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The string model for the glass transition can quantitatively describe the universal a-relaxation in glassformers. The

string relaxation equation (SRE) of the model simplifies the well-known Debye and Rouse—Zimm relaxation equations at

high and low enough temperatures, respectively. However, its initial condition, necessary to the further model predictions

of glassy dynamics, has not been solved. In this paper, the general initial condition of the SRE for stochastically spatially

configurative strings is solved exactly based on the obtained special initial condition of the SRE for straight strings in
a previous paper (J. L. Zhang et al. 2010 Chin. Phys. B 19, 056403).
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1. Introduction

Though the glass transition is a fundamen-
tal property of the condensed matter, none of
the theories and models proposed to explain this
property has widely received acceptance,
ing a central unresolved issue in condensed mat-
ter physics.!'=64 Recently, a molecular level mech-

remain-

anism of coupling dynamical molecular strings was
proposed by Huang, Wang, and Riande, called the
string model for the sake of convenience.?? Be-
sides describing the single molecular orientational mo-
tion of Debye’s mean-field theory approximation, 2324
the string model represents the collective units of
the structure and dynamics of glassformers by cou-
pling molecular strings stochastically distributed in
space, which has characteristics widely observed in
well-designed experiments,?®! analog simulations[?®!
and molecular dynamics simulations.l?”] The reasons
about the basic structural and dynamical units of lig-
uid state being the dynamical molecular string rather
than the dynamical branched clusters are: 1) formally,
supposing that the first ‘walk’ is along a branch of a
cluster, and if we meet the cross point of two or more
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branches, then we will randomly choose a branch to
‘walk’, meanwhile ‘cut’ the other branches, by doing
such process repeatedly, the cluster will formally be di-
vided into ‘individual’ strings; 2) physically, the above
processes re-express the cluster by some interacting
strings, and the inter-string interacting points are the
cross points of the branches; 3) mathematically, the
above processes make the corresponding mathemat-
ical problems more easy to solve.
model assumes relative weak interactions between the
strings, in comparison with the intra-string ones.

The Debye’s theory[23:24 describes the orienta-
tional motions of a molecule in liquids by the well-
known sin-Gordon potential,

Furthermore, the

56 = % 51n4 (0; — 69) 6(s — #Y),

where Vj is the barrier height between the double
wells, and 6; (0 < 6; < 7) and @; (0 < @; < 27)
are, respectively, the directional and rotational angles
of the i-th molecule, 6 (¢;—
09 and ¢? are the directional and rotational angles of

©9) is the Dirac §-function,

the double wells in space, respectively.
Due to the fact that the factor e="o/ksT « 1
in liquids,!*7=22 molecular jumping processes between
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the double wells are equivalent approximately to those
between two states, o; = £1, with a jumping rate or a
jumping time 79 = valeVO/kBT, where kp is the Boltz-
mann’s constant, T" is the absolute temperature, and
g is the vibration frequency of molecules in the wells.

Taking into account the two state approxima-
tion, the string model represents intra-string interac-
tions by a finite one-dimensional Ising model H;

-1 3 Y ommomn 207221 whereas the inter-string

where V; and V5 are, respectively, the intra- and inter-
string interaction constants, independent of tempera-
ture, and V; > Va. The symbol " = £1 denotes
the two states of the i-th molecule in a string (num-
bered m in the system) containing n molecules (called
n-string hereafter), nn (i) represents the nearest num-
ber of molecules surrounding the i-th molecule, and
;"i,m/ is the random distribution function in the range
of [0,1].
Based on the above results, the string model de-
scribes the coupled orientational jumping motion of

V- > n , , . . . .
H, = _?2 Z Z g gmm 7[20722] molecules in glass. systems by the following kinetic and
m=1 i=1 m/m.i’ partly-random Ising-model,
|
oo n—1 % o n nn(i)
He=-Vi) Y oo+ 5> A L
m=1 i=1 m=1i=1 m/#m,i’'=1
EW,.. /kgT W
SG(1.n) — ype—Vo/knT exp|~ ~opn /b }
oMt ——om" T 1 1 ’
exp[— B ks T] + exp[—E kT
where Vfgfllfzgm is the special-Glauber type flip rate of the i-th molecule in an n-string from the ¢]*" to
1 nn(i) rot ’
—op™ states, Ejnn = —Vi (0" +of24) ol + Vo Y. oo™ O and o™ = oty = 0.

m’#m,i’=1
The main conclusions of the model for a glassy system under a first-order approximation (the calculation
error is estimated to be about 1% near the glass transition temperature Ty) are:(20-22 a)
of a molecular string is equivalent to that of an effective molecule (EM), characterized by a definite relaxation

the relaxation behaviour

time and dipole moment; b) high temperature ordinary liquids are renormalized to an EM gases, this approach
presents a possible brand-new kind picture about the ordinary liquids; ¢) low temperature strong correlated
supercooled liquids are renormalized to weak correlated EM liquids; d) there exists a crossover transition from
the EM gases to the EM liquids.

The polarizability predicted by the model gives a unified and quantitative description of the universal
a-relaxation dynamics in glass-formers including: i) the crossover of the relaxation time from the high temper-
ature Arrhenius behaviour to the low temperature Vogel-Fulcher-Tammann law;65—67] ii) the crossover of the
relaxation function from the high temperature Debye exponential to the low temperature Kohlrausch—Williams—
Wattsl68:99] or Cole-Davidson!™ function; iii) the departure of the relaxation intensity from the Curie law.[17-19]
In addition, comparing with other models, we find that least parameters of clear physical origins are involved
in the string model.[20—22

Both mathematical and physical core of the string model arises from the stronger intra-string interaction
H; described by Eq. (1), which leads to the following relaxation equation for an individual n-string,[20—22]

5, 1 2u—1 0 0 0 0 5
5o w—1/2 1 w—1/2 - : 0 0 5o
w—1/2 1 : : 0
% :_710 w—1/2 w—1/2 : : S PR ©)
0 1 w—1/2
On—1 : w—1/2 1 w—1/2 On—1
L o] i 0 0 2u-1 1L o]
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where 6 (1) = p{™ () —p{™ (00), i = 1,...,n, p\™ (t)
is the probability that the i-th molecule of the n-string
is at the orientational state ¢/*" = 1, and pgn)(oo)
There-
fore, 55”)(t) is the departure of the quantity from
equilibrium, u = (1 —i—e%)_l, w= (1 +e4“)_1, and
v="V;/kgT.

For the sake of convenience, equation (2) will be

is the relevant probability at equilibrium.

called the string relaxation equation (SRE), whereas
the square matrix on the right-hand side of Eq. (2)
will be named Mgr. At high enough temperature,
i.e. v — 0, Mggr becomes a unit matrix and the
SRE simplifies the Debye relaxation equation.!20-24]
On the other hand, at low enough temperature, i.e.
v — 00, and Mgg is the Rouse-Zimm matrix, the SRE
becomes the Rouse-Zimm relaxation equation.t:72
Since the Debye theory and the Rouse model are, re-
spectively, the two most successful relaxation theories
for monomers and macromolecules, respectively, the
string model can be considered, at least mathemati-
cally, a universal model that describes the relaxation
dynamics of the amorphous condensed matter.

It can be proven mathematically that the relax-
ation of the n coupled molecules in an n-string is de-
scribed physically by n individual relaxation modes,
according to the SRE. The first-order approximation
in Ref. [19] only gives the main relaxation mode cor-
responding to the largest relaxation intensity and the
longest relaxation time, the other modes are omitted.

We would like to point out that, in addition to the
universal a-relaxation, glass-formers exhibit another
well-known universal Johari-Goldstein §-relaxation at
high frequencies.'”=1%) The microscopic mechanism
associated with the Johari-Goldstein (-relaxation is
not clear till now, though there are some phenomeno-
logical theories, such as the coupling model™l and

(12] which give some import

the mode-coupling theory,
elicitations of the characteristics of this process.

The relaxation mode scenario of the string model
possibly provides a unified mechanism of the a- and
[-relaxation. It can be assumed that, with the ex-
ception of the main relaxation mode associated to the
a-relaxation, all the other modes correspond to the
Johari—Goldstein (-process. To carry out the exact
analysis and quantitative comparisons of this assump-
tion with experiments, it is necessary to calculate the
intensities of all the modes. To accomplish this goal, it
is necessary to solve the initial condition of the SRE,
that is,

5" 0) = (0) = p (o) i =1 ne (3)

In a previous paper,[™! the authors have pre-
sented the exact solution of the initial condition of
the SRE for the case of straight molecular strings and
for the dielectric spectrum technique which is one of
the most common methods to investigate the glassy
dynamics, so the main goal of this paper is to calcu-
late the general initial condition (GIC) of the molec-
ular strings stochastically configurative in space also
for the dielectric spectrum technique.

2. General calculation project

Similar to the method shown in Ref. [19], the rel-
evant question of the coupled n molecules in an n-
string is first transformed to that of the individual 2™
orientational complexions, so that it can be calculated
exactly based on the Boltzmann principle in allusion
to the individual complexions, then the calculated re-
sults of the orientational complexions are transformed
back to those of the coupled molecules.

For the dielectric spectrum technique, the rele-
vant GIC of the SRE of an n-string (Eq. (3)) is in-
duced by an external electric field. Without losing
generality and in the linear response regime,2°=24 we
consider an individual n-string ensemble perturbed by
a small enough step electric field,

Fy, t <0,
Fiy=4"° (4)
0, t>0.

Mathematically, the linear response condition is the
reduced energy of the molecule in the electric field
f = woFo/ksT <1 and ef ~ 1+ f, where pg is
the permanent electric dipole moment of the molecule
along the string direction.

3. Specific calculations of GIC

and results

Let EJ(") (F) and q}")(t) be the energy and the
probability of the j-th orientational complexion of the
n-string in the electric field respectively, and assume
that the angle between the i-th molecule dipole mo-
ment in the n-string and the external electric field
equals 91(") that depends on the spatial configurations
of the string, first E’J(-n)(F)7 then q](-n)(O) and finally
q](-n)(oo) can be calculated according to the Boltz-
mann principle and the intra-string Hamiltonian H;

of Eq. (1),
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n _ @) (n)
q§ )(0) — o B (Fo)/kT Z —B" (Fo)/kT
q;n) (c0) = E<">(o )/kT

where Q, = 2(20hv)n_1 is the orientational par-
tition function of the n-string,°=2?l and chv =
(e¥ +e77)/2.

As an example, the 2% orientational complex-
ions of a 4-string are shown in Table 1. For the two
orientational states o;"" = 1 and o]"" = —1 of a
molecule can be formally expressed by “0” and “17,
respectively, the total orientational complexions of
an n-string can be denoted by the binary digits, as
shown in the 2nd columns of Table 1. For example,
“0000” indicates that 07" = 1, i =1,...,4. E\"(F)
has two parts, one originates from the intra-string
interaction H; of Eq. (1), and the other from the
permanent electric dipole moment of the molecule in

1+fZam"cos9 ]exp( Zam” f}ﬁ)/@m
(5)
Z E(ﬂ>(0)/kT_eXp( Zo_mn nq) /Qna

‘the electric field. Such as the “0000” orientational

complexion, the intra-string energy and the energy
of string molecules in the electric field are —3V;
and o F 9(4) 0(4) 9(4) (4)
poF (cosf;” +cosby’ +cosbs’ +cosb,”’ ),
respectively.
The calculated q](-4)(0) j=1,...,2¢
the 3rd columns of the Table 1. We would like to point

out a simple method to calculate the energy of string

are shown in

molecules in the electric field, that is if the orienta-
tional state of the i-th molecule in an n-string is “0”,
the sign before the cos an) is negative otherwise is pos-
itive. Such as “10107, the energy in the electric field
is —poF' (— cos 954) + cos 954) — cos 9;4) + cos 9514)) .

Table 1. Expressions of the total orientational complexions of a 4-string and the calculated q§4)(0).

serial number orientational complexions

¢ (0)

I
— A —————————— ————
—
+
~
A/—\AA/—\A/—\/—\A/—\/—\A/—\AA/—\
I
o
=]
12}
o
=
+
Q
=]
12}
2
g;
N2
+
Q
=]
12}
2
=
+
Q
(e}
12}
=2

cos 9(4) + cos 9(4> + cos 9§4> + cos 9(4)
cos 0y () + Cos@< ) + COS@§4> -

co sH% ) +cos€§ ) —cost9§4) +cos€< )

cos 954) + cos 954) — cos 9:(,) ) _ cos 9514)

cos 954> — cos 9;4> + cos 9; ) + cos 9< )
— cos 9%4) + cos Hé ) _ cos 6'(4)
954) — cos 9§4) + cos 9514)

4) _

— COS

(4)

—cosfly’ —cosfy

S N N N

— cos 954) — cos 954) — cos 9&4) — cos 94(14> e3v / Q4

1 0000 dO) =147

2 0001 dP)y =147

3 0010 dP)y =147

4 0011 POy =[1+f

5 0100 a0y =147

6 0101 g (0) = [1 4 £ (cos
7 0110 ¢ (0) = |1+ f (cos
8 0111 a?(0) = [1+ £ (cos6
9 1000 4 (0) =

10 1001 dY0) =147

11 1010 Y0 =147

12 1011 dP) =147

13 1100 dY0) =[1+7

14 1101 Y0 =1+7

15 1110 dPo) =147

16 1111 dP0) =147

As to q§4)(oo), j=1,...,
¢V(0), j=1,....2%

24 they can be calculated by setting f = 0 in the expressions corresponding to
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From the definition given for p( )( t) above and taking into account Table 1, the following relationships

between pg )( 0) and q](- )( 0) are obtained:

P 0) = ¢ (0) + g5V (0) + 65 (0) + g5 (0) + ¢ (0) + 4§ (0) + ¢+ (0) + 45 (0),
p”(0) = 1" (0) + 57 (0) + 457 (0) + 45" (0) + 65" (0) + 41 (0) + 417 (0) + 12 (0), ©)
p57(0) = g1 (0) + a5V (0) + ¢§” (0) + a5 (0) + 4§ (0) + ¢ (0) + 4 (0) + 47 (0),
p57(0) = g1 (0) + 57 (0) + ¢§” (0) + £ (0) + 4§ (0) + 47 (0) + i3 (0) + 413 (0)

For example, the specific method to calculate p( )(O) is first finding all the orientational complexions with

the 1st (from left to right) binary digits being “0” as shown in the 2nd column of Table 1, and then adding

them together. The p(4)

(3

According to Eq. (6) and Table 1, we obtain,

(0), i =2, 3, 4 can be obtained by the same way.

piV(0) = (2¢h3v + 6¢hv) /Qu
+ [(2chw)? cos ) + 2(sh3v + shv) cos 85" + 2(ch3v — cho) cos 65 + 2(2shv)? cos 65V f / Qa.
and p(4)( ) = (2c¢h3v + 6¢hv)/Q4 can be readily obtained by setting f = 0 in p( )(O), where shv = (e¥ —e™7)/2.

And p(4)( 0), pl(- )( ), i =2,...,4 can also be calculated by the same method. Thus 5;4) (0), i=1,...,4 can
exactly be obtained by Eq. (3) and the calculated p(4)(0), p§4)(oo), i=1,...,4. The results are,

5;4)(0) [(2chv)? cos 9( ) + 2(sh3v + shv) cos 9( ) + 2(ch3v — chv) cos 9(4) (2shv)3 cos 0(4) 1/ / Q4,

654)(0) [2(sh3v + shwv) C089 Y (2chv)? C089 s 2(sh3v + shw) cosé’ Y4 2(ch3v — chv) cos@ f / Qa,

5:(34)(0) [2(ch3v — chv) cos 0 D 2(sh3v + shv) cos 0 s (2chv)3 cos 0 )+ 2(sh3v 4+ shv) cos 0 f / Qu,

54(14)(0) [(2shv)3 cos 9( ) + 2(ch3v — chv) cos 0( )+ 2(sh3v + shv) cos 9(4) + (2chv)? cos 9(4) 1f / Qa.

(7)

From Eq. (7), we can find that the dependence of 61-(4) (0), i=1,...,40n v and 054), t=1,...,4 looks quite
complicated, and though we have calculated 5(") (0),...,n for n=1 to 9 by the same way mentioned above,
unfortunately we still cannot find a simple relation between 5£n)(0), i=1,...,n and v for arbitrary n.

However, by comparison of Eq. (7) with the calculated SIC for a straight n-string in Ref. [66], i.e. Hgn) =
0, i = 1,...,n of the present case, we can find a regularity in Eq. (7). For example, according to Eq. (12)
of Ref. [66], 5%4) (0) = g (1 + tanhv + (tanhv)? + (tanhv)s), and by Eq. (7), 6;4)(0) = [(2chv)3 + 2(sh3v +
shv) + 2(ch3v — cho)]f / 2 (2chv)®. These two results would be the same, so we obtained that 2(sh3v 4 shv) =
(2chv)® 2shv and 2 (ch3v — chv) = 2chv (2shv)?, and these can be easily checked. Accordingly, equation (7) can

be simplified to the following matrix form:

51" (0) 1 tanho (tanho)? (tanho)®\ [ cos6()
554) (0) _ f tanhv 1 tanhv (tanh v)2 cos 954) )
() 2 | (tanhv)® tanhwv 1 tanh v coso{M |’

5514) (0) (tanh v)3 (tanh v)2 tanh v 11 cos 0514)

and from Eq. (8), it could be obtained that for an arbitrary string length n,

’L

570 = L3 ttanh o) cos 6 i =1, )
k=1

\ .
The physics of Eq. (9) show quite clearly that the  obeys a power law (tanh v)‘kﬂ‘ decay with the dis-

polarization contribution of the k-th molecule to the i-  tance |k — 4| between them. Moreover, 61(”)(0), 1=

th molecule, arising from the intra-string interaction, 1,...,n also depends on GEH)(O), 1=1,...,n,ie. the
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spatial configurations of the n-string, and this depen-
dence will be discussed in the following.

We would like to point out that, the spatial con-
figurations of the n-string, with 0§”), 1=1,...,nran-
domly distributing in the range of [0, ], correspond to
the contrails of random walks, with walking step equal
to the distance between the two near neighbouring
molecules in the strings, and they are straight chains
for Gl(n) =0, ¢ =1,...,n. The more general spatial
configurations of the n-string, such as the rotational
chains, worm chains, or self-avoiding chains etc.,[74=76!
can be described equivalently, at least approximately,
by setting 95")7 i =1,...,n randomly distributing in
a range of [0, o] with 0 < oy, < 7, and «, can be con-
sidered as a characteristic angle to describe the spatial

configurations of the n-strings.

— T —T
_Vl/kBT:()bup:O cap =w/2 ¢

5 T
ap = ]|

0.6 —
sssgnsennegecsscsssesseOR D
] e poses: plii. i
0.3_ (\ y i,V:. * o 2 —
] ol s P %0y i o ¢ i
O_ * e L= * o -
, ..
4 . - . g
034 ° * g e
—0.3 b .
. 3 * ®, -
1 - ‘e .. 1
—0.64 b
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Fig. 1. The 5529>(0)/f versus the molecule position 4 in
a 29-string for a set of positive v and oy values.

Figures 1 and 2 show the calculated reduced
5§") (0)/f (f = poFo/ksT) versus the molecule po-
sition 4 in a 29-string for a set of positive v = V3 /kgT
and o, values. It is found that 6 (0) is a spatial
randomly distributed quantity due to the random dis-
tribution of 92@) in space, and we introduce the spatial
average

5 (0) = z”: 5 (0)

n

’
=1

i.e. local polarization originating from the intra-string
interaction, and the spatial fluctuation
1 n

AM @)= =3 [5§”>(0) — 5 (0)} g

n
=1

i.e. depolarization from the random spatial configura-

tions of the strings, to describe this fluctuation quan-

tity.
J T e T 4 T T T ) T T T ) T ]
ap =0-eV) /kgT = 00Vy /kpT =20V, /kgT =5
139 cest0000000000000000000000000 T
000000000000 g .4
o000 T U000
109 oo voa,
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T T T T T T T T 1
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] 09
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1 o
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Fig. 2. The 61(29) (0)/f versus the molecule position ¢ in
a 29-string for a set of oy and positive v values.

Specifically, for definite v as shown in Fig. 1, the
spatial average 0(")(0) decreases but the spatial fluc-
tuation A(™(0) increases with increasing ay,, which
means that the randomness of the string spatial con-
figurations eliminates, more or less, the spatial polar-
ization arising from the intra-string interaction. On
the other hand, for definite oy, as shown in Fig. 2, the
spatial average 6™ (0) increases except for ap =,
meanwhile the spatial fluctuation and A™ (0) go up
except for a,= 0 with increasing v, which indicates
that the intra-string interaction boosts up both the
local polarization and the amplitude of the spatial po-
larization fluctuations.

As a comparison, the (51-(n)(0)/f as functions of ¢
for a set of ay, and negative v = —5 was presented in
Fig. 3. In contrast to the positive v cases, the average

5(M(0) is always about zero for all the a,, values, but
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the spatial fluctuation A(™ (0) increases with increas-

ing ap.
4A o -
=
=
3 2 .
~
&
sa]
= 0 .
=
@
S —2 . 4
—4 5 E
Vi/kpT = -5 0 ap =0 eap =n/2 0 ap):ﬁ

0 5 10 15 20 2 30
Fig. 3. The 61(29) (0)/f versus molecule position ¢ in a
29-string for v = —5 and a set of oy values.

In conclusion, the GIC of the SRE has been cal-

culated from the allusions of the obtained SIC in

a previous paper.[™ With the solved GIC, the re-
laxation times and intensities of all the relaxation
modes of the strings can be calculated exactly, so we
could check whether the string model gives a good
and unified account of the universal a- and Johari—
Goldstein (-relaxation at molecular level by compar-
ing with experiments.[!7=9 Moreover, the relevant
studies also present a quantitative molecular level de-
scription of the static dielectric constants of liquids,
a long time standing question of condensed matter
physics.[2372477.78] These items will be described in

separate publication.
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