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A traffic flow cellular automaton model to considering

drivers’ learning and forgetting behaviour∗
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It is known that the commonly used NaSch cellular automaton (CA) model and its modifications can help explain

the internal causes of the macro phenomena of traffic flow. However, the randomization probability of vehicle velocity

used in these models is assumed to be an exogenous constant or a conditional constant, which cannot reflect the

learning and forgetting behaviour of drivers with historical experiences. This paper further modifies the NaSch model

by enabling the randomization probability to be adjusted on the bases of drivers’ memory. The Markov properties of

this modified model are discussed. Analytical and simulation results show that the traffic fundamental diagrams can be

indeed improved when considering drivers’ intelligent behaviour. Some new features of traffic are revealed by differently

combining the model parameters representing learning and forgetting behaviour.
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1. Introduction

Since the 1990s, there has been an increased
awareness of cellular automata (CA) models. CA
models have been used in various dynamic systems in
physics, such as the biological self-reproduction sys-
tem, the thermodynamic system and other evolution
systems. These models arise from the physical disci-
pline of statistical mechanics and have an ultimate
goal of reproducing natural macroscopic behaviour
based on a simple description of microscopic inter-
actions. This has led to the use of alternative tech-
nologies in the traffic flow field. There are other dif-
ferent approaches towards the problem, such as car-
following theory, hydrodynamic fluid theory and other
approaches that use macroscopic models.[1−3]

Most researchers attempt to deal with the pre-
diction and modeling of traffic flow using CA models
(see Refs. [4] and [5]). This is of interest for both
applications (i.e., road system with ramps in Ref. [6]
and intersections in Ref. [7]) and theoretical investi-
gations because CA models are capable of modeling
interaction between individual vehicles and capturing
the macroscopic properties of traffic flow based on a
minimal set of rules. Following Wolfram’s Rule 184
(CA-184), Nagel and Schreckenberg (NaSch) proposed

a minimal CA model of traffic flow that is able to
reproduce basic phenomena encountered in real traf-
fic, such as soliton waves, phantom jams, stop-and-go
waves and synchronized flow patterns.[8] This model
is called the NaSch model in the literature.

For an idea of what has recently been done in
this field, in magnitude if not in specifics, we briefly
look to the past. Numerous studies have focused on
the acceleration and deceleration rules of vehicles, and
the randomization rule of vehicle velocity.[9−11] These
rules were added into the original NaSch model. With
these extensions, the CA models are becoming increas-
ingly more effective in simulating traffic phenomena.

With regard to whether all vehicles’ characteris-
tics are homogeneous, we can classify previous works
into two groups. In the first group, traffic is as-
sumed to be homogeneous, namely, all of the drivers’
characteristics are identical, for example, the CA-184
model and the DFI-TCA model proposed by Fukui
and Ishibashi.[9] These two models only deal with the
deterministic behaviour of the system and are essen-
tially all congested patterns stemming from the ini-
tial conditions. The stochastic CA models allow for
the spontaneous emergence of phantom jams, like the
NaSch model, which is also within this group. In con-
trast to the fixed randomization probability (P ) of
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vehicle velocity used in the NaSch model, Barlovic
et al. proposed a randomization model in which P

is a function of the vehicle velocity.[12] Recent stud-
ies by Jiang and Wu have suggested that the sensi-
tivity of a driver is affected by the stopped time of
the vehicle, i.e., P should be an increasing function
of the stopped time.[13] Simulation by these stochas-
tic models can reproduce the metastable state of high
flow and all other three phases observed in real traf-
fic (i.e., free-flow, synchronized and wide jams). The
cause of the randomization rule still remains unex-
plained and it is then criticized for having no realistic
meaning. However, it has been recognized that, in
the real world, traffic flow is normally a mix of several
types of vehicles, such as cars, buses and trucks. Dif-
ferent types of vehicles may produce heterogeneous
traffic flow phenomena.[14−19] Relevant studies have
demonstrated that mixed traffic flow can lead to pla-
toon formations, even at low densities in single-lane
traffic flow.

However, the studies in Refs. [13]–[19] only fo-
cus on the external differences of drivers. Until now,
there has been less investigation of internal diversity
among drivers. In literature, no works have been re-
ported to prove that different drivers with different
behaviour characters related to psychology (e.g., the
learning, forgetting and other intelligent behaviour)
could also lead to platoon formations. Considerable
works are devoted to modifying the rules associated
with the randomization probability of velocity, let P

relate to the external driving conditions, not to the
evolution randomization alone. Obviously, if the ran-
domization is regarded as an overreaction or careless
driving behaviour, an unchangeable value of P may
sound unrealistic. Such behaviour as overreaction or
careless driving generally occurs with a time-varying
P .

Hence, it may be descriptively unrealistic to as-
sume that the randomization probability of vehicle ve-
locity is constant over time. This assumption should
be replaced by a more natural rule, inspired by the
idea of a reinforcement learning scheme.[20,21] In this
paper, we will formulate a historical randomization
behaviour-dependent CA model for traffic flow.

The paper is organized as follows. The basic
NaSch CA model and our modified one are presented
in Section 2. The Markov properties of our modified
model are discussed in Section 3. Special attention is
paid to the newly introduced parameters. Section 4
presents the simulation results generated by our mod-

ified model and the basic NaSch model. Comparisons
between the results obtained using these two models
are made. Section 5 concludes the paper.

2. The CA models

For the sake of completeness, we first briefly recall
the basic NaSch model and then present our modifi-
cations of it.

2.1.The basic NaSch CA model

The basic NaSch model is subjected to single-
lane traffic. The lane is subdivided into discrete
cells and the physical length of each cell is gener-
ally 7.5 m. A cell can be either empty or occupied
by exactly one vehicle. All vehicles move forward
according to simple rules. The state of the vehi-
cle n is determined by its speed vn and the position
xn. The value of vn lies between 0 and vmax. Here,
the maximum speed is given and fixed. The model
is composed of velocity and position updating rules
as follows (parallel dynamics): Rule 1: acceleration,
vn(t+1) → min (vn(t) + 1, vmax); Rule 2: deceleration
for avoiding accidents, vn(t+1) → min (vn(t + 1), dn);
Rule 3: velocity randomization with a certain proba-
bility P0, vn(t + 1) → max (vn(t + 1)− 1, 0); Rule 4:
movement, xn(t + 1) → xn(t) + vn(t + 1).

In the above model, t denotes the time step of
the simulation, dn is the number of empty cells be-
tween a vehicle and its leading vehicle n − 1, dn =
xn−1 (t) − xn (t) − 1. The model states that every
driver always accelerates if the vehicle has not reached
vmax but brakes to avoid accidents. The probability
P0 plays a role in reflecting the drivers’ randomization
of finally determining their velocities. It is clear that,
in the NaSch model, the randomization rule captures
natural speed fluctuations due to human behaviour or
varying external conditions. This rule introduces the
overreactions of drivers when braking and then leads
to the formation of spontaneously emerging jams.

2.2.Our modified CA model

In this subsection, we show that the human desire
for self-adjustable randomization behaviour plays an
important role in driving vehicles on the road. This
consideration is added into the basic NaSch model and
causes the randomization behaviour to be closely con-
sistent with driving psychology.
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In contrast to the original NaSch model, in the so-called learning-randomization model proposed in this
paper, we let the randomization parameter depend on the driver’s previous randomization behaviour, i.e.,
P (t + 1) = f (P (t)), where P (t) will increase or decrease according to traffic conditions. Then, Rule 3 in
Subsection 2.1 is supplemented by

P (t + 1) =





(1− α)P (t), if a randominization occurs at t,

min {P (t) + β(1− P (t)), P0} , otherwise,
(1)

where P0 is a constant. Equation (1) identifies two
types of velocity randomization behaviour, namely
learning and forgetting. In the learning situation, the
randomization occurs at t and continues to do so at
t + 1, the probability is then given by

P (t + 1) = (1− α)P (t), (2)

where α is the learning parameter, 0 6 α 6 1. When
α = 0, we have P (t + 1) = P (t). This means that the
randomization probability remains unchanged from t

to t + 1. When α = 1, P (t + 1) = 0 holds. This
implies that perfect learning has been realized, i.e.,
the driver completely accepts the velocity determined
by Rules 1 and 2. It is clear that P (t + 1) 6 P (t)
always holds in the evolution process. Thus, learn-
ing can stop the decrease of velocity by reducing the
randomization probability.

In the forgetting situation, we assume that ran-
domization does not occur at t (i.e., drivers do not care
if there is randomization in the last time step) but it
may exist at t + 1. The randomization probability at
t + 1 is given by

P (t + 1) = min {P (t) + β(1− P (t)), P0} , (3)

where β is a forgetting parameter, 0 6 β 6 1. When
β = 0, we have P (t + 1) = min {P (t), P0}, which as-
sures P (t + 1) 6 P (t) 6 P0 in the evolution process.
Hence, if P0 is the initial probability and P (1) = P0 is
defined, our modified model becomes the basic NaSch
model when α = 0, i.e., P (t) = P0 for all t, regardless
of learning or forgetting situation. When β = 1, we
have P (t + 1) = P0 for P0 < 1. This states that the
probability at t + 1 will increase in comparison with
that at t if P (t) < P0. Thus, forgetting may decrease
the drivers’ velocities by increasing the randomization
probability in the evolution process.

In the next section, we will further discuss the
properties of our modified model when α and β take
some specific values.

3. The Markov properties of our

model

We can regard the series of evolutionary random-
ization behaviour as a stochastic process, i.e., X =
{Xt, t ∈ T+} , Xt ∈ E, T+ ∈ {1, 2, . . .}, the state space
E = {0, 1} where 0 means the randomization occurs
and 1 not. As shown in Fig. 1, there are two states and
four transition probabilities {Pi,j(t + 1) : i, j = 0, 1}
from time step t to t + 1, as follows:

P (t + 1) =


 P0,0(t + 1) P0,1(t + 1)

P1,0(t + 1) P1,1(t + 1)




=


 P ′(t) 1− P ′(t)

P ′′(t) 1− P ′′(t)


 , (4)

where the transition probability Pi,j(t + 1) is the con-
ditional probability of being in state j “tomorrow”
given that we are in state i “today”. It follows that

P0,0(t + 1) = P ′(t + 1) = P (Xt+1 = 0|X0, X1, . . . , Xt)

= P (Xt+1 = 0|Xt = 0) = (1− α)P (t), (5)

P1,0(t + 1) = P ′′(t + 1) = P (Xt+1 = 0|X0, X1, . . . , Xt)

= P (Xt+1 = 0|Xt = 1)

= min {P (t) + β(1− P (t)), P0} . (6)

Observing Eqs. (5) and (6), we easily find that given
(X0, . . . , Xt), the conditional distribution of Xt+1 de-
pends only on Xt. This phenomenon is called the
memoryless property, also known as the Markov prop-
erty. Thus, the stochastic process studied in this paper
is a two-state Markov chain.

Fig. 1. Transition probabilities of the states on space E.
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The purpose of the update chain above is
to increase an action probability that produces a
favourable response (i.e, to be confronted with no
randomization behaviour). Conversely, for an un-
favourable response (i.e, the randomization behaviour
occurs), the corresponding action probability de-
creases. This simple update principle is based on the
reinforcement learning scheme.

The initial distributions of the transition proba-
bilities are as follows:





P (X0 = i) = Pi(0), Pi(0) > 0,
∑
i∈E

Pi(0) = 1, i ∈ E,

[P0(0), P1(0)] = [P0, 1− P0] .

(7)

Note that P0 = 0 implies that no randomization
will occur while driving and P0 = 1 means that ran-
domization will definitely occur. Therefore, further
investigations should be conducted of P0 ∈ (0, 1) to-
gether with α and β ∈ [0, 1]. Different driving strate-
gies can be simulated by taking α and β as different
values. Considering this, we shall study the following
transition graphs of the states underlying the evolu-
tionary schemes.

3.1. Scheme without learning and forget-

ting (the basic NaSch model, α = 0)

Figure 2(a) demonstrates that the basic NaSch
model is reached as there is no internal or external
driving force to change P (t). Thus, the evolution of
the randomization probability can be regarded as a
Markov transition process with a stationary transition
matrix

P (t) =


 P0 1− P0

P0 1− P0


 , t = 1, 2, . . . . (8)

Clearly, the transition matrix P (t) is irreducible for all
possible communications i ↔ j of states, i, j ∈ (0, 1).
Here, we say that state i communicates with state
j if j is from i (i → j) with a positive probability
(i.e., Pi,j(t) > 0) at time step t. In addition, such
a Markov chain is said to be aperiodic (irreducibility
is a property that all states of the Markov chain can
be reached from others). Because Pi,i(t) > 0 for all
t and all states i, thus the chain is aperiodic. There-
fore, X = {Xt, t ∈ T+} is an irreducible and aperiodic
Markov chain with state space E = {0, 1} and transi-
tion matrix P (t).

Fig. 2. Transition probabilities of the states: (a) α = 0; (b) α = 1 and β > P0; (c) α = 1 and β = 0; (d) α = 1

and 0 < β < P0; (e) α ∈ (0, 1) and β > P0; (f) α ∈ (0, 1) and β < P0.

Now we turn to examine the long-term behaviour
of the Markov chain under this scheme. Firstly, we
introduce a definition of the hitting time as Ti,j =
min {t > 1 : xt = j} with the convention that Ti,j =
∞ if the Markov chain never visits state j. Then, we
define the mean hitting time as τi,j = E [Ti,j ], i.e., the
expected time taken from state i to state j. When
j = i, τi,j is called the mean return time of state i.
Obviously, P (Ti,j < ∞) = 1 and E [Ti,j ] < ∞ hold.

For a transition matrix P , if a row vector

π = {π1, . . . , πk} satisfies πi > 0,
∑k

i=1 πi = 1, and
∑k

i=1 πiPi,j = πj for j = (1, 2, . . . , k), it is called

a stationary distribution of the Markov chain. It is

known that for an irreducible and aperiodic Markov

chain, there is exactly stationary distribution. We

can then find the mean return time of state i by

πi = lim
t→∞

Pi,i(t) = 1/τi,i. In the NaSch scheme, the

stationary distribution is π = {p0, 1− p0}. Therefore,
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the limiting probability of the Markov process is

P∞ = lim
t→∞

P t =


 P0 1− P0

P0 1− P0


 , (9)

and the mean return time of state 0 is

τ0,0 = E[T0,0] =
1
P0

. (10)

3.2. Scheme of perfect learning and non-

forgetting (α = 1, β = 0)

As shown in Fig. 2(b), if the previous action is
not a randomization, the randomization probability
remains unchanged in the next time step. The evolu-
tion of the randomization probability can be regarded
as a homogeneous Markov transition process, with the
following stationary transition matrix

P (t + 1) =


 0 1

0 1


 , t = 1, 2, . . . . (11)

Obviously, this Markov chain, which models the learn-
ing automaton, has only one absorbing state (i.e.,
state 1, hence there is no randomization at all after
one randomization occurs). The stationary distribu-
tion is π = [0, 1].

3.3. Scheme of perfect learning and

rapid forgetting (α = 1, β > P0)

As shown in Fig. 2(c), under the condition α = 1
and β > P0, we find that a randomization occurs and
the probability of randomization decreases abruptly
to 0 in the next time step. Furthermore, once the pre-
vious action is not a randomization, the probability of
randomization climbs abruptly up to P0. Therefore,
it is a scheme of perfect learning and rapid forgetting.

The evolution of the randomization probability
can be regarded as a homogeneous Markov transition
process with the following stationary transition ma-
trix:

P (t + 1) =


 0 1

P0 1− P0


 , t = 1, 2, . . . . (12)

The corresponding stationary distribution is π =
{P0/(1 + P0), 1/(1 + P0)}. The limiting probability
of the Markov process is

P∞ = lim
t→∞

P t =




P0

1 + P0
1− P0

1 + P0

P0

1 + P0
1− P0

1 + P0


 , (13)

and the mean return time of state 0 is

τ0,0 = E[T0,0] =
1 + P0

P0
. (14)

It can be found that the mean return time of state 0
increases as P0 goes down. Since 1/P0 <(1 + P0)/P0,
this scheme has a longer time interval between two
consecutive randomization behaviours than that of the
NaSch model.

3.4. Scheme of perfect learning and slow

forgetting (α = 1, 0 < β < P0)

As shown in Fig. 2(d), if randomization occurs,
the probability of randomization abruptly decreases
to 0 in the next time step. Furthermore, if the pre-
vious action is not a randomization, the probability
of randomization slowly increases to P0. The evolu-
tion of the randomization probability can be regarded
as an inhomogeneous Markov transition process, with
the following time-varying transition matrix:

P (t + 1) =


 0 1

P ′′(t) 1− P ′′(t)


 , t = 1, 2, . . . . (15)

The above transition matrix P (t + 1) is irreducible
and the Markov chain is aperiodic. For any irre-
ducible, aperiodic Markov chain with the transition
matrix P (t + 1), we have P (Ti,j < ∞) = 1. More-
over, the mean hitting time from state i to state j is
finite, i.e., E[Ti,j ] < ∞. Hence, the state i is positively
recurrent.

The mean return time of state 1, τ1,1, is finite and
calculated as follows:





f
(1)
1,1 =1− P ′′(1)=1−min {P0 + β(1− P0), P0} ,

f
(t)
1,1 =





P ′′(1), t = 2,

0, t = 3, 4, . . . ,

(16)

τ1,1 = E [T1,1] =
∞∑

t=1

t f
(t)
1,1

= 1 + min {P0 + β(1− P0), P0} = 1 + P0. (17)

In the long-run case, the stationary distribution
π and the mean return time of state 0 are given as

π =
[
1− 1

1 + P0
,

1
1 + P0

]
, (18)

τ0,0 =
1
π

=
1 + P0

P0
. (19)

Equation (18) shows that the mean return time of
state 0 is dependent on P0 and independent of (α, β).
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Since 1/P0 <(1 + P0)/P0, the scheme discussed in this
subsection has a longer time interval between two con-
secutive randomization behaviours than that of the
NaSch model.

3.5. Scheme of partial learning and rapid

forgetting (α ∈ (0, 1), β > P0)

Figure 2(e) shows that once a randomization oc-
curs, the probability of randomization decreases in the
next time step. Furthermore, once the previous ac-
tion is not a randomization, the probability of ran-
domization rapidly increases to P0 in the next time
step. Therefore, this is a scheme of partial learning
and rapid forgetting.

The evolution of the randomization probability
can be represented as an inhomogeneous Markov tran-
sition process, with the following time-varying transi-
tion matrix:

P (t + 1) =


 P ′(t) 1− P ′(t)

P0 1− P0


 , t = 1, 2, . . . . (20)

As with all of the transition probabilities Pi,j(t) >

0 for all t, the transition matrix, P is then irreducible
and the Markov chain is aperiodic. For any irre-
ducible, aperiodic Markov chain on the state space
E = {0, 1}, we have P (Ti,j < ∞) = 1. Moreover,
the mean hitting time from state i to state j is finite,
i.e., E[Ti,j ] < ∞. Thus, all of the states are positively
recurrent.

The mean return time of state 0, τ0,0, is finite and
calculated as follows:




f
(1)
0,0 = P ′(1),

f
(t)
0,0 = P0 (1− P0)

t−2 (1− P ′(1)) , t = 2, 3, . . . ,
(21)

τ0,0 = E [T0,0] =
∞∑

t=1

tf
(t)
0,0

= P ′(1) +
∞∑

t=2

t P0 (1− P0)
t−2 (1− P ′(1))

=
1 + P0

P0
− (1− α) =

1
P0

+ α. (22)

From Eq. (22), we find that the value of τ0,0 is
between those values given by the NaSch scheme and
the scheme of perfect learning and rapid forgetting.
In addition, the value of τ0,0 increases with α. When
α = 1, the scheme reduces to a scheme of perfect learn-
ing and rapid forgetting. When α = 0, it becomes the
NaSch scheme. The stationary distribution π is given

as

π =
[

P0

1 + αP0
, 1− P0

1 + αP0

]
. (23)

3.6. Scheme with partial learning and

slow forgetting (α ∈ (0, 1), β < P0)

Figure 2(f) shows that once a randomization oc-
curs, the probability of randomization decreases in the
next time step. If the previous action is not a ran-
domization, the probability of randomization slowly
increases to P0 in the next time step. Hence, it is a
scheme of partial learning and slow forgetting.

The evolution of randomization probability can
be considered as inhomogeneous Markov transition
process, with the following transition matrix:

P (t + 1) =


 P ′(t) 1− P ′(t)

P ′′(t) 1− P ′′(t)


 , t = 1, 2, . . . . (24)

From Fig. 2(f), we can find that Pi,j(t) > 0 at any
time step t, the transition matrix P (t + 1) is said
to be irreducible and the Markov chain is aperiodic.
For any irreducible, aperiodic Markov chain on state
space E = {0, 1} and transition matrix P , we have
P (Ti,j < ∞) = 1. Moreover, the mean hitting time
from state i to state j is finite, i.e., E[Ti,j ] < ∞. This
is to say that state i is positively recurrent.

Since the transition matrix P (t + 1) consists of
four time-variants under this scheme, it is difficult to
obtain the mean return time of all of the states and
the stationary distribution of the Markov chain. We
can only perform a qualitative analysis on the Markov
chain under this scheme. The role of α is to make P (t)
decline, while β increases. The higher the α-value,
the more P (t) decreases. The smaller the β-value, the
slower P (t) increases. In addition, the value of the
mean return time of state 0 stays between the val-
ues from the NaSch scheme and the scheme of partial
learning and slow forgetting.

3.7.Mean return time and flux

Let ρc be the critical density that leads to traf-
fic jam. For ρ ¿ ρc, the speed of a vehicle fluc-
tuates between vmax and vmax − 1 due to the ran-
domization rule (NaSch model). We can compute
the space-mean speed for a sufficiently low density
by means of a weighted average. Thus, we have
v̄ = P̄ (t)(vmax − 1) + (1− P̄ (t))vmax = vmax − P̄ (t),
where P̄ (t) is the average probability for slowing down
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the speed vmax to (vmax − 1). The corresponding flux
is Jfree = ρ(vmax − P̄ (t)). On the other hand, in
the congested region (here, for simplicity, let vmax =
1), dn(t) 6 min[vn(t) + 1, vmax] and vn(t) = dn(t),
the average distance-headway is (ρ−1 − 1). The ex-
act expression of the flux becomes Jjam = ρvn =
(1− P̄ (t))(1− ρ), vn = (1− P̄ (t))(ρ−1 − 1) + P̄ (t) ×
0 = (1− P̄ (t))(ρ−1 − 1).

We derive the flux based on the investigated dy-
namic randomization behaviour. Suppose that the
mean return time of state 0, τ0,0, is synonymous with

the average time Tw required by the n-th vehicle for
randomly slowing down its velocity vn to vn − 1 after
the latest randomization behaviour. The Tw is deter-
mined by the randomization probability P (t) through
Tw = τ0,0. Let the mean hitting time from state 0 to
state 1, τ0,1, be synonymous with the average time T ′w
required by the n-th vehicle for randomly accelerating
to the velocity vn + 1 after the latest randomization
behaviour. The T ′w is determined by the randomiza-
tion probability P (t) through T ′w = τ0,1. Then, we
obtain an expression of the flux as follows:





Jfree = ρ(vmax − π0) = ρ

(
vmax − 1

τ0,0

)
, (sufficiently low density),

Jjam = (1− π0)(1− ρ) =
(

1− 1
τ0,0

)
(1− ρ), (highly congested region).

(25)

Note that in the above discussion, π0 represents the stationary distribution and a limiting probability of state
0 (i.e., π0 = lim

t→∞
P0,0(t)). Obviously, equation (25) is a good expression of the flux, with a consideration of the

vehicles’ dynamic randomization behaviour.
Equation (25) can be extended to the schemes discussed previously. For simplicity, we only provide the

results that correspond to a sufficiently low density region as follows:

Jfree =





ρ(vmax − P0), for α=0,

ρ

(
vmax − P0

1 + P0

)
, for α = 1, β > 0,

ρvmax, for α = 1, β = 0,

ρ

(
vmax − P0

1 + αP0

)
, for α ∈ (0, 1), β > p0.

(26)

In the next section, these results are verified well
by our simulation outputs.

4. Simulation results and discus-

sion

4.1.Description of the simulation proce-

dure

In our simulation, a system containing 1000 cells
is studied under the periodic boundary condition (i.e.,
L = 1000). The length of each cell is 7.5 m, so the sys-
tem is equivalent to a ring road of 7.5 km long. One
iteration time step is 1 s, vmax = 5 cells per time-step
(i.e., 135 km/h), and P0 = 0.5. For simplicity, only
one type of vehicle is considered, i.e., all vehicles have
the same maximum velocity.

At the beginning of simulation, all of the vehi-
cles are randomly distributed on the road. Clearly,

the global density remains constant during the entire
period. The global density is given by

ρ =
N

L
, (27)

where N denotes the number of vehicles.
In each simulation, T = 11000 time steps are car-

ried out and the results of the last 1000 time steps are
recorded for conducting statistical analyses. The av-
erage velocity v and the flux q are computed as follows
(t0 = 10000):

v =
1
T

t=T∑
t=t0+1

(
1
N

N∑

i=1

vi(t)
)

, (28)

q = ρv. (29)

The simulation results are depicted in the v–ρ and q–ρ

fundamental diagrams, each with respect to a set of
α and β values. Each curve in the fundamental dia-
grams is produced by 20 simulations through changing
N from 0 to 1000. In the following subsections, we will
analyse these diagrams in detail.
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4.2.Analyses of the fundamental dia-

grams

A universal fact can be found from these dia-
grams: either v–ρ or q–ρ curve is divided into two
segments that correspond to free-flow and congested
flow regions, respectively. In the free-flow region, the
velocity remains constant while the flux increases with
density linearly; in the congested flow region, both
the velocity and the flux decrease with density. This
is certainly true, as the commonly used fundamental
diagram should demonstrate. However, the maximal

values to which velocity and flux can reach are dif-
ferent against different α and β values, as explained
below.

Figure 3 is produced by the basic NaSch model
in which α is 0. It can be seen that there is a critical
density, ρc ≈ 0.08. The velocity remains a maximal
value 4.5 when ρ 6 ρc and the flux reaches a maximal
value 0.332 when ρ = ρc. Figure 3 also shows that the
fundamental diagram is not sensitive to the β value,
provided α = 0. This coincides with the analysis made
previously.

Fig. 3. Fundamental diagrams under the NaSch scheme (α = 0).

Figure 4 depicts the fundamental diagrams under
schemes of perfect learning (α = 1) together with the
non-forgetting (β = 0), rapid forgetting (β > P0) and
slow forgetting schemes (β < P0). For comparison,
the fundamental diagram under the NaSch scheme is
also given in this figure.

Figure 4 shows that in comparison with the ba-
sic NaSch scheme, the critical density for remaining
the maximal velocity or realizing the maximal flux
is increased under the perfect learning scheme. The
velocity and flux under the perfect learning scheme
are always larger than that under the basic NaSch
scheme. Particularly, when β = 0 (i.e, there is no for-
getting behaviour), the fundamental diagrams are on
top of others. When β > P0 (i.e., rapidly forgetting),
the curves v–ρ overlap basically, so do the curves q–ρ.
When β < P0 (i.e., slowly forgetting), the fundamen-

tal diagrams move up with decreasing β-value. These
findings are consistent with the analyses made in Sec-
tion 3.

Figure 5 depicts the fundamental diagrams under
schemes of partial learning (i.e., 0 < α < 1) together
with rapid forgetting (i.e., β > P0). It can be seen
that there is no big difference between the curves v–
ρ given by the basic NaSch model and our modified
model. However, the flux by the modified model is sig-
nificantly larger than that by the basic NaSch model.
For a given β-value, the curve q–ρ under a scheme with
a larger α is on top of the curve under the scheme with
a lower larger α. For a given α-value, either curves v–
ρ or q–ρ basically overlap, regardless of the β-value.
The critical density for generating the maximal flux
increases when α takes larger value.
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Fig. 4. Fundamental diagrams under schemes of perfect learning (α = 1).

Fig. 5. Fundamental diagrams under schemes of partial learning and rapid forgetting.

Figure 6 compares the fundamental diagrams obtained under the schemes of partial learning and slow
forgetting (i.e., β < P0) in varying degrees. It can be seen that the schemes with β = 0 produce the the highest
velocity and flux regardless of whether α takes 0.2 or 0.8 (α = 0 is removed in this comparison). If β 6= 0, curves
v–ρ and q–ρ are almost solely dependent upon the α-value, and a larger α-value leads to a higher velocity and
flux.

In summary, the above figures show that the maximal flux given by the basic NaSch model is always less
than that given by our improved model proposed in this paper. In the free-flow regions (i.e., the density is less
than the critical value), the q–ρ fundamental diagrams overlap no matter what types of learning and forgetting
behaviour are assumed. In the congested-flow regions, fundamental diagrams are sensitive to the combination of
parameters representing learning and forgetting behaviour. Simulation results verify the analytical investigation
made in this paper.
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Fig. 6. Fundamental diagrams under schemes of partly learning and slowly forgetting.

Fig. 7. Spacetime plot of car trajectories against different sets of parameters: (a) (α, β)=(0, 0); (b) (α, β)=(1,

0); (c) (α, β)=(0.8, 0.1).

We now use the spacetime plot of car trajectories to further verify our findings. Figure 7 depicts the
spatio-temporal pattern of the traffic flow produced under three schemes, each corresponding to a set of model
parameters (P0 = 0.5 and ρ=0.16). When (α, β)=(0, 0), cars sometimes stop and form a queue, so ‘stop-and-go’
waves can be observed. Thus, the basic NaSch model gives the lowest flux. When (α, β)=(1, 0), cars move
forward with larger gaps, so there is no traffic jam. As a result, the scheme of perfect learning generates the
highest flux (see Fig. 4). When (α, β)=(0.8, 0.1), spontaneous jams occur but with much less frequency. Hence,
the learning behaviour of drivers can indeed improve traffic.

5. Conclusions

In this paper, we proposed a modified CA model
based on the basic NaSch model by considering the
driver’s intelligent behaviour (i.e., learning and forget-
ting behaviour). With the use of stochastic process
theory, sensitivity analyses of the parameters repre-
senting learning and forgetting behaviour were exten-
sively made. Analytical and simulation results sup-
port the following findings.

(i) Our modified model may reduce to the basic

NaSch model, which depends on the value of α. If α >

0, our model can improve the fundamental diagrams
through increasing the critical density and then the
maximal flux.

(ii) Changing the two parameters that reflect the
learning and forgetting behaviour respectively, allows
us to simulate different driving strategies and then ex-
plore new traffic features. The mean hitting time from
one state to another state and the mean return time of
a state are introduced to measure the characteristics of
time-varying randomization behaviour. This enables
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us to obtain the exact expression of flux in the free-
flow region. This exact expression was reproduced by
simulations. The velocity and flux in the congested-
flow region were generated by simulations. Simulation
results show that the self-adjustment behaviour based
on reinforcement learning can increase the traffic flux
a great deal in the congested-flow region.

Note that, in this paper we do not modify other
rules of the CA model to investigate the phase transi-
tions from free flow to synchronized flow to wide mov-

ing jam. However, phase transition is an important
concept and worth studying as the complex spatiotem-
poral behaviour of real traffic is due to the transitions
among the three traffic phases. Our on-going work
is to further improve the CA model for reproducing
various phase transitions. Certainly, this should be
done by keeping the reinforcement learning of drivers
in the model. In addition, we also intend to apply our
model to the two-lane traffic where more interesting
behaviours are open to study.
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