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When a single layer graphene is epitaxially grown on silicon carbide, it will exhibit a finite energy gap like a

conventional semiconductor, and its energy dispersion is no longer linear in momentum in the low energy regime. In

this paper, we have investigated the tunneling characteristics through a two-dimensional barrier in a single layer graphene

with an energy gap. It is found that when the electron is at a zero angle of incidence, the transmission probability as a

function of incidence energy has a gap. Away from the gap the transmission coefficient oscillates with incidence energy

which is analogous to that of a conventional semiconductor. The conductance under zero temperature has a gap. The

properties of electron transmission may be useful for developing graphene-based nano-electronics.
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1. Introduction

Graphene is a one-atom-thick planar sheet of
carbon atoms that are densely packed in a honey-
comb crystal lattice.[1] It has many novel properties
and potential applications. For example, the ob-
servation of half-integer quantum hall effect,[2] finite
conductivity at zero charge carrier concentration,[3]

universal optical conductance,[4,5] ultrahigh carrier
mobility,[6] nonlinear optical effect,[7−9] strong tera-
hertz response,[10] etc. One of the novel transport
properties is the perfect transmission under normal in-
cidence through an arbitrarily high and wide graphene
barrier, a phenomenon that is referred to as Klein
tunneling.[11] Since the first research on the tunneling
characteristics of Dirac fermions through a single bar-
rier in graphene,[11] the transport properties of mass-
less Dirac fermions, including Klein tunneling and res-
onance transmission, have been extensively studied in
the single[11,12] and double graphene barriers[13,14] and
graphene superlattices.[15]

Despite these intriguing properties, one of the
biggest difficulties for graphene to be used as an elec-

tronic material is its lacking of an energy gap in the
electronic spectrum. In experiment, it has been shown
that a finite energy gap can be induced due to the role
of substrate which is an intrinsic property of epitaxial
graphene.[16,17] The induced gap in graphene energy
spectrum results in the fact that the charge carrier
has a finite mass and the energy dispersion relation is
not linear in momentum in the low energy regime. It
has been demonstrated that the charge carriers obey
two-dimensional (2D) massive Dirac equations and the
tunneling characteristic is different from that in the
case of massless fermions in graphene.[18]

In the present paper, we consider a 2D square po-
tential barrier in an epitaxially grown graphene with
an energy gap. We investigate the transmission of
massive Dirac-like electrons and its dependence on in-
cidence energy, angle, energy gap and the width of the
barrier region. We further analyse the zero tempera-
ture conductance characteristics in such a system. It
is shown that at a zero angle of incidence, the trans-
mission probability as a function of incidence energy
has a gap which depends strongly on incidence energy.
It is shown away from the gap the transmission coef-
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ficient oscillates with incidence energy. Moreover it is
shown that the zero temperature conductance also has
a gap. These tunneling characteristics are completely
different from those in a single layer graphene with
no energy gap. The results can be useful for nano-
electronics applications of graphene, such as electron
wave filters at the nanoscale level at zero incidence
angle with more flexibility and simplicity.[12]

2. Calculation of transmission

probability

Now we proceed to calculate the transmission co-
efficient of massive fermions in graphene with a finite
energy gap 2∆. The hamiltonian of massive Dirac
fermions in graphene near the K point of the recipro-

cal space reads

H =


 ∆ ~vFk−

~vFk+ −∆


 , (1)

where k± = kx± i ky, and vF ≈ c/300 is the Fermi ve-
locity. The corresponding energy eigenvalue is Ek =
±

√
∆2 + ~2v2

Fk2, and the wave function can be writ-
ten as

ψk(x, y) =
1√
2




1

s

√
| E | −s∆
| E | +s∆

ei ϕ


 ei(kxx+kyy), (2)

where s = sgn(E), and ϕ is the incidence angle. In the
following, we consider a 2D potential barrier as shown
in Fig. 1(a), where V0 and D are the height and the
width of potential barrier, respectively.

Fig. 1. (a) Schematic diagram for 2D potential barrier in single layer graphene with an energy gap. (b)

Schematic diagram of experiment in graphene expectedly grown on SiC. Graphene (black) has two local gates

(white) creating potential barrier.

When an electron is incident at angle ϕ with respective to the x direction, the wave function of the incident
electron in regime I is given by Eq. (2). The wave functions in regimes I, II and III can be thus expressed
respectively by

ΨI(x, y) =
1√
2




1

s

√
| E | −s∆
| E | +s∆

ei ϕ


 ei kxx+i kyy +

r√
2




1

−s

√
| E | −s∆
| E | +s∆

e− i ϕ


 e− i kxx+i kyy,

ΨII(x, y) =
a√
2




1

s′
√
| E | −s′∆
| E | +s′∆

ei θ


 ei qxx+i kyy +

b√
2




1

−s′
√
| E | −s′∆
| E | +s′∆

e− i θ


 e− i qxx+i kyy,

ΨIII(x, y) =
t√
2




1

s

√
| E | −s∆
| E | +s∆

ei ϕ


 ei(kxx+kyy), (3)

where kx = k cos ϕ and ky = k sinϕ are the perpendicular and the parallel wave vector components outside
the barrier with k = (E2 − ∆2)1/2/~vF, but inside the barrier the parallel wave vector qx = (k′2 − k2

y)1/2,
s′ = sgn(E − V0), the refraction angle θ = arctan(ky/qx) with k′ = [(V0 − E)2 −∆2]1/2/~vF. According to the
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boundary conditions, we obtain the following transmission coefficient:

t =
2ss′e− i kxD cos φ cos θ

ss′[ei qxD cos(ϕ− θ) + e− i qxD cos(ϕ + θ)]− iF sin(qxD)
, (4)

where F = 2[E|V0−E|− ss′∆2]/~2v2
Fkk′. There are two different cases: Klein tunneling (E < V0) and classical

motion (E > V0), which correspond to ss′ = −1 and ss′ =1 respectively. When we consider the influence of ky

which is a conserved quantity, we can see that the transmission can be divided into evanescent and propagating
mode. The case of k′2 > k2

y corresponds to the propagating mode, and the case of k′2 < k2
y corresponds to the

evanescent mode. The transmission probability of the propagating mode Tp ≡ tt∗ can be given as follows:

Tp =
k2

xq2
x

k2
xq2

x cos2(qxD) + (F
2 kk′ − ss′k2

y)2 sin2(qxD)
. (5)

The transmission probability of the evanescent mode
Te ≡ tt∗ can be obtained in the following form:

Te =
k2

xκ2

k2
xκ2ch2(κD) + (F

2 kk′ − ss′k2
y)2sh2(κD)

, (6)

where

κ = (k2
y − k′2)1/2,

ch(x) = (ex + e−x)/2,

sh(x) = (ex − e−x)/2. (7)

When eκD À 1, Te will decay exponentially according
to the following form:

Te
.=

4k2
xκ2

k2
xκ2 + (F

2 kk′ − ss′k2
y)2

e−2κD. (8)

We can find that there is a critical incidence angle ϕc

separating the propagating and the evanescent modes,
which is determined by the condition k′2 = k2

y. It is
written as

ϕc = sin−1

(∣∣∣∣
(V0 − E)2 −∆2

E2 −∆2

∣∣∣∣
1/2

)
. (9)

With the incidence angle ϕ > ϕc the electrons can
tunnel through the potential barrier, and with ϕ < ϕc

the electrons decay exponentially in the potential bar-
rier. When the electrons are in propagating mode, the
transmission probability depends periodically on inci-
dence energy. While when the electrons are in evanes-
cent mode, the transmission probability approaches to
zero quickly. Obviously due to the evanescent mode,
there is a transmission gap determined by the con-
dition q2

x < 0. Here we also give the transmission
coefficient for a conventional semiconductor with an
energy 2∆,

t =
4kxqxe− i kxD

e− i qxD(kx + qx)2 − ei qxD(kx − qx)2
. (10)

So the transmission probabilities through a square
barrier in a conventional semiconductor read

Tp =
4k2

xq2
x

(k2
x − q2

x)2 sin2(qxD) + 4k2
xq2

x

for the propagating mode and

Te =
4k2

xq2
x

(k2
x + q2

x)2sh2(qxD) + 4k2
xq2

x

for the evanescent mode, where the parameters are
defined in the same way as that in graphene.

3. Results and discussion

Figure 2(a) shows the dependences of the trans-
mission probability on incidence energy with electrons
at a zero angle of incidence for three different gap en-
ergies. One can see that when the energy gap is zero,
the potential barrier always remains perfectly trans-
parent whatever the incidence energy is. It has been
shown that it is the feature unique to massless Dirac
fermions and directly related to the Klein paradox in
quantum electrodynamics.[9] More significantly, how-
ever, when a finite energy gap exists, the transmis-
sion probability at a zero angle of incidence has a gap
centred at E = V0. The transmission gap increases
with the increase of the energy gap. Outside the po-
tential barrier the transmission probability is an os-
cillation function of tunneling parameters, and under
some resonance conditions, qxD = Nπ (N = 0, 1, . . .),
the transmission probability T equals 1. Actually the
parallel wave vector ky = 0 at a zero incidence angle,
hence q2

x = k′2 = (V0 − E)2 −∆2 < 0 will change the
electron from propagating mode to evanescent mode.
The transmission probability T decays exponentially
in the potential barrier when V0 −∆ < E < V0 + ∆,
which determines the transmission gap ∆E = 2∆. Be-
cause in this regime of incidence energy there is no
electronic state in the potential barrier, the transmis-
sion probability in this case decays exponentially to
form a transmission gap. The transmission probabil-
ity of graphene with a finite energy gap at a zero inci-
dence angle is different from that in the case of gapless
single layer graphene,[9] but analogous to that in the
case of conventional 2D material as shown in Fig. 2(b).
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Fig. 2. (a) Transmission probabilities versus incidence energy at zero angle of incidence, where D = 100 nm,

V0 = 120 meV. Solid, dash and dot curves correspond to ∆ = 0, 20 and 40 meV, respectively. (b) Transmission

probabilities versus incidence energy for a conventional semiconductor.

Figure 3(a) shows the dependences of the transmission gap on the width of potential barrier in graphene
with an energy gap for three different D values. The transmission gap becomes shallower with the decrease of
the barrier width, and these gaps are all centred around V0. According to Eq. (7), the decay factor exp(−2κD)
increases as the barrier width decreases. As a result, the transmission gap will become shallower. In Fig. 3(b),
we also show the case of conventional semiconductor with the same energy gap. We can find that, whatever
the width is, the transmission gap does not change and always approaches to zero. Their significant difference
is that for a wide potential barrier with a width between 30 nm and 100 nm the electrons can have a finite
tunneling probability through the barrier in graphene, but in conventional semiconductor the electron cannot
tunnel through the barrier at all.

Fig. 3. (a) Transmission probability dependences on incidence energy with different widths of the potential

barrier, where ∆ = 40 meV. Solid, dash and dot curves correspond to D = 20, 40 and 100 nm, respectively. (b)

Transmission probabilities versus incidence energy with different widths of the potential barrier for a conventional

semiconductor.
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In Fig. 4, we plot the transmission probabilities

versus incidence energy with electrons at an oblique

incidence. One can see that the gap becomes wider

with the increase of the incidence angle due to the in-

crease of ∆E = 2
√

k2
y + ∆2 with the increase of inci-

dence angle. Moreover, the transmission gap in an ac-

tual device structure can be used in various graphene-

based electronic devices.

Fig. 4. Transmission probabilities versus incidence en-

ergy at an oblique incidence, where ∆ = 40 meV. Solid,

dash and dot curves correspond to ϕ = 0◦, 20◦, and 40◦,
respectively.

The ballistic conductance under zero temperature

is obtained by averaging electron flux over half the

Fermi surface as[12,19]

G = G0

∫ π/2

−π/2

T (ϕ) cos ϕdϕ, (11)

where

G0 = (2e2/~)(l/π~vF),

and l is the length of the structure along the y di-

rection. Figure 5 depicts the conductances each as

a function of incidence energy. It is indicated that

there are several kinks of the conductances caused by

the transmission resonances, which are related to the

quasibound states. More significantly, all conductance

curves each have an obvious forbidden region. This is

a direct consequence of the gap in transmission prob-

ability. The forbidden region of the conductance be-

comes wider and deeper with the increase of the energy

gap.

The above analysis implies that the phenomena

can be tested experimentally by using graphene de-

vices. The basic principle behind such experiments

admits the using of local gates and collimators similar

to those used in electron optics in 2D gases to mea-

sure the tunelling in a single layer graphene without

SiC substrate, about which one may refer to Ref. [11].

For the experimental realization, we can let graphene

expectedly grow on SiC, and then use gate voltage to

create potential barrier of a variable height as shown in

Fig. 1(b). The gate simply crosses the whole graphene

sample at different angles corresponding to different

incidence angles with the electron incident along the

vertical direction of the gate. The voltage drop across

the barrier can be measured by using potential con-

tacts. And by measuring the voltage drop across the

barrier as a function of applied gate voltage, their

transparencies for different V0 values can be analysed.

Fig. 5. Conductances versus incidence energy, where

D = 100 nm, solid, dash and dot curves correspond to

∆ = 0, 20 and 40 meV, respectively.

4. Conclusions

We have investigated the transmission and the

conductance of electrons in a single layer graphene

with a finite energy gap, which can be accomplished

by being epitaxially grown on silicon carbide. It is

shown that at a zero angle of incidence, the trans-

mission probability as a function of incidence energy

has a gap and away from the gap it is an oscillation

function of incidence energy. This leads to a con-

ductance gap at zero temperature. The transmission

probability is dependent on the incidence angle and

the width of potential barrier. The transmission char-

acteristics reported may have potential applications in

actual graphene-based electronic devices.
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