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The effect of dust size distribution in ultracold quantum dusty plasmas are investigated in this paper. How the

dispersion relation and the propagation velocity for the quantum dusty plasma vary with the system parameters and

the different dust distribution are studied. It is found that as the Fermi temperature of the dust grains increases the

frequency of the wave increases for large wave number dust acoustic wave. The quantum parameter of Hd also increases

the frequency of the large wave number dust acoustic wave. It is also found that the frequency ω0 and the propagation

velocity v0 of quantum dust acoustic waves all increase as the total number density increases. They are greater for

unusual dusty plasmas than those of the usual dusty plasma.
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1. Introduction

The dusty plasma physics has generated tremen-
dous interest recently owing to its importance in
space, astrophysics, and laboratory plasmas.[1−4] The
dusty or complex plasma consists of electrons, ions,
and extremely massive, highly charged micrometer-
sized dust particles. The collective dusty plasma in-
teractions have been studied both theoretically and
experimentally during the past few years.[5,6] Dust
acoustic waves (DAW) were first reported theoreti-
cally in unmagnetized dusty plasmas by Rao et al.[7]

The existence of dust ion–acoustic waves (DIAW)
was also discovered by Shukla and Silin at higher
frequency.[8] Laboratory experiments on dusty plas-
mas have confirmed the existence of DAW and
DIAW.[9−11]

Recently a great deal of attention has been fo-
cused on quantum effects in dusty plasmas.[12−15]

When a dusty plasma is cooled down to an extremely
low temperature so that the de-Broglie wavelength of
the charge carriers could be comparable to the dimen-
sion of the systems, the ultracold dusty plasma be-
haves like a Fermi gas and quantum mechanical effects

are expected to play a central role in the behaviour
of charged dust particles. The thermal de-Broglie
wavelength for the j-th species is λBj = ~/mjVTj =
aj/λDj , where aj = ~/2qj

√
πmjnj0, λDj is Debye

length, and qj is the charge ( j = 1, 2, . . . , N), where
we assume that there are N different dust particles.
For classical regimes, we assume λB ¿ λDj and that
is why the charged particles are assumed as point-
like. But in quantum regimes, when λB À λDj , the
quantum effects become more important and could
not be ignored any more.[12−16] The important role
of quantum mechanical effects in plasmas has been
recognized in microelectronic devices,[17] dense astro-
physical systems,[18] metallic nanostructures,[19] and
laser plasmas.[20] In microelectro-mechanical systems,
the presence of charged dust impurities can affect the
system. Mathematically, the quantum hydrodynamic
(QHD)[21] model generalizes the fluid model for plas-
mas, due to the inclusion of a quantum correction
term, the so-called Bohm potential.

Although there are so many investigations on
quantum effects about the dusty plasmas, most of
them focused on the mono-sized quantum dusty
plasma.[12−15] In fact, a dusty plasma consists of
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many different dust grains with different sizes.[22−26]

It has been widely accepted that the dust size dis-
tribution can be described by a power law in space
plasmas,[27,28] and given by a Gaussian distribution
in laboratory plasmas.[22] But generally, the dust size
distribution function does not exactly satisfy a power
law distribution nor a Gaussian distribution. The dis-
tribution function depends on many factors or the
environment. Therefore, it is important to investi-
gate the role an arbitrary dust size distribution plays
in quantum dusty plasmas. Recently, the dust size
distribution effect in quantum dust plasmas has also
been considered in a magnetized dusty plasmas.[29]

The character of the nonlinear waves has been studied
both theoretically and numerically.[29] However, until
now the linear or nonlinear waves in unmagnetized
quantum dusty plasmas taking into consideration the
dust size distribution have not been reported in the
literature.

In this paper, we first study the arbitrary dust size
distribution effects in unmagnetized quantum dusty
plasmas. We consider a polynomial-expressed distri-
bution of dust particles in quantum dusty plasma.
For dust grains with radius r in a given range
[rmin, rmax], the differential polynomial-expressed dis-
tribution function is of the form,[25]

n(r)dr = [a0 + a1r + a2r
2 + a3r

3 + · · · ]dr; (1)

it satisfies the following equation

Ntot =
∫ rmax

rmin

n(r)dr, (2)

where r is the radius of dust grain, a0, a1, a2, a3, . . .

are all constants, Ntot is the total number density of
dust grains. Outside the limits r < rmin and r > rmax,
we use n(r) = 0.

In this paper, we consider the role of dust size dis-
tribution and employ the QHD model. We study the
dispersion relation and propagation velocity of quan-
tum dust acoustic waves in an unmagnetized, colli-
sionless, utracold quantum dusty plasma. We study
the quantum effects and dust size distribution effects
for the dispersion relation.

In Section 2, the basic set of QHD equations are
presented. In Section 3, the dispersion relation is stud-
ied. In Section 4, the propagation velocity of soliton
is studied. In Section 5, the conclusion is presented.

2. Basic equation

We consider a one-dimensional QHD model to de-
scribe the dynamics of quantum dust acoustic waves

in a three-component quantum dusty plasma consist-
ing of electrons, ions and charged dust grains. We
assume that the plasma particles obey the following
equation[30]

ps =
msV

2
Fs

3n2
s0

n3
s, (3)

where s equals e for electrons, i for ions and d for dust
grains, ms is the mass, VFs

=
√

2kBTFs/ms is Fermi
speed, kB is the Boltzmann constant, and TFs is the
Fermi temperature, ns is the number density with its
equilibrium value ns0.

In the following we assume that there are N differ-
ent dust grains with different sizes. We assume that
the j-th ( j = 1, 2, 3, . . . , N) dust grain pressure in
a one-dimensional zero-temperature Fermi gas obeys
the following law

pdj =
mdjV

2
Fdj

3n2
dj0

n3
dj , (4)

where mdj ( j = 1, 2, 3, . . . , N) is the mass of the j-
th dust grain, VFdj

=
√

2kBTFdj/mdj is the j-th dust
grain Fermi thermal speed (each dust grain is assumed
to have equal temperature), and TFdj is the j-th dust
grain Fermi temperature, ndj is the j-th dust grain
number density with its equilibrium value ndj0, pdj is
the j-th dust grain pressure.

In equilibrium, the charge neutrality condition is

ni0 =
N∑

j=1

Zd0jnd0j + ne0, (5)

nd0j = nd0(rj)dr, (6)

where ni0, ne0, and nd0j are the number densities
of unperturbed ions, electrons, and the j-th dust
grain, respectively. Zd0j is the unperturbed number
of charges residing on the j-th dust grain measured
in units of electron charge. When N is infinity, the
charge neutrality condition (5) is expressed by the fol-
lowing equation

ni0 =
∫ r2

r1

Zd(r)nd(r)dr + ne0. (7)

The dynamics of the low phase velocity (VFd ¿
VP ¿ VFe,i), and low frequency (νdn ¿| ∂t |¿ νe,in,
| ∂t | ¿ (V 2

Fe,i/νe,in)∂2
x), where νsn is the normalized

charged particle-neutral collision frequency. The basic
equations in such a quantum dusty plasma with N dif-
ferent dust grain species is governed by the following
set of equations

∂u′dj

∂t′
+ u′dj

∂u′dj

∂x′
=

Z ′dje

m′
dj

∂ϕ′

∂x′
− 1

m′
djn

′
dj

∂pdj

∂x′
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+
~2

2m′2
dj

∂

∂x′




∂2

∂x′2
√

n′dj√
n′dj


 , (8)

∂n′dj

∂t′
+

∂

∂x′
(n′dju

′
dj) = 0, (9)

∂2ϕ′

∂x′2
= 4πe




N∑

j=1

n′djZ
′
dj + n′e − n′i


 , (10)

where u′dj is the fluid velocity in the x direction of
the j-th dust grain, Z ′dj is the charge number of the
j-th dust grain, ϕ′ is the electrostatic potential. Equa-
tions (4)–(10) constitute the quantum hydrodynamic
(QHD) model for a three-component e–d–i quantum
dusty plasma.

We now introduce the normalizations: udj =
u′dj/cd, ndj0 = n′dj0/Ntot, t = t′ωpd, Zdj = Z ′dj/z̄d0,
mdj = m′

dj/m̄d, ϕ = eϕ′/B0, nj = n′j/nj0, (j = e, i),
cd =

√
(2z̄dokBTFi)/m̄d, ωpd =

√
(4πz̄2

doe
2Ntot)/m̄d,

λD =
√

(2kBTFi/4πz̄d0e2Ntot) is the Debye length.
Therefore we obtain the following set of dimensionless
equations

∂udj

∂t
+ udj

∂udj

∂x

=
Zdj

mdj

∂ϕ

∂x
− δ

1
n2

dj0

ndj

mdj

∂ndj

∂x

+
H2

d

2mdj

∂

∂x




∂2

∂x2

√
ndj

√
ndj


 , (11)

∂ndj

∂t
+

∂

∂x
(ndjudj) = 0, (12)

∂2ϕ

∂x2
=

N∑

j=1

ndjZdj + µene − νini, (13)

where B0 = c2
dm̄d/z̄d0, δ = TFd/TFizd0, Hd =√

~2ω2
pd/mdc4

d, µe = ne0/zd0Ntot, νi = ni0/zd0Ntot,

µe = 1/(µ− 1), νi = µ/(µ− 1); ne and ni are given as
follows:[13]

ne =

[
1 +

2ϕ

σ
+

H2
e

σ

(
1 +

2ϕ

σ

)−1/4

× ∂2

∂x2

(
1 +

2ϕ

σ

)1/4
]1/2

, (14)

ni =
[
1− 2ϕ + H2

i (1− 2ϕ)−1/4

× ∂2

∂x2
(1− 2ϕ)1/4

]1/2

, (15)

where σ = TFe/TFi; He =
√

(zd0~2ω2
pd)/memdc4

d,

Hi =
√

(zd0~2ω2
pd)/mimdc4

d are quantum parameters
for electron and ion, respectively.

3. Dispersion relation

We now study the dispersion relation of the sys-
tem by assuming ndj = ndj0 + ñj e i(kx−ω0t), udj =
ũj e i(kx−ω0t), ϕ = ϕ̃ e i(kx−ω0t), where k and ω0 are
the wave number and the frequency, respectively;
ñj e i(kx−ω0t), ũj e i(kx−ω0t), and ϕ̃ e i(kx−ω0t) are small
perturbations in equilibrium state. We assume the
fluid velocity and electrostatic potential equal zero in
an unperturbed equilibrium state. Substituting these
expansions into Eqs. (11)–(13), we obtain the disper-
sion relation as follows:

N∑

j=1

4k2Z2
djmdjndj0

4k2mdjδ + k4H2
d − 4m2

djω
2
0

= −
(

k2 + µ e

(
1
σ
− k2

H2
e

4σ2

)
+ νi

(
1− k2

H2
i

4

))
.

(16)

The charge and the mass of the j-th dust grain can
be expressed as follows:[22] Zdj = kzrj , mdj = kmr3

j ,
where kz ≈ 4πε0V0/e, km ≈ 4πρd/3, ε0 is the vac-
uum permittivity, V0 is the electric surface potential at
equilibrium, ρd is the mass density of the dust grains
(assumed to be constant and equal for all grains).
We assume that the dust size distribution is given
by Eq. (1). Therefore, after substituting Eq. (1) into
Eq. (16), we obtain

∫ rmax

rmin

4k2k2
zkm(a0r

5 + a1r
6)

4kmr3k2δ + k4H2
d − 4k2

mr6ω2
0

dr

= −
(

k2 + µ e

(
1
σ
− k2

H2
e

4σ2

)
+ νi

(
1− k2

H2
i

4

))
.

(17)

Equation (17) is an implicit function of relation
between frequency ω0 and wave number k. We can
find the dispersion relation of ω0 = ω0(k) by numerical
simulations. In our numerical simulation, we choose
the typical parameters reported previously:[14,31,32]

ni0 = 2.0× 1030 m−3, ne0 = 5× 1029 m−3, Zd0 = 103,
mi

.= mp, TFe = 100 K, md = 10−17 kg, ρd ∼ 1 g/cm3,
a ∼ 0.1–1 µm.

Figure 1 plots the dispersion relation of DAW by
considering the effect of dust size distribution for dif-
ferent values of the quantum parameter Hd. We note
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that the frequency of dust acoustic waves ω0 increases
as the quantum parameter Hd increases, if the wave
number k is large enough. If k is small enough, the
frequency is independent of the quantum parameter
Hd, as seen in Fig. 1.

Fig. 1. Normalized dispersion relation for the quantum

dust acoustic wave with Hd = 2.656× 10−9 (dotted line),

Hd = 2.656 × 10−7.5 (dashed line), Hd = 2.656 × 10−7

(solid line). Other parameter values are µ = 4.0, σ = 10,

Hi = 6.494 × 10−3, He = 0.2782, δ = 5 × 10−8, kz = 1,

km = 4, rmin = 0.01, rmax = 1, a0 = 0.9, a1 = −0.3 and

a2 = a3 = · · · = 0.

Figure 2 illustrates the dispersion relation, ω0 =
ω0(k), of DAW by considering the effect of dust size
distribution for different values of the Fermi temper-
ature ratio (δ) of dust grains to ions of the dusty
plasma. We also find that for the smaller k the fre-
quency is independent of δ, while for large k the fre-
quency is a function of δ. The frequency of the wave
increases as the parameter of δ increases. This means
that as the Fermi temperature of the dust grains in-
creases the frequency of the wave increases for large
wave number.

Fig. 2. Normalized dispersion relation for the quantum

dust acoustic wave with δ = 5 × 10−8 (dotted line),

δ = 5 × 10−7 (dashed line), δ = 5 × 10−6.5 (solid line).

Hd = 2.656× 10−9. All other parameters are the same as

those in Fig. 1.

Figures 3 and 4 show how the dust distribution
function affects the dispersion relation for the system.

For generality and simplicity, we first let n(r) = a0,
k = 1 and find that ω0 depends on the parameter
a0. It indicates that as a0 increases, ω0 increases (see
Fig. 3). Since a0 stands for the magnitude of total
number density of dust particles, which should always
be positive, we can conclude that the wave frequency
increases as the total number density of dust particles
increases.

Fig. 3. The variation of ω0 with respect to a0 for k = 1,

other parameter values are µ = 4.0, σ = 10, Hd = 2.656×
10−9, Hi = 6.494 × 10−3, He = 0.2782, δ = 5 × 10−8,

kz = 1, km = 4, rmin = 0.01, rmax = 1.

Fig. 4. The variation of ω0 with a1 for k = 1, other pa-

rameter values are µ = 4.0, σ = 10, Hd = 2.656 × 10−9,

Hi = 6.494 × 10−3, H e = 0.2782, δ = 5 × 10−8, kz = 1,

km = 4, rmin = 0.01, rmax = 1, a0 = 0.9.

Second, for the same purpose, we let n(r) =
a0 + a1r, k = 1 and a0 = 0.9. We note that ω0 de-
pends on the parameter of a1, i.e. ω0 increases as
a1 increases. As we know from Ref. [25], the number
density of larger dust particles is greater than that of
smaller ones for the case of a1 > 0. While for the
case of a1 < 0, which is usually found in both space
plasmas and in the laboratory, the number density of
larger dust particles is smaller than that of smaller
dust particles. Therefore, we conclude that for the
usual dusty plasmas the wave frequency is smaller
than that for the unusual case. This result is simi-
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lar to that found in classical dusty plasma in which
the quantum effects is negligible.[25]

4. Propagation velocity of soliton

For the small, but finite amplitude waves, we use
the traditional perturbation method[33] as previously
used extensively. For dusty plasmas with an arbitrary
dust size distribution, we introduce the stretched vari-
ables as follows:

ξ = ε(x− v0t), τ = ε3t, (18)

where ε is a small parameter characterizing the
strength of nonlinearity, v0 is the propagation velocity
of soliton. The variables can be expanded as follows:

ndj = nd0j + ε2nd1j + ε4nd2j + · · · ;

udj = ε2ud1j + ε4ud2j + · · · (j = 1, . . . , N);

ϕ = ε2ϕ1 + ε4ϕ2 + · · · . (19)

Substituting Eqs. (18) and (19) into Eqs. (11)–
(13) and collecting the lowest order terms of ε, we
obtain

nd1j =
nd0j

v0
ud1j , (20)

ud1j =
Zdjv0

δ −mdjv2
0

φ1, (21)

N∑

j=1

nd1jZdj = −
(µ e

σ
+ νi

)
φ1. (22)

Using Eqs. (20)–(22), we obtain the propagation ve-
locity of soliton as follows:

N∑

j=1

Z2
djnd0j

δ −mdjv2
0

= −
(µ e

σ
+ νi

)
. (23)

Substituting Eq. (1) into Eq. (23), we obtain
∫ rmax

rmin

k2
z(a0r

2 + a1r
3)

δ − kmr3v2
0

= −
(µ e

σ
+ νi

)
. (24)

Equation (24) is an implicit expression of propagation
velocity of soliton. The numerical simulation results
are given in the following.

Figures 5 and 6 show how the dust distribution
function affects the propagation velocity of DAW. For
the simple case, we let n(r) = a0, and find that v0 de-
pends on the parameter a0. It shows that v0 increases
as a0 increases, as clearly seen in Fig. 5. Therefore,
we conclude that the propagation velocity of DAW in-
creases as the total number density of dust particles
increases.

Fig. 5. The variation of v0 with a0; other parameter val-

ues are µ = 4.0, σ = 10, δ = 5 × 10−8, kz = 1, km = 4,

rmin = 0.01, rmax = 1.

Fig. 6. The variation of v0 with a1; other parameter val-

ues are µ = 4.0, σ = 10, δ = 5 × 10−8, kz = 1, km = 4,

rmin = 0.01, rmax = 1, a0 = 0.9.

For the more complex case, we let n(r) = a0+a1r,
and a0 = 0.9. It is noted from Eq. (24) that v0 is a
function of a1. From Fig. 6, we can see that v0 in-
creases as a1 increases. So, we can conclude that for
the usual dusty plasmas of a1 < 0 the wave propa-
gation velocity is smaller than that of unusual case
a1 > 0. This result is similar to that found in classical
dusty plasma.[25]

5. Conclusion

The dispersion relation and the propagation ve-
locity of soliton have been studied for quantum dusty
plasma, taking into consideration the dust size dis-
tribution. For an arbitrary dust size distribution in
quantum dusty plasmas, we choose the polynomial-
expressed distribution function to investigate how the
dust size distribution influences the dispersion relation
and the propagation velocity of quantum dust acoustic
waves.

From numerical results, we can find that the dis-
persion relation is affected by the Fermi temperature
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ratio δ of dust grains to ions, the quantum parame-
ter Hd and the dust size distribution in quantum dust
plasmas.

We conclude that as the Fermi temperature of
the dust grains increases the frequency of the wave
increases for large wave number DAW. The quantum
parameter of Hd also increases the frequency of the
large wave number DAW. We can see that the fre-
quency of the wave ω0 increases as the parameter δ

and the quantum parameter Hd increase if the wave

number k is large enough. We find that the frequency

ω0 and the propagation velocity v0 of quantum dust

acoustic waves all increase as the total number density

increases. They are greater for unusual dusty plasmas

than those of the usual dusty plasma. This conclusion

is similar to that found in classical dusty plasma in

which the quantum effects are neglected.[25]
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