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Refractivity estimations from an angle-of-arrival
spectrum∗
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This paper addresses the probability of atmospheric refractivity estimation by using field measurements at an

array of radio receivers in terms of angle-of-arrival spectrum. Angle-of-arrival spectrum information is simulated by

the ray optics model and refractivity is expressed in the presence of an ideal tri-linear profile. The estimation of the

refractivity is organized as an optimization problem and a genetic algorithm is used to search for the optimal solution

from various trial refractivity profiles. Theoretical analysis demonstrates the feasibility of this method to retrieve the

refractivity parameters. Simulation results indicate that this approach has a fair anti-noise ability and its accuracy

performance is mainly dependent on the antenna aperture size and its positions.
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1. Introduction

Near-horizon electromagnetic wave propagation
is largely governed by the distribution of the refrac-
tive index in the troposphere.[1] Increased information
about refractivity enables more precise assessment of
the performance of both communication and radar
systems. Conventional methods of refractive index
measurement that consist of detecting the height de-
pendence of temperature, pressure and humidity per-
formed by radiosondes, microwave refractometers or
rocketsondes have some drawbacks, such as being ex-
pensive and/or difficult to deploy.[2] Therefore, it is
necessary to develop new methods for refractivity de-
tection.

Richter[3] has pointed out that the temporal and
spatial variations of radar echoes are related to tempo-
ral and spatial variations in the layers of the refractiv-
ity profile,[3] which motivates research of atmospheric
refractivity estimation from radar clutter returns, i.e.,
refractivity from clutter (RFC). In the last decade,
several RFC methods have been proposed.[4−12] De-
tailed discussion of these different RFC algorithms can
be found in Refs. [9] and [11]. However, instead of us-
ing radar clutter returns, Tabrikian and Krolik[13] pro-
posed using point-to-point microwave measurements
as a means of estimating refractivity for the purpose
of characterizing surface-based ducts by the maximum
a posteriori method. Gerstoft et al.[14] have used

matched-field processing methods for remote sensing
of the refractivity structure by using signal strength
measurements from a single emitter to an array of ra-
dio receivers.

The objective of this paper is to introduce a novel
approach for refractivity estimation by using field
measurements at an array of radio receivers in terms of
the angle-of-arrival (AoA) spectrum. The remainder
of this paper is organized as follows. In Section 2, the
concept of the AoA spectrum is introduced. Section
3 gives a detailed description of the calculation of the
AoA spectrum from the ray optics model. Finally, dis-
cussions of simulated runs for refractivity estimation
are demonstrated in Section 4.

2. Angle-of-arrival

One of the factors limiting the performance of
line-of-sight communication systems is the occurrence
of multi-path propagation. Multi-path propagation
can be derived from two basic mechanisms, namely
ground reflections and atmospheric refractions. Sys-
tems devised to reduce the effects of multi-path usu-
ally employ some form of diversity. It has been shown
that angle diversity can be effective due to separation
in the AoA in the vertical plane of individual rays
(see Fig. 1).[15] The aim of this section is to provide
information relating to the distribution of rays in a
multi-path situation in AoA and amplitude.
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The employed technique utilizes a vertical wide
aperture array in order to sample the received sig-
nal over a significant height range. Under atmo-
spheric multi-path conditions, the received signal may
be modeled as the sum of a small number of plane
waves. For N propagation paths, assuming that these
are distributed in the vertical plane, we can obtain the
received signal Pr at the height z above an arbitrary
reference point as[16]

Pr(z) =
N∑

i=1

Ai exp
[
j
(

2πz

λ
sin θi − δi

)]
, (1)

where λ is the wavelength, Ai and θi are the ampli-
tude and AoA of the i-th ray in the vertical plane and
δi is the phase delay at z = 0. The AoA spectrum
R(ξ) is given by the Fourier transform of the received
signal over a vertical aperture,

R(ξ) =
∫ L/2

−L/2

Pr(z) exp[−j2πξz]dz, (2)

where L is the length of the aperture and ξ is the
Fourier transform variable. As we can see from the
result of Fourier transform, each term in Eq. (2) con-
tains information about the AoA (represented as a
shift in the ξ axis) and the amplitudes of the corre-
sponding rays.

Fig. 1. Geometry of the AoA.

3. Computation of the AoA from

a ray optics model

In this paper, information about the AoA and am-
plitudes of the corresponding rays are evaluated using
a ray optics model.

3.1.Parameterization of refractivity

To describe the refractive conditions, modified re-
fractivity M is preferred to the refractive index n,

M = (n− 1)× 106 +
z

ae
, (3)

where z is the height in m and ae is the radius of the
Earth. The second term in Eq. (3) takes into account
the Earth’s curvature.

Although the marine atmospheric boundary layer
variability that causes microwave ducting is often com-
plex in nature, for the purposes of studying propaga-
tion, it is often represented at a given range by bi-
linear and/or tri-linear height-dependent refractivity
profiles.[17] A tri-linear refractivity profile consists of
three basic parameters: base height, trapping layer
thickness and M-deficit (see Fig. 2). Base height is
defined as the height from the surface to the lower
boundary of the trapping layer. Thickness is de-
fined as the distance between the lower and the upper
boundaries of the trapping layer. The M-deficit is the
difference in the modified refractivity values at the
two boundaries of the trapping layer. If the value of
the base height reduces to zero, the tri-linear profile
will become a bilinear profile, which means that the
bottom of the duct touches the ground.

Fig. 2. Parameterization of the refractivity profile.

The tri-linear refractivity profile consists of four
height-and-M-unit pairs, which are computed using
the following equation:[6]

M(zi) = Mi = Mi−1 +
dM

dz

∣∣∣∣
i

(zi − zi−1),

i = 1, 2, 3, (4)

where z0 = 0 is the height at mean sea level, the
corresponding M-unit value is M0 = 339 M-units,
dM/dz|1 = 0.13 M-units/m, and dM/dz|3 = 0.118
M-units/m. In our simulations, the parameters and
their search bounds are given in Table 1.

029201-2



Chin. Phys. B Vol. 20, No. 2 (2011) 029201

Table 1. Search bounds for tri-linear profile parame-

ters.

parameter lower bound upper bound

base height/m 1 700

M-deficit/M-units 1 200

thickness/m 1 200

3.2.Ray optics model

The ray optics method consists of tracing a se-
ries of direct and reflected rays through selected con-
trol points, and then interpolating the magnitudes of
these rays and the phase angles between them at each
desired receiver point. The magnitude of each ray is
computed from a spreading term relative to free space
spreading, and the phase angle is determined from the
optical path length differences from the ground range
for each ray. The ray trace method is summarized
below for a single step.

The elevation angle at the end of the step, α1, is
given by

α1 =
√

α2
0 + 2× 10−6(Mi+1 −Mi), (5)

where α0 is the elevation angle at the beginning of the
step, Mi and Mi+1 represent the modified refractiv-
ity at the beginning and end of the step, respectively.
The range increment ∆X, spreading increment ∆S

and optical path length difference increment ∆D over
the step are given as[18]

∆X = (α1 − α0)g−1
i ,

∆S = (α/α1 − α/α0) g−1
i ,

∆D = [(10−6Mi − α2
0/2)(α1 − α0)

+ (α3
1 − α3

0)/3]g−1
i ,

gi = 10−6(Mi+1 −Mi)/(zi+1 − zi), (6)

where α is the elevation angle at the transmitter, zi

and zi+1 are the heights at the beginning and end
of the step, respectively. The total range, X, total
spreading term, S, and total optical path length dif-
ference, D, are given by the sums of ∆X, ∆S, and
∆D over all steps along each ray. The propagation
factors, Fd and Fr, for the direct and reflected rays
and the total phase between rays in radians, Ω , are
given by

Fd = f2
d |X/(βdSd)| ,

Fr = f2
r R2 |X/(βrSr)| ,

Ω = (Dr −Dd)k + φ, (7)

where fd and fr are the antenna pattern factors that
correspond to the direct and reflected ray elevation
angles, respectively, at the transmitter; βd and βr are
the propagation angles at the receiver point for the
direct and reflected rays, respectively; k is the wave
number 2π/λ, where λ is the wavelength in meters; R

and φ are the magnitude and phase lag of the Fresnel
reflection coefficient.

The propagation factor F of the resultant field
between both rays can now be computed by using

F 2 = F 2
d + F 2

r + 2FdFr cosΩ , (8)

where F is defined as the ratio of the field strength
to the free space field strength. Once F is computed,
propagation loss L in dB is determined by

L = 20 log f + 20 log X − 10 log F 2 − 27.56, (9)

where the base of log is 10, f is the transmitting fre-
quency in MHz.

Now the AoA and amplitudes of the correspond-
ing rays can be computed by Eqs. (5) and (9), respec-
tively. Here, it should be noted that the propagation
loss L is used to substitute the receiving amplitude.
This simulation has been operated in Refs. [16] and
[19]; for detailed discussion of the ray optics model,
refer to Ref. [18].

3.3.The AoA simulations

From Eq. (2), we clearly see that the AoA spec-
trum can be obtained from measured values of ampli-
tude and AoA at the elements of the vertical antenna
array. The numerical values of AoA and paths of indi-
vidual rays for the given atmospheric profile are shown
in Fig. 3. Here, the transmitting antenna pattern used
in our calculations is a Gaussian antenna pattern. It
is designated that the antenna is set at a height of
15 m and operates at a frequency of 10 GHz. The re-
ceiver is a 10-element vertical antenna array aperture
extending from 11 m to 20 m.
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Fig. 3. (a) Refractivity profile with base height 100 m, thickness 50 m and M-deficit 50 M-units: (b) Ray paths

in the presence of surface-based duct. (c) The AoA spectrum derived from ray optics model.

4. Refractivity estimation

When the AoA spectrum is measured at a vertical antenna array from a distant transmitter, the received
field will depend in some way on the refractive index distribution of the atmosphere. The effect of the height
dependence of the refractive index is then registered at the receiving array in terms of either amplitude or AoA
at each element of the array.[16]

Since the measured data were not available, numerical simulations were performed. Figure 4 shows simulated
AoA spectra with different refractivity profiles. It can be seen that the distribution of the AoA spectrum relies
on the atmospheric environment, which indicates that measurement of the AoA spectrum in specific atmospheres
might be employed as useful information for estimating atmospheric refractivity.

Fig. 4. The AoA spectra according to different refractivity profiles.

The principle of refractivity estimation from the AoA spectrum can be summarized as following two steps.
Step 1 Giving a refractivity profile as the true atmospheric environment, from which the ray optics model

is adopted to simulate the AoA spectrum as the spectrum measurements at the receiving antenna array.
Step 2 Perform a set of propagation simulations under various refractivity profiles until a profile is found

which gives the best agreement of measured values.
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This is an optimization problem to which tech-
niques of evolutionary algorithms can be applied.
Here, we use the genetic algorithm (GA).[11,20] The
GA is a probabilistic method that searches the do-
main of all possible solutions. Solutions with a better
objective function value are preferred in the course of
the algorithm and the whole procedure converges to
the optimal solution.

The objective function used here desribes the dis-
tance between the given (measured) AoA spectrum
and the AoA spectrum of a trial solution,

ϕ(M) =
∑

i

[Rm(M , ξi)−Rs(M , ξi)]2, (10)

where ϕ(M) is the objective function of a trial so-
lution given by modified refractivity vector M . The
Rm and Rs are measured and simulated normalized
angular dependencies of the AoA spectrum.

In the following, two experiments were performed.

In each experiment, the transmitter was given as de-
scribed in Subsection 3.3. The horizontal distance
between the transmitter and the receiver array was
50 km (This is consistent with the real data measure-
ments in Ref. [16]). The GA search parameters are
set as: parameter quantization 1024; population size
100; reproduction size 0.2; crossover probability 0.5;
jump mutation probability 0.05; creep mutation size
0.16; maximum generation 200.

Experiment 1 The refractivity parameters were
given as base height 100 m, thickness 50 m and M-
deficit 50 M-units. The receiver antenna array has 10
elements and its aperture size is 9 m. Here, receivers
were placed in three different positions, respectively,
from 11 m to 20 m, from 31 m to 40 m and both of the
two cases. The detailed refractivity parameter values
retrieved by GA in terms of the AoA spectrum are
given in Table 2.

Table 2. Inversion results from different receiver positions.

base height/m thickness/m M-deficit/M-units average error/%

true value 100 50 50 —

11 m to 20 m 89.7 45.2 46.4 9.0

31 m to 40 m 92.1 42.1 60.5 14.9

11 m to 20 m
95.0 47.5 56.3 7.5

31 m to 40 m

From Table 2 we can see that although the inversion results from the AoA spectrum are not accurate, they
are believable. Different receiver array positions could bring about different inversion values. The results from
the two antenna arrays respectively from 11 m to 20 m and 31 m to 40 m are better than the single antenna
array. This is because the case of the two antenna arrays is identical to extending the aperture size of the
antenna, which could receive more information from the transmitter.

Experiment 2 The refractivity parameters were given as those in experiment 1. Two receiver antenna
arrays were placed from 11 m to 20 m and from 31 m to 40 m. In order to test the anti-noise ability of this
approach, some Gaussian noise was added to the field measurements to simulate the observing noise.

Table 3. Inversion results with different Gaussian noises.

base height/m thickness/m M-deficit/M-units average error/%

true Value 100 50 50 —

5% Gaussian noise 96.2 41.3 45.9 9.8

10% Gaussian noise 114.7 46.1 63.5 16.5

20% Gaussian noise 152.3 33.0 55.6 32.5

From Table 3 it is clearly seen that the approach

of refractivity estimation from the AoA spectrum by

GA has fair anti-noise ability. It is reasonable that

the inversion accuracy decreases with the increment

of the noise. When the Gaussian noise is only 5%,

the results are good enough. In a 10% Gaussian noise

case, the inversion results are acceptable. However, in

a 20% Gaussian noise case, although the retrieved M-

029201-5



Chin. Phys. B Vol. 20, No. 2 (2011) 029201

deficit value is good, the base height value has made
the whole inversion meaningless.

5. Conclusion

The principle refractivity profile remote sensing
in terms of the AoA spectrum by GA was introduced.
Since measured data were not available, a simulated
AoA spectrum was used. Results were presented to
show that the performance of the estimation is de-
pendent on the tri-linear refractivity profile model. It
was shown that reasonable estimation results could be
expected for profile with this method. The inversion

accuracy is dependent on the antenna aperture size
and its positions.

In our estimations, the AoA spectrum informa-
tion was calculated by the ray optics model. Dockery
has pointed out that, in microwave propagation simu-
lation, the ray optics model is not as accurate enough
as the parabolic equation model and is supported only
over water, low antenna-height applications.[21] How-
ever, in comparison to the parabolic equation model,
the ray optics model requires less computation time.
Our future work will be mainly focused on applying
the parabolic equation model to simulate the AoA
spectrum and performing real measured data inver-
sions.
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