.
Considering the Chetaev condition Eq. (2) and

(m) (m+1) (m) (m+1)

(m)
0qs =Aqs — gs At:ﬁ(ﬁs - (s gO)a (15)
we have
- 8f (m)  (m+1)
(75)(7]‘; — (s 50) = Oa
s=10 qs
(p=1,2,...,9; m=1,2,...). (16)

We call Eq. (16) the additional restriction equations
of the higher-order nonholonomic system.

Criterion 1 For the higher-order nonholonomic
system Eqs. (1) and (4), if the generating functions &
and & of dynamical functions under general infinites-
imal transformation Eq. (7) satisfy the determining
equation (13), then the invariance is the Mei symme-
try of the corresponding holonomic system Eq. (5).

Criterion 2 For the higher-order nonholonomic
system Egs. (1) and (4), if the generating functions &y
and & of dynamical functions under general infinites-
imal transformation Eq. (7) satisfy the determining
equation (13) and the constraint restriction equation

(14), then the invariance is the weak Mei symmetry of
the higher-order nonholonomic system.

Criterion 3 For the higher-order nonholonomic
system Eqgs. (1) and (4), if the generating functions &,
and & of dynamical functions under general infinites-
imal transformation Eq. (7) satisfy the determining
equation (13), the constraint restriction equation (14)
and the additional restriction equation (16), then the
invariance is the strong Mei symmetry of the higher-

order nonholonomic system.

4. Mei conserved quantitities for
higher-order nonholonomic

systems

For the higher-order nonholonomic system, the
Mei symmetries can directly lead to new types of
non-Noether conserved quantities, i.e. Mei conserved
quantities. The following theorems give the condi-
tions for the existence of conserved quantities directly
induced by Mei symmetries for a higher-order non-
holonomic system.

Theorem 1 For the holonomic system Eq. (5)
corresponding to the higher-order nonholonomic sys-
tem Egs. (1) and (4), if the generating functions &
and &, of dynamical functions under general infinites-
imal transformation Eq. (7) satisfy the determining
equation (13), and there is a gauge function Gp = Gp

(t,qs, qss - - - (cz)) satisfies the structure equations

XOXOL)]+ XD
FX M (A)(E — 4s&o) +Cr =0,  (17)
then the corresponding holonomic system Eq. (5) pos-

sesses the following Mei symmetrical conserved quan-
tities:

(1)
a)(aqs(L)(fa - QS€0) + GF

= const. (18)

I = XW(L)& +

Proof We have

dly  (oxXW(L) oxW(L).  oxW(L) .
E = ( ot + aqq qs + 8(]@ qs 60

. d oxW(L
+ X(l)(L)€0 + E (6(]9(>> (fs - 4550)

axM (L) . .
+6qg()(£s - q'st - dsfo)

. ox((L) oXM(L)
_xm _ _
X(L)So T 4.

€s
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axO(L) . .
- T()(gs - QSSO) - X(m)(As)(fs - 4850)
 [doxW(L) oxM(L)
- [cw o4s O

- X<m><As>] (& — 0sto). (19)

By the determining equation (13) of the Mei symme-
tries, we know that Eq. (19) is zero.

Theorem 2 For the higher order nonholo-
nomic system Eqs. (1) and (4), if the generating func-
tions & and &; of dynamical functions under gen-
eral infinitesimal transformation Eq. (7) satisfy the
determining equation (13) and the constraint restric-
tion equation (14), and there is a gauge function
Gr = GF(ta sy qss - - qgm)
tion (17), then the system possesses the weak Mei

) satisfying structure equa-

symmetrical conserved quantities Eq. (18).
Theorem 3 For the higher-order nonholonomic
system Egs. (1) and (4), if the generating functions
& and & of dynamical functions under general in-
finitesimal transformation Eq. (7) satisfy determining
equation (13), the constraint restriction equation (14)
and the additional restriction equation (16), and there
%) which
satisfies structure equation (17), then the system pos-

is a gauge function Gyr = Gp(t,gs, gs, - -

sesses the strong Mei symmetrical conserved quanti-
ties Eq. (18).

When m = 1, the higher-order nonholonomic sys-
tem becomes a 1-order nonholonomic system.

Deduction For the nonholonomic system
Egs. (1) and (4) when m = 1, if the generating func-
tions &y and &, of dynamical functions under general
infinitesimal transformation Eq. (7) satisfy the Mei
symmetrical determining equation (13), and there is
a gauge function Gr = Gr(t,gs, ¢s) which satisfying
the structure equations

XWXOL)] + XD (L)éo + XD (A,)(E ~ dsbo)

+Gp =0, (20)
then the corresponding holonomic system Eq. (5) pos-
sesses the following Mei symmetrical conserved quan-
tities

(1)
(m(ge - %50) + GF

= const. (21)

Iy = XW(L)& +

In addition, if the generating functions £, and &, of
the dynamical functions under general infinitesimal
transformation Eq. (7) satisfy the determining equa-
tion (13) and the constraint restriction equation (14),

and there is a gauge function Gg = G (¢, ¢s, §s) which
satisfies the structure equation (20), then the system
possesses weak Mei symmetrical conserved quantities
Eq. (21). Furthermore, if the generating functions &,
and &, of dynamical functions under general infinites-
imal transformation Eq. (7) satisfy the determining
equation (13), the constraint restriction equation (14)
and the additional restriction equation (16), and there
is a gauge function Gyr = Gr(t, ¢s, ¢s) which satisfy the
structure equations (20), then the system possesses
strong Mei symmetrical conserved quantities Eq. (21).

5. Examples

Example 1 We study directly leading con-
served quantities by the Mei symmetries of the higher-
order nonholonomic system, of which the Lagrangian
and the higher-order nonholonomic constraint are

respectively[*!]

1. .
L=3(di+d) - a, (22)
@ =gy —t4 = 0. (23)
The equations of motion of the system have the form
gL =M, Go—1=A\ (24)

From Egs. (23) and (24), we obtain

1
A= ——— 2
1+¢2’ (25)
then
t 1
A 2 = (26)

R e

Through some calculations, we have

XI(L) = = & + qu(& — @1€o) + da(Ea — g2&o),

(27a)
XO(f) == g6 — (&1 — 261€0 — G1o)
+ (&2 — 26260 — d280), (27b)
0 t
(2) L
X)) =5, (1 +t2>§0’
13} 1
(2) _Z(_ =
X (4) = (- =)o (270
Choose the generating functions as
=0, &Li=q@—th+a+t, &L=1, (28)

then we have

=1, XOIL)=¢ -1,
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(29a)
(29b)

=& =1,
X(2)(As) =0, (s=12).

x@ [X(l) (L)]
X(2)(f(2)) =0

Substituting Eqgs. (28) and (29
equation (17) yields

) into the structure

G = —t, (30)

then, we can obtain weak Mei symmetrical conserved
quantity

Ir = G2 — tG1 + q1 = const. (31)

Example 2 We study directly leading conserved
quantities by the Mei symmetries of the higher-order
nonholonomic system, of which the Lagrangian and
the higher-order nonholonomic constraint of a system
are

The equations of motion of the system have the form

(3)

.. (3) .. 3 ..
mgr = Aqi, mGa=Aq2, mds=—tAqs. (34)

From Egs. (33) and (34), we obtain

By By By (3)
1)? +t(q2)* +t(g3)?

_ t(q — 4343
A = exp (/ ®) ® 3 dt).(35)

t41 q1 +tge g2 +tG3 g3

Then

By By By . ()
(3) t(q)? +t(q2)? + t(q3)* — G g3
Ar=aqrexp 3 .6 O ’
tg1 q1 +tg2 g2 +tgs g3 dt
By By By . O
- t(q1)* +t(q2)* + t(qs) — {3 g3
2 = (2 €Xp B) ,

(3)
t41 q1 +tq2 g2 +tgs3 Q3 dt

(3)y9 (3)y9 (3)yg .. (3)
1 3) +t((2)? +t(g3)% —
L= Sm(di +d +d3), (32) A =—tgzexp / M)+ ) +ts) —da ds
5 N TR
W @@ ()@ 3) @) qd1 g1 1492 g2 11493 q3
fY=aa+eep-tegag=0. (33) (36)

Through some calculations, we have

XI(L) =mgi (& — qiéo) + mdz(€a — d260) + mds (&3 — daéo), (37a)

(3) (4)

XD (Y = g5 ¢3 & + @ B o), B @) B (3)

s (& —3 qs €0 — 3ds€o — ds €0 —t 43(&3 —3 43 &o
@ 3@ . (3) - 3@
- SQ3£O_q3£O)+qs(£s —4 g, 55—6q550—4q$§0 —(Jsfo)

@ B @ ® o
- tQ3(53 —4q3& —6Q3 €0 — 45 &0 —d3 &), (s =1,2),

By By LBy . B
t(q1)? +t(g2)* +t(g3)* — Gs gs
P 3. () .. () Lo
tgh q1 +tG2 g2 +tds gz dit
By By By . O
)% +t(g2)* + t(g3)® — G3 g3

0 (3)eX /t(th
ag, \ 1o P 3

. . (3) . (3
t4r g1 +tga g2 +tG3 g3 dt
0 3
+ — ( (qs) ex

(3)\5 (3)\9 (3)\g .. (3)
t(q1)® +t(q2)* +t(g3)* — Gs g3
3) P ®
5 q tq1 q1 +tG2 g2 +tds q3
3) L
X (ﬁs -3 qs 60 - 3q5§0 -

q-s 50)7

(3) (3) (3) )
xO(ay) = — (1D exp [ (M) @)+ Has)” —ds a5 )
L T e OGN 0
tg1 q1 +td2 g2 +143 g3

(37b)

X (4,) = ;(g’g ex

+ ))(é’s — 24,60 — 4so)

(s=1,2), (37c)

(3)\9 (3)\9 (3)yg .. (3
9 ([, t(q1)* +t(g2)* +t(g3)* — Gs gs -- e o
- t q3 exp 3 3 3 dt | (&3 — 2G3&0 — 43éo)
3 tq1 q1 +tG2 q2 +tG3 g3
(3)\o (3)\o (3o .. (3)
9 (.3 +t +t 3 3. PN )
t 3 exp / Han)” + Hoe)” + H4s)” — s 4 dt | x (§3 =3 g3 o — 3G350 — 43 &o)- (37d)
L (3) (3) (3) (3)
5 t41 q1 +tG2 q2 +143 g3

Choose the generating functions as

=0, & =2+ (D)2 -t + / @2t &= =1, (38)
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then we have

51:17

XO(L) = mg,

XOXO(@) =& =1, (39a)
XDy =0, XWA)=0, (s=1,2,3).
(39b)

Substituting Eqs. (38) and (39) into the structure
equation (17) yields

Gp = —t, (40)

then, we can obtain weak Mei symmetrical conserved
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