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Conformal invariance and a kind of Hojman
conserved quantity of the Nambu system*
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Conformal invariance and a kind of Hojman conserved quantity of the Nambu system under infinitesimal transfor-

mations are studied. The definition and the determining equation of conformal invariance of the system are presented.

The necessary and sufficient condition under which the conformal invariance of the system would have Lie symmetry un-

der infinitesimal transformations is derived. Then, the condition of existence and a kind of Hojman conserved quantity

are obtained. Finally, an example is given to illustrate the application of the results.

Keywords: conformal invariance, Nambu system, Hojman conserved quantity

PACS: 02.20.Sv, 02.20.Qs, 45.20.Jj

1. Introduction

Research on the symmetries and conserved quan-
tities of a mechanical system possesses important the-
oretical and practical significance, and plays an im-
portant role in modern mathematics, mechanics and
physics. The modern methods of finding conserved
quantities by using symmetries in analytical dynam-
ics are mainly: Noether symmetry,[!] Lie symmetry,?
and Mei symmetry.[>* The conserved quantities in-
duced by these three symmetries are mainly Noether,
Hojman and Mei conserved quantities. Mei has con-
ducted thorough research on the above symmetries
and the conserved quantities of constrained mechan-
In 1997, Galiullin et al 6!

studied the conformal invariance of a Birkhoff sys-

ical systems in Ref. [5].

tem under special infinitesimal transformations. In
2001, Robert and Matthew!” investigated the confor-
mal Hamiltonian systems using geometric methods,
discussed the geometric structure of conformal invari-
ance and pointed out the difference of conformal in-
variance from the arbitrary symmetry of a dynamical
system. In Ref. [8] the conformal invariance of a first-
order differential equation was studied. At present,
research on the conformal invariance and conserved
quantities of mechanical systems has already made
some important achievements.®~1%!

In 1973, Nambu proposed a possible generaliza-
tion of ordinary Hamilton mechanics, which is now
called Nambu mechanics.['®! Thereafter, Mukunda
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and Sudarshan!'”l studied the relation between the
Nambu system and the Hamilton system. Ogawa and
Sagael'®l constructed a fundamental theorem based
on the invariance of geometry modality and gave the
first application—FEuler equation. Now, the Nambu
mechanics system is widely used in particle physics,
cosmography, string theory, hydrodynamics, mathe-
matical physics, computational mathematics, etc. Re-
cently, Zhang et al.['9 discussed the Lie symmetry and
the inverse problem of Nambu mechanical systems.
In Ref. [20] the Lie symmetry and Hojman conserved
quantity of the Nambu system were studied.

In the present paper, the conformal invariance of
the Nambu system is studied, the expression of a con-
formal factor is deduced and a kind of Hojman con-

served quantity is obtained.

2. Differential equations of the

Nambu system

We suppose that the motion in n-dimensions
phase space is determined by n generalized coordi-
nates ¢; (¢ = 1,...,n). For an arbitrary function

A;(q), we define the Nambu—Poisson bracket as

{Al(q)aA2(q)’ cee 7An<q)}
0(A1,Ag,. .., Ay)

a(qla(127 s 7Q7L)
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By introducing n — 1 Nambu—Hamilton functions
Hi(q)(k=1,2,...,n — 1), the equation of motion of
the Nambu system can be written as2!]

¢ = 1{qi, H1(q), - -, Hn1(q) }- (2)

For an arbitrary function F'(qy, ..., q,) independent of

time, we have

dF  O(F,Hi,...,H, 1)

arF _ H, 1),
dt 6(q15q2a"'7qn) 1}

= {F Hy,...

3. Conformal invariance of the

Nambu system

We introduce the infinitesimal transformations of
the time and spatial coordinates as

t"=t+ At, ¢ (t*) = q(t) + Ag. (3)

or their expansion formulae

t"=t+er(t,q), ¢ (") =q(t)+e&(t,q), (4)

where ¢ is an infinitesimal parameter, 7 and &; are the
infinitesimal generators.
Thus Eq. (2) can be expanded as

Qi:gi(taQ)v (izl’Qa"'»n)' (5)

Introduce an infinitesimal transformation vector

of generator

0 0

XO -7 ¢, —

To T€ 0, (6)

and its first extension

. 0
x = x s — i) — 7
+ =it g (7
and let

Fi = q; — gi(t,q), (8)

then we will discuss the conformal invariance of the
Nambu system Eq. (5), that is, look for the mapping
ensemble of independent or dependent variables cor-
responding to the conformal invariance of Eq. (8).

Definition In the infinitesimal transformations
of infinitesimal generators 7(t,q) and (¢, q), if there
is a matrix IJ satisfying the following condition:

XWFE =UF;, (9)

this kind of invariance is called conformal invariance of
the Nambu system Eq. (5) under infinitesimal trans-
formations Eq. (4). Equation (9) is a determining
equation of conformal invariance of the Nambu sys-
tem Eq. (5), and ¥/ is called a conformal factor.

In order to obtain the conformal factor of con-
formal invariance of the differential equations of the
Nambu system, we calculate the difference value of

the following expression:
XVE - XVE g . (10)
Because
XWE,
= XW(g; — i)
= & — 4t — XV(g)

= =i =+ =—q | = XO(g), (11
and
0 0& or Or
(1) — R e TR
XYWEF;|F—o 8t+8 ~Jj z(at—l-aqjgj)
-X(gy), (12)
we have

XWF, - XWF |p—

o .. or . or . .
= aCIj (QJ - g]) - E(Qz _gz) - aiqj((h% _gzg])

8£i jaT or ..

Due to F; = ¢; — g;, we have

@45 = (Fi +9:)(Fj + g;)
= FiF; + Fig; + F;9; + 6:9;. (14)
Substituting Eq. (14) into Eq. (13), we obtain
X(l)Fi _ X(l)Fi | =0
o&; 0T
- (5 -9%) "
or

- T(FiFj + Figj + Fg9:). (15)
4j

Ignoring the higher order terms of F;, we have

XOp - xMF | F,—0

0&; ; (0T Or or
{3% g (315 " 9q; gj) 9q; gl} !

= ﬁszj’ (16)
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where

or
ot

Lo
0qj

o
an' v

9&i

j =
B 94,

(17)

() -

If the infinitesimal transformations have the Lie sym-
metry for the differential equations, we have

UF; - p/F; = X1 (18)
that is,
(I —B))F; =0 (19)
Namely lf = ﬁf And then we have the following
proposition:

Proposition 1 For the Nambu system, the nec-
essary and sufficient conditions under which its con-
formal invariance is Lie symmetric simultaneously by
the action of the infinitesimal transformations are the
infinitesimal generators fulfilling the following expres-

4. Conserved quantity of the

Nambu system

Under certain conditions, conformal invariance of
the Nambu system can lead to conserved quantities.

Proposition 2 For the Nambu system Eq. (5),
if the infinitesimal generators 7 and &; satisfy the con-
formal factor Eq. (20) and there is a gauge function
w(t, q) satisfying the following structure equation:

agz d B
8% O Inp =0, (21)
where B
d 0 0
22
dt a + gl an I ( )

then conformal invariance can lead to a kind of Hoj-
man conserved quantity

SO Iy = Olp(&i = 79:)] = const. (23)
;0 (0T or or 1o
l; = =0\ 5t 595 | — 759
9q; ot dg; dq; Proof Taking the derivative of Iy with respect
(i,j =1,2,...,n). (20) to t, we have
|
d ~d Ol | 0(& —7gi)
d Jln ddlnp d
— = _rg)— P C_1as). 24
( dt Tdtgl> Y + (& —79:) at dq; dt 8q; (& —79:) (24)
The infinitesimal generators 7 and §; satisfy the determining equation of Lie symmetry, i.e.,
—0 =0. (25)
Equation (25) can also be expressed as
d¢; dr g 9g;
T (26)
Subtracting Eq. (26) into Eq. (24), we have
d dg; dg; dg; Olnp dolnpy d 0
— Iy = —T5 95 i~ TY9i) 53 T 3 i~ TYi
3 <T ot s aqj o Ta,%) B TS T G ey T aiag & T
_ (.99, v, 0gi 09 _0gi 8lnu+(§‘_7 ) 9.d, ~ 9lpdg,
“ "ot TYag "ot~ Tag;Y) o TS T T by, dt dq; 0g;
0 d 9(& — 79:) Oy,
Foa ST T ey g
B dg; 01n p o d dln y dg;
- (5] )aqj an + (51 Tgl) |:8q1 dt n aqj aql
1o} a 8(62 — Tgi) 8gj
" 2a, ap (&~ 7o) dg;  Jg;
a d o d (& — 7g:) Og;
=& —791) 571 (& = 7G) — ——F—— . 2
3 Tg)aqi M e 3 (& — 791 3 9a (27)
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Substituting Egs. (21) and (26) into Eq. (27), we can obtain

d 0%g; 0
— Iy =—(& —T1g; J

So Iy is the conserved quantity of Nambu system.

5. Example

We study a Nambu system with three dimensions
with two Nambu-Hamilton quantities, i.e.,

1 1
Hi=-(¢}+¢3) and Ho=-(q} — &5 +q3). (28)

2 2
Their differential equations of motion are
. 1
a1 = 56127
. 1
q2 = —5(11,
d3 = —2q192. (29)
Let
Py =q¢ - (1/2)g2
F=1F=¢+1/2)a (30)

F3 = g3+ 2q1¢2

and choose the infinitesimal generators as
T=1, & =& =0, and & =mn(2¢7 +¢3), (31)

then we will have

[(ﬁj - ng)aqj

=0.

5’91‘] _ 9(& — 79i) Oy,
dq; 9q;

|
Fy=q¢1 —(1/2)g

X | Fy=q2+(1/2)q (32)
F3 = g3 + 2q1g2
‘We obtain conformal factors as
0 0 0
V=10 0 0 (33)
_ 1
247 + g
Utilizing Proposition 1, we can also obtain
0 0 0
/=100 0 (34)
_ 1
247 + g

Choosing 1 = exp(¢? — ¢3) and substituting it into
Eq. (23), we can obtain a new type of Hojman con-
served quantity as

1

Iy = —
241 + g3

= const. (35)

6. Conclusion

In this paper we have studied the conformal in-
variance and a kind of Hojman conserved quantity un-
der infinitesimal transformations. The conformal fac-
tor of conformal invariance is obtained by using the Lie
symmetry, which is the necessary and sufficient condi-
tion under which the conformal invariance can be Lie
symmetry. The condition of existence and the form
of a kind of Hojman conserved quantity are obtained.
This conserved quantity is different from the Hojman
conserved quantity in Ref. [20]. The Nambu system
is more general than the Hamilton system, which is
inapplicable to the study of space with an odd dimen-
sion, so the result given in this paper has more general
significance. The present result can be generalized to

space with any dimension.

0 0 .0
x - = -~ -~
ot s 0q3 s dqs’
and
Fi=¢ —(1/2)¢
xWp = x® Fy =g+ (1/2)q1
3 = g3+ 2q192
0
— 0
g3 +2q1q2
2¢7 + g3
00 0
= 00 0
1
2
2q7 + g3
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