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This paper presents a three-dimensional time-dependent nonlinear theory of helix traveling wave tubes for beam-

wave interaction. The radio frequency electromagnetic fields are represented as the superposition of azimuthally sym-

metric waves in a vacuum sheath helix. Coupling impedance is introduced to the electromagnetic field equations’

stimulating sources, which makes the theory easier and more flexible to realize. The space charge fields are calculated

by electron beam space-charge waves expressed as the superposition solutions of Helmholtz equations. The focusing

forces due to either a solenoidal field or a periodic permanent magnetic field is also included. The dynamical equations

of electrons are Lorentz equations associating with electromagnetic fields, focusing fields and space-charge fields. The

numerically simulated results of a tube are presented.
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1. Introduction

Helix traveling wave tubes (TWTs) are broad-
band and high-gain microwave amplifiers, and are
widely used in communications, electronic warfare and
radar systems.[' 3! The key method to optimize their
structure and improve capability is by studying their
nonlinear beam-wave interaction (BWI) characteris-
tics. The current nonlinear theories of TWTs for BWI
can be mainly grouped into frequency-domain and
time-dependent models.[*5 CHRISTINE—8! stands
for the frequency-domain models while GATOR!9~11]
represents the time-dependent models.

In this paper, a time-dependent theory of helix
TWTs for BWI based on azimuthal symmetry and
a sheath helix model is presented. Radio frequency
(RF) fields of a slow wave structure (SWS) are treated
in terms of a spectral decomposition of the normal
modes of the vacuum sheath helix and an overall
variation of the form exp(k,z —wt) is assumed for
each wave, where w and k, denote the angular fre-
quency and wave number of the vacuum sheath helix,
respectively.1% The amplitudes and phases of the
RF and space charge (SC) fields are treated to vary
in both axial position z and time ¢. The SC fields are
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divided into two parts. One is the alternating current
(AC) SC field and is treated by solving Poisson’s equa-~
tion combined with the beam continuity equation; the
other is the direct current (DC) SC field and is treated
by the radial directed self-electric and azimuthally di-
rected self-magnetic fields. Both the solenoidal focus-
ing field and the periodic permanent magnetic (PPM)
stack focusing field are included. Frankly speaking,
the theory of this paper is just a 2.5-dimensional (2.5-
D) model because the RF and SC fields are treated
to vary only in radial and axial directions, however,
the dynamical equations of electrons are treated in all
three directions.

One advantage of this theory over the the theory
in Ref. [10] is that the driving sources of RF fields are
treated by coupling impedance, which makes this the-
ory more flexible to realize. The hardship of solving
physical parameters is avoided by the use of simula-
tion software, such as HFSS['?l and HFCS!'3! (which
is a module of MTSS'). The numerical simulation
results of a tube has certified the feasibility of this
theory.
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2. The general formulations

The general formulations deal with the propaga-
tion of an RF signal through a sheath helix in the
presence of an electron beam. Both RF fields and
SC fields are treated by their corresponding equations.
The external focusing fields by means of either a uni-
form solenoidal magnetic field or a PPM field are also
treated.

2.1. The expressions of RF fields

Using Floquet’s theorem, the RF field in the SWS,
made up of electronic field  E(x, t) and magnetic field
dH (x,t) can be expressed as

< [0(r) T —iBR(r) 6 +iZ2™(r) ], (1)

where R(r), O(r), Z)(r) and Z®) (r) are normalized
functions of RF fields, and their specific forms are in
accord with longitudinal field method (LFM). The fac-
tor B = w/(ck,) is the normalized phase speed, where
c is the speed of light in vacuum. As is is azimuthally
symmetric, §E is related to axial position z and time
t but unconcerned with radial position r or angle 6.
The ¢ = k,z—wt is the phase of field in vacuum while
d¢ is the phase shift as k, varies in the presence of
electron beam.

Taking the real part of Eq. (1), we can rewrite the
RF fields as

SE(x,t) = 6EWe(x,t) + 6E®e* (,1),

5E( ) 5E( ) i(kzz—wt+d¢p) " "
~ -~ 0H (x,t) = 0E'“Vb(x,t) + B b* (x,t 2
x [—iR(r) T —BO(r) § +2©(r) z], (z,1) (,t) + (z,1), (2)
OH (x,t) = 6FE(z,t)el(k=r—witd?) where the eigenvectors are
e(x,t) = {R(r)  sinp — [3O(r) 0 Z(e)( ) z] cos ¢},
b(z,t) = {O(r) T cos o + [e(r )BR(r )0 =20 (r) Z]sin g},
e*(x,t) = {R(r) T cos o + [3O(r) 02 e)(r) z]sin g},
b*(@,t) = {~O(r) 7 sing + [e(r)BR(r) 6 —Z")(r) Z] cos o}, (3)
and the relationships between them are Vg =i~ : 88 b,
10b 1 ob* 3
_— = = 2 — —
Vixe +68t VX c@t 0, 7 br = 8
1 0e 1 0e* 8
_ g * - 2
Vxb-e(r)-o =V xb —e(r)- - =0, (4) Ybo = —i— e (7)

while the relationships between amplitudes are

SEM = §FE cos o,
§E®? = §Esin o,
SE? = EW? L sE@2, (5)

The axial components of the fields are in the form of
a modified Bessel function!”

Z9(r) = To(yr),
I I
20y = Aolm)h(r) (©)
wly (yry)
where v = 4/k2 — w?/c? is the propagation factor and
7 is the helix radius. Obtaining the axial fields, we
can calculate the transverse fields by LFM as

2 .
’yer:_lkz €z,

9
or

2.2. The physical parameters in BWI

The TWTs amplify RF signals so the energy
transported is determined by the Poynting flux (i.e.
power), the stored energy and the group speed.[!’]
Therefore, the equations of the RF fields are embod-
ied by the variation of these three physical parameters.
As the coupling impedance determines the energy ex-
change capability of the SWS, it is also needed in the
BWI theory.

The power p for each signal denotes the time-
averaged Poynting flux over the entire cross-section
of the SWS and can be expressed as

—i%/dt/ SE x 6B -ds, (8)
T A

where T is the time period of the signal. Using Eq. (1),
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we can rewrite the power as 2.3. The equations of RF fields

p=3S SE?. 9) The RF fields in the presence of beam current are
treated as the superposition of the modes in a vac-

In the similar way, the energy transport W for each

signal denotes the time-averaged energy density per uum. Assuming that they vary slowly in z and ¢, the

unit axial length over the entire cross-section of the equations of the signal’s magnitudes are obtained in
a manner analogous to the derivation of Poynting’s
theorem.[®—11]

W = /dt // (0H -6B +6E -6D)dV, (10) The RF fields’ expression can be rewritten when

the magnitudes are normalized by S as

SWS and can be expressed as

and the energy transported is rewritten as
SE(x,t) = aWe(x,1)/SY? + aPe* (x,1)/SY?,

W = USE?. 11
1 6H (z,t) = aWMb(x,t)/SY? + aPb*(x,1) /5?2, (14)

The group speed v, of a signal denotes its energy

transport speed, and can be expressed as where the normalized magnitudes are
vg =p/W = S/U. (12) g2
The expression Z.(r) denotes the coupling iV = G cos b,
impedance in radial position r and can be given by )
. a® = asindp. (15)
using Eq. (1) as
Zo(r) = 0EZ) (r)|? _ [T (yr)[? (13) It is assumed that the eigenvectors satisfy
2k2p 2k25 Maxwell equations either in the absence or in the pres-
where Iy(yr) is the zero-order modified Bessel func-  ence of a beam. Then Ampere’s law and Faraday’s law
tion. | can be expressed as
V x [ 1)b/S1/2 +a ~(2) b*/sl/Z] QQ[&(])e/sl/Q +&(2)6*/Sl/2] — 41.7
c Ot c’
1
V x [aVe/SV? 1 a@er 517 4 LD 5;1a0/82 + a7 /51%) =0, (16)

where j denotes the density of the source current. Taking the inner product of b and b* with Faraday’s law
and e and e* with Ampere’s law, then integrating the results over the cross section of SWS and averaging over
the axial length A\ (i.e. the wave length), we can express the equations of the RF fields as

z+7r/k

(%—H}g;)&( / dz //S 125 . eds,
z

z—m/k.

z+7r/k:

) ) e

z—m/k,
Substituting Eq. (13) into Eq. (17), we obtain the following equations for the RF fields:

z+m/k.

d 9 k2vg\/2Ze(2,0)
(E +vg@)d(1) = —T / dz’ //Io r)j - eds,
z—7/k.
z47/k,
\/2Z (2,0)
(% +’Ug%)d(2) / dz’ //Io yr)d - e*ds, (18)
z—m/k.

where Z.(z,0) is the coupling impedance on axis (i.e r = 0).
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There is one advantage over Ref. [10] in the RF field equations. The parameters vg, k, and Z(z,0) can be
calculated using HFSS or HFCS, which avoids calculating S and U. By means of Z.(z,0), this time-dependent
theory is more flexible and may be used on all kinds of helix TWTs.

2.4. The DC space charge fields

The DC SC fields are self-electronic E(4°) and
self-magnetic B(1) and can be calculated by the equa-
tions V - E(4¢) = 47p and V x B(d9) = 47j /¢ respec-
tively, where p is the charge distribution of the elec-
tron beam. In the unusual case where a flat-top beam
is used, the E(1°) and B(9°) are given by

w2 {7", 0<r<m,
E(dc) —_r b T2
2‘770| 7'3, r> T,
r
w2 v {Tv 0§7’<7’b,
(de) _ 7’“ b 20
Bde) _ S r% (19)
-, T 2 b,
r

where wy,, 7 and v, are the plasma frequency, radius
and initial axial velocity of the beam, respectively, and
7o is the charge-to-mass ratio of a static electron.

The existence of E(4°) means that the beam en-
ergy will be depressed, which modifies the initial rel-
ativistic factor at a given radius as

2
“p
de 2(7"})—7‘ +2lng)

where 7., is the relativistic factor related to the

Y0 = Yea — (20)

cathode-to-helix voltage.

2.5. The AC space charge fields

The AC space charge fields are treated by SC

(2:10] wwhose amplitudes and phases are assumed

waves
to vary slowly in z and ¢. In the sheath helix model,
the SC fields governed by LFM can also be treated as
being azimuthally symmetrized and given as
, 1 0 ~tee)s £(s¢) A
E®I)(r 2,t) = (— i k—Za—E (e, + Egbc)ez)
x ilke 2wt 4090, (21)
where E(°)(r, z,t) satisfies the Holmholtz equations
as

1 92 " 10
(Vz*E@)EM:‘* (2aﬁw) (22)

where §¢) is the phase shift of space-charge wave.
Combining Poisson’s equation with the current
continuity equation, the relation between the SC fields

and beam current density can be given by

0
= gsc) —
ot

An overall variation of the form exp(k,z — wt) is as-

—Anj. (23)

sumed for the p and j, so the axial part of the SC
fields satisfies the equation

2 B0 (W: B kQ)E(SC)
1z 2 z z

4
= —lj(j_kz)]z
w C

The sheath helix boundary condition for the SC
fields is given by

(24)

EF) =0 (r=m). (25)

Solving Eq. (24) using Eq. (25), we obtain the follow-
ing AC SC fields

E0) Z (i7md1(TmT) T

m=1

+ ko (Tr))el (R85 1 (96)

E®) (r,z,t) =

where Jo(7,7r) and Ji(7,r) are Bessel functions of
order zero and order one, respectively, and 7, =
Xom/Th, Xom is the m-th root of Jo (i.e. Jo(xom) = 0).

Taking the real part of Eq. (26), we can write the
AC SC fields as

B (2, )el) (r, 2, )
+ BP9 (2,1)e5) (r, 2, 1),

ECI)(r 2, t) =
(27)

e, 2, 1) = ~RE() T simgp + 269 (r) T cos
e§(r,z.) = —ROI(r) 7 cos o — 209 (r)  sinep,
(28)
and represent
SC) Z TmJl 7—777,71
(sc) Z k JO TmT (29)

Under the assumption of dE¢9) /9t < wE®) and
substituting Eq. (27) into Eq. (28), we can obtain the
equations of AC SC fields as

(sc) - (sc ~(sc) - (sc 4
BEOef + Bpoefd = -1,

z (30)
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where

(é§S°)(r, z,t) )

(s0) - ZR(SC)(T)( o )
é;c (T,Z,t)

—sin¢

sin ¢

+ EZ(SC>(r)< ) (31)

cos ¢

In a similar way as the RF equations were ob-
tained, the expression (30) is treated by the following
steps: taking the inner product of égsc) and égsc); in-
tegrating the result over the entire cross section of the
SWS; averaging the result over the axial length of the
wavelength. Then the equations of the AC SC fields

can be given by

z+m/ks

g0 — 8k & dz’ ¢ ds
i 22 z

wr
h =
mflz—ﬂ'/k:z

gl 2 t) - el (@, 2, 1)

(o + K2) I (Toern)
(i=1,2). (32)

It should be noted that in the AC SC fields equations
(32), m is the number of radial modes whose appro-
priate value may vary widely. Hence, in practice, the
value of m is added until convergence is reached.

2.6. The external focusing fields

There are two types of focusing fields in TWTs.
One is the solenoidal field produced by coils and given
by

B = By 2, (33)

where By is the amplitude of the focusing field.
The other is the PPM field presented as

B.. =B, [?%sin(sz) + ”z‘cos(sz)] (34)

where By, is the on-axial (i.e. » = 0) magnetic ampli-
tude and ky = 27/\;, (where Ay is the PPM period)
is the PPM “wave number”.

2.7. The equations of motion

The electrons’ equations of motion are obtained
by combining the field equations (i.e. the RF field
equations, the SC field equations and the focusing field
equations) with relativistic Lorentz equations. As the
self-magnetic fields can be ignored when comparing

them with the magnetic RF fields and the focusing
fields, the equations of motion are given by

%p — —e[0E(z,t) + B (z,1)]
_ gv x [6B(z,t) + Bext),  (35)

where P and e are the momentum and charge of a
particle, respectively. For convenience, the SC fields
are assumed to be just the AC SC fields while the ef-
fect of DC SC fields on electrons is included in the
initial beam relativistically expressed in Eq. (20).

3. The numerical results

The sequence for simulating this time-dependent
BWTI theory is: firstly, set the initial conditions for the
electron beam and simulating grids; secondly, calcu-
late the stimulating sources for the RF field and SC
field equations by accumulating the electron charge to
the grid and averaging over wave length; thirdly, the
SC fields are directly calculated, while the RF fields
are calculated by the MacCormack method; fourthly,
the orbits of the electrons are calculated by solving
the equations of motion by the fourth Runge-Kutta
method. This procedure is repeated over the time
scale.

The SWS chosen for simulation is referred to a
helix TWT built at the Northrop—Grumman Corpo-
ration. The average radius and pitch of the helix are
1.245 mm and 0.8014 mm, respectively. The wall ra-
dius is 2.794 mm and no vanes are loaded in this struc-
ture. There are three rods with rectangular cross sec-
tions running along the helix. The dielectric constant
of the rods is 6.5 and their dimensions are 0.508 mm
%x1.473 mm. There are some simulated results below.

3.1. Beam propagation

The beam propagation describes the particle tra-
jectories for input power py, = 0 into either a solenoid
or PPM Brillouin magnetically focused helix TWT.
The specific beam is modeled as an accelerating volt-
age of V;, = 2.84 kV, a current of I;, = 170 mA, and
an initial radius of r,g = 0.5 mm. The Brillouin field’s
amplitude of this beam for a solenoid is By = 952.7 G
(1 G=10"*T) while for a PPM field is B,, = 1347.3 G
with a period of py, = 6.604 mm.

The beam propagation is shown in Figs. 1 and 2,
in which the thick lines denote the average radius of
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the helix (i.e. 1.245 mm). The visible flat trajecto-
ries of the particles are shown in Fig. 1 while their
disciplinary fluctuating form is shown in Fig. 2. It is
proved that the beam will form a balanced shape as

it travels through a Brillouin focused field.

1.50 T T T
1.25
By =952.7 G
1.00 | k
g
g 0.75f .
~
~
0.50
0,25 L
o L I
0 20 40 60 80
r/mm
Fig. 1. Propagation of a beam through a solenoidal

Brillouin field of By = 952.7 G, where V}, = 2.84 kV,
Iy, = 170 mA and r,p = 0.5 mm.

1.50 T T T

1.25

By =13473 G
1.00

0.75

r/mm

0.50

0.25

96 20
r/mm

Fig. 2. Propagation of a beam through a PPM Bril-
louin field of By = 1347.3 G with py = 6.604 mm, where
Vi, =2.84 kV, I, = 170 mA and rpg = 0.5 mm.

3.2. The BWI simulations

In the simulation of BWI, a signal with a fre-
quency of f =5 GHz is injected into the beam with a
PPM Brillouin field described in Fig. 2.

The evolution of the stable output power pous
with an axial distance z in the case of different p;y, is
shown in Fig. 3. The results show a saturated power of
130 W, which is very close to GATOR’s 131-W satu-
rated power.['% Especially in the case of pi, = 30 mW,
where the saturated distance is 69 mm, which is equal

to the value given in the literature.

150 T T T

120

90

Pout / w

60

30

z/mm

Fig. 3. The evolution of the stable output power pout
with axial distance z by different input power piy, =
10,30,100 mW, where V}, = 2.84 kV, I}, = 170 mA and

b0 = 0.5 mm.

150 T T T
fffff t>3.6 ns
120+ T t =2.6 ns
—t=1.6 ns
= 90r
~
=
Q I’
& 60F ! b
30} 3
0 1 _/?ii‘/ 1
0 20 40 60 80
z/mm

Fig. 4. The evolution of the output power pout with axial
distance z by different time ¢t = 1.6,2.6 ns and ¢t > 3.6 ns,
where pi, is 30 mW, V, = 2.84 kV, I, = 170 mA and

o = 0.5 mm.

150 T T T T T T
— 70 mm
1200 . 60 mm T
-------- 50 mm 0 ”‘\’I‘\'I\\/‘\Il\\ll‘u"\l"\l"\/"\ ;"u"\:"\;"\/"‘/’“/I“
= 90 ; b
> ;
: i
& 60 : A
30 - -
A {
0 SN I I I 1
0 1 2 3 4 5 6 7
t/ns

Fig. 5. The evolution of the output power pout with time
t by different axial positions z = 50, 60, 70 mm, where pj,
is 30 mW, V}, = 2.84 kV, I}, = 170 mA and r,o = 0.5 mm.

The evolution of the output power po,; with axial
distance z in the case of different time ¢ is shown in
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Fig. 4. As the input signal propagates at its group
speed vg, the energy exchange between it and the
beam is processed along the whole distance until a
stability is achieved.

The evolution of output power poys in a fixed axial
position z with different time is shown in Fig. 5. The
fluctuations in the output power can be stated by two
possible reasons. One can be easily explained as the
essence of all time-domain theories, which cannot nat-
urally avoid fluctuating outputs. However, by roughly
calculating the output curves in Fig. 5, is is found that
the fluctuating period is about 0.2 ns, which is so close
to the 5-GHz input signal’s time period that a second
possible reason for the fluctuation may be concluded
to be bound up with the frequency of input signal.
Finding the exact cause of the fluctuation is interest-
ing and needs to be studied.

1.5 T T T

1.2} E

0.9 4

r/mm

0.6 o

T
0 20 40
z/mm

60 80

Fig. 6. The stable distribution of the particles’ radial
position r with axial position z, where pi, is 30 mW,
Vb, =2.84 kV, I, = 170 mA and rpg = 0.5 mm.

The distribution of particles in the phase space

of radial position r and axial position z are shown in

Figs. 6 and 7 when the output power poy; is stable, and
also with which the interacting phenomenon between
wave and beam is described.

1.010 T T T

1.008 |

Ye

1.006 |- A

1.004 L

T
<.
Y Svied - I

e

[

ool o -
0 20 40 60 80
z/mm

Fig. 7. The stable distribution of the particles’ axial
speed (described by the electron’s axial relativistic ve in
the figure) with axial position z, where pip is 30 mW,
Vb =2.84 kV, I, = 170 mA and 7,9 = 0.5 mm.

4. Conclusions

A three-dimensional time-dependent nonlinear
theory of helix TWTs for BWI has been developed in
this paper. A single RF wave propagating through the
helix is described. The difficulty of solving the com-
plex physical parameters is avoided by using HFCS,
which simplifies the simulation and improves its ac-
curacy. The results of the simulation are compared
with those from the literature; this certifies the feasi-
bility of our theory. Further, as its equations are in
the time domain, this theory can be improved to sim-
ulate backward wave oscillation, which will be studied
later.
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